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Maximum, Minimum, and Comparison Principles

I MaxP: L(u) ≤ 0 in Ω ⇒ max
Ω

u = max
∂Ω

u.

I MinP: L(u) ≥ 0 in Ω ⇒ min
Ω

u = min
∂Ω

u.

I CmpP:
L(u1) = f1

u1 = g1

L(u2) = f2

u2 = g2

f1 ≤ f2 in Ω,

g1 ≤ g2 on ∂Ω,

⇒ u1 ≤ u2.

I A:
L(u) = f ≥ 0

u = 0
⇒ u ≥ 0 B:

L(u) = 0

u = g ≥ 0
⇒ u ≥ 0

I L linear & L(const) = 0 ⇒
MaxP ⇔ MinP ⇔ CmpP ⇔ (A & B)
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1D Poisson Problem

I −u′′ = f in Ω = (a, b); u(a) = u(b) = 0

p p p p p p
11 2 3 4 M−1 M

a = x
K1 K2 K3 K4 KM−1 KM

b = xx x x x x x1 2 3 4 MM−1M−20

I Vhp = {vhp ∈ H1
0 (Ω) : vhp|Ki

∈ Ppi (Ki )}

I a(u, v) =
∫ b
a u′v ′ dx (u, v) =

∫ b
a uv dx

I Find uhp ∈ Vhp : a(uhp, vhp) = (f , vhp) for all vhp ∈ Vhp
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Discrete Maximum Principle (DMP)

Definition (DMP)

f ≥ 0 a.e. in Ω ⇒ uhp ≥ 0 in Ω.

Not valid for p = 3, 5 and p ≥ 7.

Example (Ω = (−1, 1), K1, p1 = 3, f (x) = 200e−10(x+1) )

y

1,6

1,2

0,8

0,4

x

0
10,50-0,5-1
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Discrete Green’s Function (DGF)

Definition (DGF)

Let z ∈ Ω. Ghp,z ∈ Vhp uniquely given by

a(vhp,Ghp,z) = vhp(z) ∀vhp ∈ Vhp.

Notation: Ghp(x , z) = Ghp,z(x).

Properties
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Discrete Green’s Function (DGF)

Definition (DGF)

Let z ∈ Ω. Ghp,z ∈ Vhp uniquely given by

a(vhp,Ghp,z) = vhp(z) ∀vhp ∈ Vhp.

Notation: Ghp(x , z) = Ghp,z(x).

Properties

uhp(z) = a(uhp,Ghp,z) = (f ,Ghp,z) =

∫
Ω

Ghp(x , z)f (x) dx



DGF – Properties

Lemma (1)

Let {ϕ1, ϕ2, . . . , ϕN} be a basis in Vhp. If Aij = a(ϕj , ϕi ) then

Ghp(x , z) =
N∑

j=1

N∑
k=1

A−1
jk ϕk(x)ϕj(z), where

N∑
j=1

AijA
−1
jk = δik .

Proof.

a(vhp,Ghp,z) = vhp(z)

Ghp(x , z) =
N∑

i=1

ci (z)ϕi (x)

vhp = ϕj

N∑
i=1

ci (z) a(ϕj , ϕi )︸ ︷︷ ︸
Aij

= ϕj(z)

ck(z) =
N∑

j=1

ϕj(z)A−1
jk
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Ghp(x , z) =
N∑

j=1

N∑
k=1

A−1
jk ϕk(x)ϕj(z), where

N∑
j=1

AijA
−1
jk = δik .

Corollary (2)

Let {l1, l2, · · · , lN} be a basis of Vhp such that a(li , lj) = δij . Then

Ghp(x , z) =
N∑

i=1

li (x)li (z).



DGF – Properties

Corollary (2)

Let {l1, l2, · · · , lN} be a basis of Vhp such that a(li , lj) = δij . Then

Ghp(x , z) =
N∑

i=1

li (x)li (z).

Lemma (3)

If there exists a basis {l1, l2, · · · , lN} of Vhp such that a(li , lj) = δij
then Ghp(x , x) > 0 for all x ∈ Ω.

Proof.
Let x ∈ Ω. ∃k ∈ {1, 2, . . . ,N} : lk(x) 6= 0

Ghp(x , x) =
N∑

i=1

l2i (x) > 0.



DGF – Summary

I uhp(z) =

∫
Ω

Ghp(x , z)f (x) dx

I Ghp(x , z) =
N∑

j=1

N∑
k=1

A−1
jk ϕk(x)ϕj(z)

Theorem
The problem satisfies the DMP if and only if Ghp(x , z) ≥ 0 in Ω2.



