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Time harmonic Maxwell’s equations

curl (ur L curl B) — s’ E=F in Q,

where

o curl = (8/0xo, —0/0x1) "

e CUurlE = 0FE>/0x1 — 0F1 /02>

e QO CR?

e ur = ur(x) € R relative permeability

o ¢r = er(z) € C2%2 relative permittivity

e E = E(2) € C? phaser of the electric field intensity
e F=F(z) € C?

e ~ € R the wave number



Time harmonic Maxwell’s equations 4+ boundary conditions

curl <Mr_1 curl E) — RQGrE =F in Q

Perfect conducting boundary conditions:

E-7=0, on I p.

Impedance boundary conditions:

,U,r_]'CUI’lE—iK)\E°T=g°T on [.

Here,

e 7= (—vo,v1)! positively oriented unit tangent vector
e A= )\(x) > 0 impedance

o g=g(z) € C?



Weak and FEM formulations

V ={EeH(curl,Q2):vxE=0o0onTp}

P 1
EcV: |aE,®)=F(®) VPcV
min (p11p2)
Vi, = {Ej € V : By|g, € PPi(K;) and
E; - 7, is continuous on each edge e} P2

Eh < Vh : CL(Eh, (I)h) = ]:((I)h) V(I)h < Vh

a(E,®) = (,ur_l curl E, curl CI)) — k2 (B, ®) — ik AE -7, ® - 7)
F(@)=(F®)+ (g ®- 1)

N
= > ¢ v, v . hierarchic basis
J \6




Shape functions

Whitney functions: First order functions:
A3No Aon A3no Aon3
wgl — 3 _|_ 3 wil — _
no,-t;y nz-tg ny,-t; n3-tg
A1n A3n A1n3 A3ng
¢82 _ 3 + 3n1 wiz — _
nz-to njp-to nz-to njp-to
)\in )\1n2 )\in )\1n2
vo© = + vy’ = -

ny -tz no-ts ni -tz no-ts




Edge functions:

2k — 1 k—1
Yt = . Li_1(A3 = )it — Li_2(A3 — )9,
2k — 1 k—1
P2 = L 1M1 — A3)9it — Li_o(A1 — A3)vg!
2k — 1 k—1
Y2 = L 1Mo — X))yt — L oMo —A)ygt, k=2,3,...

Edge based bubble functions:
b
Pt = A3AoLp_2(A3 — A2)ny,

b
Y% = A A3Lp_2(A1 — A3)ny,
b
Y% = XoA1Lg_o(A2 — A1)nz, &k

2,3,...
Genuine bubble functions:

Yoty = AMAoA3 Ly, —1 (A3 — A2) Lpy—1 (A2 — A1)

U2, = AMA2A3Ly; —1(A3 — A2) Ly—1(A2 — A7) , 1< nq,no

H O OK




ELSYS 2D — hp-FEM solver

Hl

Hl
conforming elements

elliptic problems
linear — nonlinear

systems

H(curl)

e H(curl)
conforming elements

e time harmonic
Maxwell's equations

H(div)




Structure of the C++4 object oriented code

/ Elements
Grid | = | Vertices
\ Nodes| — |DOFs

Reference Grid

Project

Quadrature

LN

Shape Functions




Modularity of the code

common core X equation dependent modules

/‘ Hl1Project /‘ H1Grid
CProject CGrid
\ HcurlProject \ HcurlGrid
File names Assembling Elements Boundary cond.
CPU time Solving Vertices DOFs Allocation
Input Output Nodes
Output Error computation Read Grid file
Quadrature Preprocessing

Refinement



Modularity of the code

/ HiElement
CElement sMatrix
\ HcurlElement
, Sparse matrices
Vertices Nodes — DOFs P ,
: . Iterative solvers
Neighours Solution

Interface for:
— Trilinos
— PETSc
— UMFPACK

Transformation
Edge orientations



Example 1




Example 1

DOFs | CPU time | |[Err|lgecury/ || Ellmcur)
p=20 2758400 | 11 min 26s 0.156 %
hp 2732 0.55s 0.138 %
Improvement 1010x 1247 x

refinement 100



Example 1

DOFs | CPU time | [[Errlgccurt)/ I Ellmccurn
p=1 266464 | 4 min 18s 0.02612 %
hp 5534 2.67s 0.02608 %
Improvement 48 X 97 X

2y

refinement 22




Example 2 (P. Monk, 2003)

uw = Jo(r) cos (29)

3
E = curlu

F =
pr=1
er = 1
k=1
P—

g=...



Example 2

DOFs CPU time | [[Err|lgcury/IElmcurn
p=20 2586540 | 21 min 12s 0.645 %
hp 4324 2495 0.621 %
Improvement 598 x 511x%

refinement 10




Example 2

DOFs | CPU time | [[Errlgicur)/ I Ellmccurn
p=1 827664 | 7T min 3s 1.068 %
hp 2624 1.51s 0.966 %
Improvement 315x% 280 X
[.
|
> ;
LAY

refinement 4




Outlook

H1 and H(curl) conforming elements in 3D

parallelization

a posteriori error estimates

automatic hp-adaptivity

orthonormalization of the bubble functions
(investigation of the non-affine hierarchic elements)
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