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Time-Harmonic Maxwell's Equations

curl (p; P curlE) — k°6E=F in Q,

curl = (0/0xz, —0/0x1) "

curlE = 6E2/8X1 — 6E1/8x2

QCR?

tr = pr(x) € R relative permeability

& = &:(x) € C?*2 relative permittivity

E = E(x) € C2 phaser of the electric field intensity
F=F(x)cC?

K € R the wave number
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Time-Harmonic Maxwell's Equations {“J

curl (p; P curlE) — k°6E=F in Q,

Perfect conducting boundary conditions:
E-7=0, onlp.
Impedance boundary conditions:

u;lcurIE—in)\E-T:g-T on [y.

» 7 = (—uv2,v1) " positively oriented unit tangent vector
» A = \(x) > 0 impedance
» g =g(x) € C?



Weak and hp-FEM Formulations

V={EcH(curl,Q):E-7=0o0nTlp}
EcV: [aE ®)=7F(®)| vbecV

a(E, ®) = (u; tcurlE,curl ®) — 12 (¢,E, ®) — ik (AE - 7,® - 7)
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Choice of Basis

Whitney functions:
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Choice of Basis

Whitney functions: First order functions:
re A3 N Aong e — Asnz  Aong
0 np -ty n3-t; n -t n3-t;
1/362 _ A1ns n Azng wAeZ i A1n3 _ Azng
O T hz-ty np-to ' 7n3t, nioto
R Aong A1ny ~ Aang A1n
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Choice of Basis

Whitney functions: First order functions:
e _ A3 Aong e Az Aong
np -ty n3-t; n -t n3 -t
ney  ALN3 A3ng hey . AIN3 A3ng
Yy = U = ty ne -
ng-ta  ni-t n3-to  ng-t
R Aon An ~ Aang A1n
'1/183 — 211 + 1n2 ,l/)f?, — _
np - t3 np - t3 ng - t3 ny - t3
~ 2k —1 ~ k—1 N
Y = p Li—1(X3 — A2)yt — p Li—2(X3 — A2)1g,
~ 2k —1 ~ k—1 ~
VE = p Li—1(M1 — A3)yf — p Li—2(A1 — A3)hg?,
~ 2k — 1 ~ k—1 A
Y = Li—i(A2 — A)Yf — Le—o(X2 — A1),

k

k=23,..



Bubble Functions — | (Monomial)

Edge based bubbles:

PP = Madaly_o(A3 — Ao)ny,
722’62 = MAzli—2(A1 — A3)ng,

AZ’% = MAilk—2(X2 = A1)n3, k=2,3,...

Genuine bubbles:

B~ () Aa(hs)™ [

|\

:|7 1§n17n2

= O O =

Agi?nz = (A1)™A2(A3)™ [



Bubble Functions — Il (Legendre)

Edge based bubbles:

1/32’61 = A3X2Li—2(A3 — A2)ng,
Dp® = MdsLi_a(M — As)n,
be3 )\2>\1Lk 2()\2 )\1)"3, k:2,3,...

Genuine bubbles:
1
n1 n2 - )\1)\2)\3Ln1 1()\3 - )\2)Ln2_1(>\2 - Al) |: 0 :| R

0
2 = AMA2 sl —1(A3 — A2)Ln,—1(A2 — A1) [

1:|7 1§n1>n2



Bubble Functions — Il (Gram-Schmidt)

Use scalar product

/Acurl¢cur|<pd§+/A¢-<pd§
K K

to orthonormalize the Legendre bubbles.



Bubble Functions — IV (Eigen-Bubbles)

Qo(k) = {w e [PP(K))*

Solve the eigen-problem: find 12} € QO(IA() such that

K

/Acurli/A)curhpdg:)\/RQ/A)-gpd{ Yo € Qo(K).



Bubble Functions — IV (Eigen-Bubbles)

Qo(K) = {W € [PP(R)]z w-7=0o0n ('NA(}

Solve the eigen-problem: find 12} € QO(IA() such that

/AcurIzZ;curI<pd£:A/A1/3~gpd§ Y € Qo(K).
K K

> If ¢; and @ZAJJ- correspond to \; # A; then

/curI@;curliﬁjdéz/Aﬁ;-lﬁjdfzo
K K

/curIzZA);curI@ZAJ;dg—/A@Z;-@Z;dgzil
4

K



Model Problem (L-shape domain)

curl (curlE) —E=F in Q
E-7=0 onlp

curlE—iE-7=g-7 onl,

. [ cos (§ +3)
r— 3

sin (% + g)

E =

wIN




Normalization

» ‘All the bubbles should have the same size.’

» The natural product

(curly, curl @) — (¢, ¢)

is indefinite.

» Normalization

-1/2 .

1/3 = (curlzﬁ,curlz/?) — (1/3,1&)

(curl ¢, curl ) — (), 4h) = +1



Normalization

cond. num.
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Normalization

Eigen-bubbles
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Comparison of Conditioning
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Influence of Elements’ Geometry
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Influence of Elements’ Geometry
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Influence of Elements’ Geometry
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Influence of Elements’ Geometry
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Influence of Reference Maps




Influence of Reference Maps
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Conclusions

» Condition number is relatively insensitive to the geometry of
the elements.

» ON and eigen-bubbles have superior conditioning.

» ON and eigen-bubbles do not depend on reference maps.
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