DGF – Piecewise Linear Case

I p1 = p2 = . . . = pM = 1

I BL = {φ1, φ2, . . . , φM−1} . . . “hat functions”

I

a = x0 x1 x2
. . . xM−1 xM = b

φ1 φ2 φM−1

h1 h2 hM



DGF – Piecewise Linear Case

AL =


1
h1

+ 1
h2

− 1
h2

0 0 . . .

− 1
h2

1
h2

+ 1
h3

− 1
h3

0 . . .

0 − 1
h3

1
h3

+ 1
h4

− 1
h4

. . .

0 0 − 1
h4

1
h4

+ 1
h5

. . .
...

...
...

...
. . .

 ,

(AL)−1 =
1

b − a
(x1 − a)(b − x1) (x1 − a)(b − x2) (x1 − a)(b − x3) . . .
(x1 − a)(b − x2) (x2 − a)(b − x2) (x2 − a)(b − x3) . . .
(x1 − a)(b − x3) (x2 − a)(b − x3) (x3 − a)(b − x3) . . .

...
...

...
. . .





DGF – Piecewise Linear Case

(AL)−1 =
1

b − a
(x1 − a)(b − x1) (x1 − a)(b − x2) (x1 − a)(b − x3) . . .
(x1 − a)(b − x2) (x2 − a)(b − x2) (x2 − a)(b − x3) . . .
(x1 − a)(b − x3) (x2 − a)(b − x3) (x3 − a)(b − x3) . . .

...
...

...
. . .



GL
hp(x , z) =

1

b − a

(
M−1∑
i=1

(xi − a)(b − xi )φi (x)φi (z)

+
M−2∑
i=1

M−1∑
j=i+1

(xi − a)(b − xj)[φi (x)φj(z) + φj(x)φi (z)]


≥ 0 ∀[x , z ] ∈ Ω2.



DGF – Piecewise Linear Case



Higher-Order Case

−1 1

a = x0 x1 x2 x3 = b

p1 = 1 p2 = 2 p3 = 3

χK2

χK3



Lobatto Shape Functions

I ξ ∈ K̂ = [−1, 1]

I lj(ξ) =

√
2j − 1

2

∫ ξ

−1
Pj−1(x) dx , j = 2, 3, . . . ,

I Pj(x) =
1

2j j!

dj

dx j
(x2 − 1)j . . . Legendre polynomials

I lj+2(ξ) =

√
2j + 1

√
2j + 3

j + 2
ξlj+1(ξ)−

j − 1

j + 2

√
2j + 3

2j − 1
lj(ξ),

j = 2, 3, . . . .

I

∫ 1

−1
l ′i (ξ)l

′
j (ξ) dξ = δij , i , j = 2, 3, . . . .



Lobatto Shape Functions

ξ ∈ K̂ = [−1, 1]

l0(ξ) = (1− ξ)/2

l1(ξ) = (1 + ξ)/2

lj(ξ) = l0(ξ)l1(ξ)κj(ξ)

j = 2, 3, . . .

κ2(ξ) = −
√

6

κ3(ξ) = −
√

10ξ

κ4(ξ) = −1

4

√
14(5ξ2 − 1)

κ5(ξ) = −3

4

√
2(7ξ2 − 3)ξ

κ6(ξ) = −1

8

√
22(21ξ4 − 14ξ2 + 1)

κ7(ξ) = −1

8

√
26(33ξ4 − 30ξ2 + 5)ξ

κ8(ξ) = − 1

64

√
30(429ξ6 − 495ξ4 + 135ξ2 − 5)

κ9(ξ) = − 1

64

√
34(715ξ6 − 1001ξ4 + 385ξ2 − 35)ξ
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Lobatto Shape Functions
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Higher-Order Basis Functions

−1 1

a = x0 x1 x2 x3 = b

p1 = 1 p2 = 2 p3 = 3

χK2

χK3

Map l2(ξ), l3(ξ), . . . , lpi (ξ) from K̂ to Ki by

χKi
(ξ) =

(xi − xi−1)ξ + (xi + xi−1)

2

to define BB = {φM , φM+1, . . . , φN}.



