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Tomáš Vejchodský (vejchod@math.cas.cz)
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Time-Harmonic Maxwell’s Equations

curl
(
µ−1

r curlE
)
− κ2εrE = F in Ω,

I curl = (∂/∂x2,−∂/∂x1)
>

I curlE = ∂E2/∂x1 − ∂E1/∂x2

I Ω ⊂ R2

I µr = µr(x) ∈ R relative permeability
I εr = εr(x) ∈ C2×2 relative permittivity
I E = E(x) ∈ C2 phaser of the electric field intensity
I F = F(x) ∈ C2

I κ ∈ R the wave number



Time-Harmonic Maxwell’s Equations

curl
(
µ−1

r curlE
)
− κ2εrE = F in Ω,

Perfect conducting boundary conditions:

E · τ = 0, on ΓP .

Impedance boundary conditions:

µ−1
r curlE− iκλE · τ = g · τ on ΓI .

I τ = (−ν2, ν1)
> positively oriented unit tangent vector

I λ = λ(x) > 0 impedance
I g = g(x) ∈ C2



Weak and hp-FEM Formulations

V = {E ∈ H(curl,Ω) : E · τ = 0 on ΓP}

E ∈ V : a(E,Φ) = F(Φ) ∀Φ ∈ V

a(E,Φ) =
(
µ−1

r curlE, curlΦ
)
− κ2 (εrE,Φ)− iκ 〈λE · τ,Φ · τ〉

F(Φ) = (F,Φ) + 〈g · τ,Φ · τ〉

Vhp =
{
Ehp ∈ V : Ehp|Kj

∈
[
Ppj (Kj)

]2 and

Ehp · τk is continuous on each edge ek}

Ehp ∈ Vhp : a(Ehp,Φhp) = F(Φhp) ∀Φhp ∈ Vhp

Ehp =
N∑
j

cj︸︷︷︸
∈C

ψj ψj . . . a basis of Vhp
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Choice of Basis

Whitney functions:

ψ̂e1
0 =

λ3n2

n2 · t1
+

λ2n3

n3 · t1

ψ̂e2
0 =

λ1n3

n3 · t2
+

λ3n1

n1 · t2

ψ̂e3
0 =

λ2n1

n1 · t3
+

λ1n2

n2 · t3
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ψ̂e1
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k
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e1
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k
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e1
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ψ̂e2
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k
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k
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0 ,
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Bubble Functions – I (Monomial)

Edge based bubbles:

ψ̂b,e1

k = λ3λ2Lk−2(λ3 − λ2)n1,

ψ̂b,e2

k = λ1λ3Lk−2(λ1 − λ3)n2,

ψ̂b,e3

k = λ2λ1Lk−2(λ2 − λ1)n3, k = 2, 3, . . .

Genuine bubbles:

ψ̂b,1
n1,n2

= (λ1)
n1λ2(λ3)

n2

[
1
0

]
,

ψ̂b,2
n1,n2

= (λ1)
n1λ2(λ3)

n2

[
0
1

]
, 1 ≤ n1, n2



Bubble Functions – II (Legendre)

Edge based bubbles:

ψ̂b,e1

k = λ3λ2Lk−2(λ3 − λ2)n1,

ψ̂b,e2

k = λ1λ3Lk−2(λ1 − λ3)n2,

ψ̂b,e3

k = λ2λ1Lk−2(λ2 − λ1)n3, k = 2, 3, . . .

Genuine bubbles:

ψ̂b,1
n1,n2

= λ1λ2λ3Ln1−1(λ3 − λ2)Ln2−1(λ2 − λ1)

[
1
0

]
,

ψ̂b,2
n1,n2

= λ1λ2λ3Ln1−1(λ3 − λ2)Ln2−1(λ2 − λ1)

[
0
1

]
, 1 ≤ n1, n2



Bubble Functions – III (Gram-Schmidt)

Use scalar product∫
K̂

curlψ curlϕ dξ +

∫
K̂
ψ · ϕ dξ

to orthonormalize the Legendre bubbles.



Bubble Functions – IV (Eigen-Bubbles)

Q̂0(K̂ ) =
{

w ∈
[
Pp(K̂ )

]2
: w · τ = 0 on ∂K̂

}
Solve the eigen-problem: find ψ̂ ∈ Q̂0(K̂ ) such that∫

K̂
curl ψ̂ curlϕ dξ = λ

∫
K̂
ψ̂ · ϕ dξ ∀ϕ ∈ Q̂0(K̂ ).

I If ψ̂i and ψ̂j correspond to λi 6= λj then∫
K̂

curl ψ̂i curl ψ̂j dξ =

∫
K̂
ψ̂i · ψ̂j dξ = 0

I ∫
K̂

curl ψ̂i curl ψ̂i dξ −
∫

K̂
ψ̂i · ψ̂i dξ = ±1
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Model Problem (L-shape domain)

curl (curlE)− E = F in Ω

E · τ = 0 on ΓP

curlE− iE · τ = g · τ on ΓI

E = 2
3 r−

1
3

[
cos

(
π
6 + θ

3

)
sin

(
π
6 + θ

3

)
]



Normalization

I ‘All the bubbles should have the same size.’

I The natural product

(curlψ, curlϕ)− (ψ,ϕ)

is indefinite.

I Normalization

ψ̂ :=
∣∣∣(curl ψ̂, curl ψ̂)− (ψ̂, ψ̂)

∣∣∣−1/2
ψ̂

(curl ψ̂, curl ψ̂)− (ψ̂, ψ̂) = ±1



Normalization
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Comparison of Conditioning
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Influence of Elements’ Geometry

1) a = 16 h = 1/8
2) a = 8 h = 1/4
3) a = 4 h = 1/2

4) a = 2 h = 1

5) a = 1 h = 2

6) a = 1/2 h = 4

7) a = 1/4 h = 8

a

h



Influence of Elements’ Geometry
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Influence of Elements’ Geometry
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Influence of Elements’ Geometry
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Influence of Reference Maps

K̂



Influence of Reference Maps
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Conclusions

I Condition number is relatively insensitive to the geometry of
the elements.

I ON and eigen-bubbles have superior conditioning.

I ON and eigen-bubbles do not depend on reference maps.
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