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Time harmonic Maxwell’s equations

curl (ur—l curl E) _k2¢E=TF inQ,

where

o curl = (8/9x5,—0/0x1) "

o CurlE =0F,/0x1 — 0F1/0x>

o QCR?

o ur = ur(x) € R relative permeability

o ¢r = er(z) € C2%2 relative permittivity

e E =E(z) € C? phaser of the electric field intensity
e F=F(z) € C?

o ~ € R the wave number



Time harmonic Maxwell’s equations + boundary conditions
curl (ur L curlB) — s?’eE=F in Q

Perfect conducting boundary conditions:
E-7=0, on I p.

Impedance boundary conditions:

—1

"

e ~CurlE —igAE-7=g-7 onljy.

Here,

e 7= (—vo,11)! positively oriented unit tangent vector
e A\ = \(z) > 0 impedance

ogzg(x)ECCQ



Weak and hp-FEM formulations

V={EeH(cur,Q):E-m=0o0np}

P
EcV: |a(E ®)=F(®) VeeV
min (p 4, p,)
Vh — {Eh cV: Eh|KJ -~ PpJ(K]) and
E; - 7. is continuous on each edge e} Po

Eh c Vh : a(Eh, (I)h) = f((I)h) \V/(I)h c Vh

a(E, &) = (ur_l curl E, curl <I>) _ K2 (eE, @) — ik DAE - 7,® - 7)
F(®) = (F,®) + (g, ® - 7)

Y Y; ... hierarchic basis
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Whitney functions:

Shape functions

First order functions:
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Edge functions:

~ 2k — 1 ~ k—1 ~

RS Li_1(Az — A)97t — Li_2(A3 — X2)9g!

~ 2k — 1 ~ k—1 ~

P2 = Li_1(A\1 — A3)932 — Li_o(A1 — A3)9g?

~ 2k —1 ~ k—1 -

b = Li—1(A2 — A)Y7° — Li—oOo = ADPE, k=2,3,...

Edge based bubble functions:

b
Pt = A3AoLg_2(A3 — A2)ny,

b
% = AA3L_2(A1 — Az)ny,
¢b 3 =X A1Lp o(A2 —A)n3z, k=2,3,...

Genuine bubble functions:

Dot s = A1 A2A3Ln;—1(A3 — A2) Ly—1(A2 — A1)

D2 = MAoA3Ly, —1(A3 — A2)Lpy—1 (A2 — A1) , 1< mnq,no
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Simple transformation does not work

2xo> — 1 ~e _1 1—&
_2331_1] ¢Ol(€)—zll+€1]

x[_(l () =

1
] w%,o-tl = 522 non-constant
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Correct transformation

eﬁ(f) -t de =
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Y (x) - t;dx

tj oo = Vi (x) - t; dx
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Y (x) - t;dx




H(curl)

H(div)

HERMES 2D — hp-FEM solver

Systems of elliptic (non)linear PDE

0 ou 0 ou 0 ou 0 ou
o0 (Pioe) * o (P23—y> e (Pag) + ay (P‘*a—y)
0 0
+ — (Psu) + — (Peu) + Pru=f
ox oy

Time harmonic Maxwell's equations



Modularity of HERMES 2D

Independent modules

e Quadrature
e I/O
e sMatrix
— own solvers
— external libraries
(Trilinos, PETSc, UMFPACK)

Modular hp-FEM code

/
N

CGrid

Elements
Vertices
Nodes

Read Grid file
Preprocessing
Refinement

H1Grid

HcurlGrid

Boundary cond.
DOFs Allocation
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New bubble functions

Orthonormal in (curlu,curlv) 4+ (u,v) on a reference triangle.

Condition number
p | # DOF | old bubbles | new bubbles | improvement
0 80 3.9.102 3.9 . 102 1.0-100
1 160 1.0-103 1.0-103 1.0-100
2 384 7.8.103 3.3-103 2.3.109
3 704 3.3-10° 7.5-103 4.4 .101
4 1120 4.9.10° 1.9-10% 2.6-102
5 1632 9.1-107 4.7 - 104 1.9-103
6 2240 1.3-10° 0.8-10% 1.3-10%
7 2944 3.2.1010 1.8-10° 1.8-10°
8 3744 7.0-10%1 3.6-10° 1.9-10°
9 4640 1.4.1013 5.9.10° 2.4.107
10| 5632 3.3-10%4 0.3.10° 3.5-10°




Example 1
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Example 1

DOFs | CPU time | [[Err|lgcury/ I Elm(cur)
p=20 2758400 | 11 min 26s 0.156 %
hp 2732 0.55s 0.138%
Improvement 1 010x 1247 x

refinement 100
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Example 2 (P. Monk, 2003)

Cells

MormE exa
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0.18

0.09
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N

u = Jo(r) cos <§9)

3
E = curlu

F=0
pr=1
er = 1
k=1
A=1
g=...



Example 2

refinement 10

DOFs | CPU time | [[Err|lgcury/IElm(cur)
p=20 2586540 | 21 min 12s 0.645 %
hp 4 324 2.49s 0.621 %
Improvement 598 x 511 x
‘— 5
> 2
\/I\ FaN
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Outlook

H?1 and H(curl) conforming elements in 3D

H(div) conforming elements in 2D and 3D

parallelization

a posteriori error estimates

automatic hp-adaptivity

orthonormalization of the bubble functions
(investigation of the non-affine hierarchic elements)
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