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Model problem

Classical formulation

—div(AVu)+cu=f inQ
u=0 onlp
au+ (AVu)-v=gx only
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Model problem {“7

Classical formulation Weak formulation:

—div(AVu)+cu=f inQ V={ueH(Q):u=0o0nTp}
u=0 onlp

veV:a(uv)=F(v) VveV
au+ (AVu)-v=gx only

a(u, v):/(.AVu)-Vvdx—l—/ cuvdx+/ auvds
Q Q N

F(v)—/fvdx+/ gnvds
Q (BN

For y € Q find G, e V:alw,Gy))=0,(w) YweV

u(y) = éy(u) = a(u, Gy) = F(Gy)



Discretization by hp-FEM

Vip = {vip € V 1 vip|k;, € PPI(K;)}

Upp € Vhp : a(uhp, Vhp) = F(vhp) Vvhp S Vhp




Discretization by hp-FEM

Vip = {vhp € V i vinp|k; € PPI(Ki)}
Upp € Vhp : a(uhp, V/-,p) = F(vhp) Vvhp S Vhp
Discrete Green's function: for y € Q

Ghp,y € Vhp : a(Wnp, Ghp,y) = 6y (Whp)  VWhp € Vip

Unp(y) = 0y (unp) = a(unp, Gpp,y) = F(Ghp,y)
unp(y) = / F(x) Gplx, y) dx + / gn(5)Grp(s, ) ds
Q BN

th(va) = th,y(x)



Properties of DGF

Lemma
Let {¢1,¢2,...,on} be a basis in Vi, If Aj = a(ypj, ¢i) then

Ghp(x, ) ZZ i gpk )ei(y), where ZAU = 0.

j=1 k=1
Proof.
N
a(Vhp7 th7y) = Vhp(.y) Z C:()/) 3(901, SDI) — (Pj(y)
Ghp(x,y) = Z ci(y)ei(x) ! N
i=1 a(y) =D wi(n)AL
Vhp = Pj j=1



Properties of DGF

Lemma
Let {¢1,¢2,...,on} be a basis in Vi, If Aj = a(ypj, ¢i) then

N

Ghp(x, ) ZZ i Lok(X)pj(y), where ZAUAj_kl = k-

j=1 k=1 j=1

Corollary
If a(-,-) is symmetric then Gpp(x,y) = Gpp(y, X).



Properties of DGF

Lemma
Let {¢1,¢2,...,on} be a basis in Vi, If Aj = a(ypj, ¢i) then

N

Ghp(x, ) ZZ i Lok(X)pj(y), where ZAUAj_kl = k-

j=1 k=1 j=1

Corollary
If a(-,-) is symmetric then Gpp(x,y) = Gpp(y, X).

Corollary
Let {h,h,---,In} be a basis of Vi, such that a(l;, ;) = &;. Then

Ghp(x,2) = Z Ii(x)1i(2).



Discrete Comparison Principle

Definition
f>0andgn >0 = wpp,>0

Lemma )
Discrete comparison principle < Gpp(x,y) >0 in Q.

Proof.

unp(y) = /Q F(x) Gplix. y) dx + / gn(5)Grp(s, ) ds

'~



Troubles with higher-order elements




DCP for mixed BC in 1D

b
—u"=f inQ=(ab) a(u,v) = / u'v' dx
ab
u(a)=0 F(v) = / fvdx + gnv(b)
a

—u'(b)=gn gvER

Upp € Vhp : a(uhp, Vhp) = F(vhp) Vvhp S Vhp

Ghp,y € Vip : a(Wnp, Ghp,y) = Oy (Whp)  YWip € Vip

b
unp(y) = F(Ghpy) = / F(x) Grplx, ¥) dx + &x Ghp (b, y)




hp-FEM basis in 1D
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Explicit expression of DGF
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Explicit expression of DGF

(48) (R )

N N
Ghp(x,y) = D D AL O(x)05(y) = G (x,¥) + Gi(x, )
e

Ki = [xi—1, xi] Ghp(X, )| Kk — @hp(&??)

Gho(€:m) = (xi—1 — a) + (xi = xi—1)h(€)A(n)

14+ 2h(€)o(n) D ra(€)ruln)

k=2

>9/10




Ghp(&,m) = (xi—1 — a) + (xi — xi—1)h (&) h(n)

p
1+ %Io(f)/o(ﬁ) Z I‘ék(f)"&k(ﬂ)]

k=2
teK=[-1,1]
b(§)=(1-¢)/2 1i(§) = b(§)h(&)r;(E)
h(§) =(1+¢)/2
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Ghp(&,m) = (xi—1 — a) + (xi — xi—1)h (&) h(n)

1 P
L+ 5h(€)b(n) D su(€)ri(n)
k=2
1
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Conclusions

» DMP for mixed BC in 1D is valid on arbitrary hp-mesh.
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Conclusions

» DMP for mixed BC in 1D is valid on arbitrary hp-mesh.

» DMP for Dirichlet BC in 1D is valid if H. < 9/10.

» Generalization

—(au’) = f, ais piecewise constant.
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