Higher-Order Stiffness Matrix

Proposition

a(φL, φB) = 0 ∀φL ∈ BL,∀φB ∈ BB ,

a(φB , ψB) = 0 ∀φB ∈ BB ,∀ψB ∈ BB , φB 6= ψB

A =

(
AL 0
0 D

)
, A−1 =

(
(AL)−1 0

0 D−1

)
D = diag

( 2

h1
, . . . ,

2

h1︸ ︷︷ ︸
(p1−1) times

,
2

h2
, . . . ,

2

h2︸ ︷︷ ︸
(p2−1) times

, . . . ,
2

hM
, . . . ,

2

hM︸ ︷︷ ︸
(pM−1) times

)



DGF – Higher-Order Case

Ghp(x , z) = GL
hp(x , z) + GB

hp(x , z)

GL
hp(x , z) =

1

b − a

(
M−1∑
i=1

(xi − a)(b − xi )φi (x)φi (z)

+
M−2∑
i=1

M−1∑
j=i+1

(xi − a)(b − xj)[φi (x)φj(z) + φj(x)φi (z)]


GB

hp(x , z) =
N∑

k=M

D−1
kk φk(x)φk(z), ∀[x , z ] ∈ Ω2

Lemma
Ghp(x , z) ≥ 0 in Ω2 \

⋃M
i=1 K 2

i



DGF – Higher-Order Case

0 1

1

x

z NEGATIVE

NEGATIVE

−1

−1



DGF on K 2
i

I [x , z ] ∈ K 2
i , 1 ≤ i ≤ M

Ghp(x , z)
∣∣
K 2

i

=

(xi−1 − a)(b − xi−1)

b − a
φi−1(x)φi−1(z) +

(xi − a)(b − xi )

b − a
φi (x)φi (z)

+
(xi−1 − a)(b − xi )

b − a
[φi (x)φi−1(z) + φi−1(x)φi (z)] +

xi − xi−1

2
GB

hp(x , z)
∣∣
K 2

i

I Ki = [xi−1, xi ] = [L,R].

Ghp(x , z)
∣∣
K 2

i

=

(L− a)(b − L)

b − a
φi−1(x)φi−1(z) +

(R − a)(b − R)

b − a
φi (x)φi (z)

+
(L− a)(b − R)

b − a
[φi (x)φi−1(z) + φi−1(x)φi (z)] +

R − L

2
GB

hp(x , z)
∣∣
K 2

i
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hp(x , z)
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K 2

i

I Transform Ghp from K 2
i to K̂ 2 = [−1, 1]2 : x = χKi (ξ), z = χKi (η).

Ghp(x , z)
∣∣
K 2

i

= Ĝhp(ξ, η) =

(L− a)(b − L)

b − a
l0(ξ)l0(η) +

(R − a)(b − R)

b − a
l1(ξ)l1(η)

+
(L− a)(b − R)

b − a
[l1(ξ)l0(η) + l0(ξ)l1(η)] +

R − L

2
Ĝ p,B

hp (ξ, η)

Ĝ p,B
hp (ξ, η) =

p∑
k=2

lk(ξ)lk(η) = l0(ξ)l0(η)l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)
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lk(ξ)lk(η) = l0(ξ)l0(η)l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)



DGF on K 2
i

Ghp(x , z)
∣∣
K 2

i

= Ĝhp(ξ, η) =

(L− a)(b − L)

b − a
l0(ξ)l0(η) +

(R − a)(b − R)

b − a
l1(ξ)l1(η)

+
(L− a)(b − R)

b − a
[l1(ξ)l0(η) + l0(ξ)l1(η)] +

R − L

2
Ĝ p,B

hp (ξ, η)

I Divide by R − L > 0.

I
(L− a)(b − L)

(b − a)(R − L)
=

(L− a)(b − R)

(b − a)(R − L)
+

L− a

b − a

I
(R − a)(b − R)

(b − a)(R − L)
=

(L− a)(b − R)

(b − a)(R − L)
+

b − R

b − a

I l0(ξ)l0(η) + l1(ξ)l1(η) + l0(ξ)l1(η) + l1(ξ)l0(η) = 1 ∀[ξ, η] ∈ K̂ 2

Ĝhp(ξ, η)

R − L
=

(L− a)(b − R)

(b − a)(R − L)
+

L− a

b − a
l0(ξ)l0(η)+

b − R

b − a
l1(ξ)l1(η)+

1

2
Ĝ p,B

hp (ξ, η)



DGF on K 2
i

Ghp(x , z)
∣∣
K 2

i

= Ĝhp(ξ, η) =

(L− a)(b − L)

b − a
l0(ξ)l0(η) +

(R − a)(b − R)

b − a
l1(ξ)l1(η)

+
(L− a)(b − R)

b − a
[l1(ξ)l0(η) + l0(ξ)l1(η)] +

R − L

2
Ĝ p,B

hp (ξ, η)

I Divide by R − L > 0.

