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Model problem

» —u"=f inQ=(ab);



Model problem

> Vip = {vhp € Ho(Q) : vinpli; € PPI(Ki)}
> a(u,v) = fab u'v dx (u,v) = fab uv dx

> Find upp € Vip 1 a(Upp, vip) = (f, vip) for all vpp € Vipp



Discrete Maximum Principle (DMP)

Definition (DMP)
f>0a.e inQ = Upp=>0in .
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Discrete Maximum Principle (DMP)

Definition (DMP)
f>0a.e inQ = Upp=>0in .

Not valid for p=3,5and p > 7.
Example (Q = (—1,1), Ki, p1 =3, f(x)=200e~10>+1))
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Discrete Green's function {“J
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For z € Q find Gpp , € Vi : a(Whp, Ghp,z) = 02(Whp)  YWhp € Vip
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Discrete Green's function {“J

Definitian
For z € Q find Gpp , € Vi : a(Whp, Ghp,z) = 02(Whp)  YWhp € Vip

b
> unn(2) = [ G2 dx Gl 2) = Gipalx)

>thXZ ZZ kd)k

j=1 k=1
where {¢1, ¢2,...,¢n} is a basis of Vi, and Ajj = a(¢j, ¢i).

> a(-,-) symmetric = Gpp(x,y) = Gpp(y, x)

N
> a(¢j, ¢i) = bij = Ghp(x,2) = ;cﬁi(X)@(Z)

> A symmetric positive definite = Gpp(x,x) >0 Vx € Q



Discrete Green's function {“J

DefinitiOJ
For z € Q find Gpp , € Vi : a(Whp, Ghp,z) = 02(Whp)  YWhp € Vip

b
> upp(z) :/ f(x)Ghp(x,z)dx

> th X, Z ZZ k ¢k
j=1 k=1
where {¢1,¢2,...,¢n} is a basis of Vi, and Ajj = a(¢j, ¢i).
> a(-,-) symmetric = Gpp(x,y) = Gpp(y, x)
N
> a(¢j, ¢i) = 05 = Gpp(x,2) = §:1¢i(x)¢i(z)
» A symmetric positive definite = Gpp(x,x) >0 Vx € Q
» DMP & Gpp(x,2) > 0 in Q2



hp-FEM basis in 1D
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hp-FEM basis in 1D
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Stiffness Matrix
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Stiffness Matrix
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Stiffness Matrix
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DGF explicitely

Ghp(X, 2) = Gip(x, 2) + Gp(x, 2)

L (M
Gip(x,2) = b 5 (Z (xi — a)(b — xi)pi(x)di(2)
i=1

M-2 M—-1

+ 303 (i — a)(b— x)[6i(x)85(2) + 6(x )¢>,-(z)1)

i=1 j=i+1
>0 V[x,z] €Q?

th X,Z) Z Dkk k(x)0k(2) # 0 in Q2



DGF example

0.5

041

0.31

FANT
o
s jf: I d)

‘ ]'ll&;ié?ié%;lz"”‘ 504 .

'l@'a{tc/ﬂo"o:o‘v,o‘:.‘ KRS N )
T

A SN
R

N s
R

.lf
7,

02]

0.1

AL
THIALRI
SR o o
T SR
e \{a\\\%“

"l {77
s
i ‘I 4 ""'
LI =
TS 0000000.0“" bt
i ""3::3:‘%3{\\ wy

v
L7

iy
oy
l,‘,'l;
’I;’l
besitee, LTI
Kyt &,0:,0,0.0.«‘.‘. 205
Ceg s st ettt
Lo >3 ‘::::“‘“‘

05

NN
““‘“‘““‘:{%}:{2“-‘
:\\\s“

e



DGF example
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Restriction to K,-2

Ki = [xi—1, xi]
Ghp(x, 2 ‘K2_
(Xl 1 b)_(l; X'.fl)(;ﬁ,'_l(X)(ﬁi—l(Z)_'_ (Xl_ba)_([;_XI
+ b _ba_)(ab =) [9i(x)¢i-1(2) + di-1(x)9i(2)]
L XX G/i(x’z)"(?
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Technical modifications

» Transformation (x,z) € K? — (&,7) € [-1,1]* = K?
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Technical modifications

» Transformation (x, z) € K? + (£,71) € [-1,1]> = K?

> H=x —xi—1
H

> Hiel = b_a



Technical modifications

» Transformation (x,z) € K? — (&,7) € [-1,1]* = K?

> H=x —xi—1

H
> He = ——
el b_ 2
» 3t €[0,1] :
Xi_1 :(l—t)a+t(b—H)
xi=(1—-t)(a+H)+tb tel0,1]
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Relative Critical Element Length
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Subcritical Elements = Gp, > 0

Theorem
Xi—1

X —
If a < Xj—1 < x; < b and ij = Hyq1 < H;kel(p)7

then Gpp(€,m) > 0 for all [¢€,7] € K2 = [-1,1].



Main Result {“J

Theorem
If the partition a = xp < x1 < ... < xp = b of the domain
Q = (a, b) satisfies the condition

% < Hyy(pi) foralli=1,2,..., M,
where p; > 1 is the polynomial degree assigned to the element
Ki = [xi—1, x;], then the problem satisfies the discrete maximum
principle (i.e., up, > 0 in Q for arbitrary f € L?(Q) which is
nonnegative a.e. in Q).



Value of

r*()l(p)

*
rel

P Halp) p_ Halp)
1 1 11 0.953759
2 1 12 0.969485
3 9/10 13 0.959646
4 1 14 0.968378
5 0919731 15 0.964221
6 1 16  0.968695
7 0935127 17 0.967874
8 0987060 18 0.969629
9 0945933 19 0.970855
10 0973952 20 0.970814
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Value of H*,(p)
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Conclusions

» 1D Poisson equation + Dirichlet BC = DMP if H,, < 9/10
(http:\\www.math.utep.edu/preprints)
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Conclusions

» 1D Poisson equation + Dirichlet BC = DMP if H,, < 9/10
(http:\\www.math.utep.edu/preprints)

» 1D Poisson equation 4+ mixed BC
= DMP on arbitrary hp-mesh.

» Generalization

N/ . . .
—(au’)’ =f, ais piecewise constant
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