I
(L− a)(b − L)

(b − a)(R − L)
=

(L− a)(b − R)

(b − a)(R − L)
+

L− a

b − a

I
(R − a)(b − R)

(b − a)(R − L)
=

(L− a)(b − R)

(b − a)(R − L)
+

b − R

b − a

I l0(ξ)l0(η) + l1(ξ)l1(η) + l0(ξ)l1(η) + l1(ξ)l0(η) = 1 ∀[ξ, η] ∈ K̂ 2

Ĝhp(ξ, η)

R − L
=

(L− a)(b − R)

(b − a)(R − L)
+

L− a

b − a
l0(ξ)l0(η)+

b − R

b − a
l1(ξ)l1(η)+

1

2
Ĝ p,B

hp (ξ, η)



DGF on K 2
i

Ghp(x , z)
∣∣
K 2

i

= Ĝhp(ξ, η) =

(L− a)(b − L)

b − a
l0(ξ)l0(η) +

(R − a)(b − R)

b − a
l1(ξ)l1(η)

+
(L− a)(b − R)

b − a
[l1(ξ)l0(η) + l0(ξ)l1(η)] +

R − L

2
Ĝ p,B

hp (ξ, η)

I Divide by R − L > 0.

I
(L− a)(b − L)

(b − a)(R − L)
=

(L− a)(b − R)

(b − a)(R − L)
+

L− a

b − a

I
(R − a)(b − R)

(b − a)(R − L)
=

(L− a)(b − R)

(b − a)(R − L)
+

b − R

b − a

I l0(ξ)l0(η) + l1(ξ)l1(η) + l0(ξ)l1(η) + l1(ξ)l0(η) = 1 ∀[ξ, η] ∈ K̂ 2

Ĝhp(ξ, η)

R − L
=

(L− a)(b − R)

(b − a)(R − L)
+

L− a

b − a
l0(ξ)l0(η)+

b − R

b − a
l1(ξ)l1(η)+

1

2
Ĝ p,B

hp (ξ, η)



DGF on K 2
i

Ĝhp(ξ, η)

R − L
=

(L− a)(b − R)

(b − a)(R − L)
+

L− a

b − a
l0(ξ)l0(η)+

b − R

b − a
l1(ξ)l1(η)+

1

2
Ĝ p,B

hp (ξ, η)



DGF on K 2
i

Ĝhp(ξ, η)

R − L
=

(L− a)(b − R)

(b − a)(R − L)
+

L− a

b − a
l0(ξ)l0(η)+

b − R

b − a
l1(ξ)l1(η)+

1

2
Ĝ p,B

hp (ξ, η)

I Parametrization: H = R − L, Hrel =
H

b − a

L = (1− t)a + t(b − H), R = (1− t)(a + H) + tb, t ∈ [0, 1]

a = L R = a+H b

H
t = 0

a L = b−H b = R

H
t = 1



DGF on K 2
i

Ĝhp(ξ, η)

R − L
=

(L− a)(b − R)

(b − a)(R − L)
+

L− a

b − a
l0(ξ)l0(η)+

b − R

b − a
l1(ξ)l1(η)+

1

2
Ĝ p,B

hp (ξ, η)

I Parametrization: H = R − L, Hrel =
H

b − a

L = (1− t)a + t(b − H), R = (1− t)(a + H) + tb, t ∈ [0, 1]

I Compute:

L− a

b − a
=

t(b − a− H)

b − a
= t(1− Hrel),

b − R

b − a
=

(1− t)(b − a− H)

b − a
= (1− t)(1− Hrel),

(L− a)(b − R)

(b − a)(R − L)
=

t(1− t)(b − a− H)2

(b − a)H
= t(1− t)

(1− Hrel)
2

Hrel



DGF on K 2
i

Ĝhp(ξ, η)

R − L
=

(L− a)(b − R)

(b − a)(R − L)
+

L− a

b − a
l0(ξ)l0(η)+

b − R

b − a
l1(ξ)l1(η)+

1

2
Ĝ p,B

hp (ξ, η)

I Compute:

L− a

b − a
=

t(b − a− H)

b − a
= t(1− Hrel),

b − R

b − a
=

(1− t)(b − a− H)

b − a
= (1− t)(1− Hrel),

(L− a)(b − R)

(b − a)(R − L)
=

t(1− t)(b − a− H)2

(b − a)H
= t(1− t)

(1− Hrel)
2

Hrel

Ĝhp(ξ, η)

H
= t(1− t)

(1− Hrel)
2

Hrel
+ t(1− Hrel)l0(ξ)l0(η)

+(1− t)(1− Hrel)l1(ξ)l1(η) +
1

2
Ĝ p,B

hp (ξ, η)



DGF on K 2
i

Ĝhp(ξ, η)

H
= t(1− t)

(1− Hrel)
2

Hrel
+ t(1− Hrel)l0(ξ)l0(η)

+(1− t)(1− Hrel)l1(ξ)l1(η) +
1

2
Ĝ p,B

hp (ξ, η)

I Use Ĝ p,B
hp (ξ, η) = tĜ p,B

hp (ξ, η) + (1− t)Ĝ p,B
hp (ξ, η)

Ĝ p,B
hp (ξ, η) = l0(ξ)l0(η)l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)

Ĝhp(ξ, η)

H
= t(1− t)

(1− Hrel)
2

Hrel

+ tl0(ξ)l0(η)

[
1− Hrel +

1

2
l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)

]

+ (1− t)l1(ξ)l1(η)

[
1− Hrel +

1

2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)

]



DGF on K 2
i

Ĝhp(ξ, η)

H
= t(1− t)

(1− Hrel)
2

Hrel
+ t(1− Hrel)l0(ξ)l0(η)

+(1− t)(1− Hrel)l1(ξ)l1(η) +
1

2
Ĝ p,B

hp (ξ, η)

I Use Ĝ p,B
hp (ξ, η) = tĜ p,B

hp (ξ, η) + (1− t)Ĝ p,B
hp (ξ, η)

Ĝ p,B
hp (ξ, η) = l0(ξ)l0(η)l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)

Ĝhp(ξ, η)

H
= t(1− t)

(1− Hrel)
2

Hrel

+ tl0(ξ)l0(η)

[
1− Hrel +

1

2
l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)

]

+ (1− t)l1(ξ)l1(η)

[
1− Hrel +

1

2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)

]



DGF on K 2
i

Ĝhp(ξ, η)

H
= t(1− t)

(1− Hrel)
2

Hrel
+ t(1− Hrel)l0(ξ)l0(η)

+(1− t)(1− Hrel)l1(ξ)l1(η) +
1

2
Ĝ p,B

hp (ξ, η)

I Use Ĝ p,B
hp (ξ, η) = tĜ p,B

hp (ξ, η) + (1− t)Ĝ p,B
hp (ξ, η)

Ĝ p,B
hp (ξ, η) = l0(ξ)l0(η)l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)

Ĝhp(ξ, η)

H
= t(1− t)

(1− Hrel)
2

Hrel

+ tl0(ξ)l0(η)

[
1− Hrel +

1

2
l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)

]

+ (1− t)l1(ξ)l1(η)

[
1− Hrel +

1

2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)

]



DGF on K 2
i

Ĝhp(ξ, η)

H
= t(1− t)

(1− Hrel)
2

Hrel

+ tl0(ξ)l0(η)

[
1− Hrel +

1

2
l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)

]

+ (1− t)l1(ξ)l1(η)

[
1− Hrel +

1

2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)

]

Lemma

min
[ξ,η]∈K̂ 2

l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η) = min
[ξ,η]∈K̂ 2

l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)



DGF on K 2
i

Lemma

min
[ξ,η]∈K̂ 2

l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η) = min
[ξ,η]∈K̂ 2

l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)

Proof.

κk(ξ) = κk(−ξ) for k even
κk(ξ) = −κk(−ξ) for k odd

}
⇒ κk(ξ)κk(η) = κk(−ξ)κk(−η)

Moreover, l0(ξ) = l1(−ξ):

min
[ξ,η]∈K̂ 2

l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η) = min
[ξ,η]∈K̂ 2

l1(−ξ)l1(−η)
p∑

k=2

κk(−ξ)κk(−η)

= min
[ξ,η]∈K̂ 2

l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)



Relative Critical Element Length

Ĝhp(ξ, η)

H
= t(1− t)

(1− Hrel)
2

Hrel

+ tl0(ξ)l0(η)

[
1− Hrel +

1

2
l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)

]

+ (1− t)l1(ξ)l1(η)

[
1− Hrel +

1

2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)

]

Definition

H∗
rel(1) = 1

H∗
rel(p) = 1 +

1

2
min

(ξ,η)∈K̂2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)

= 1 +
1

2
min

(ξ,η)∈K̂2
l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η) for p ≥ 2



Subcritical Elments ⇒ Ghp ≥ 0

Theorem

If a ≤ L < R ≤ b and
R − L

b − a
≤ H∗

rel(p),

then Ĝhp(ξ, η) ≥ 0 for all [ξ, η] ∈ K̂ 2 = [−1, 1]2.

Proof.

Ĝhp(ξ, η)

H
= t(1− t)

(1− Hrel)
2

Hrel

+ tl0(ξ)l0(η)

[
1− Hrel +

1

2
l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)

]

+ (1− t)l1(ξ)l1(η)

[
1− Hrel +

1

2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)

]
︸ ︷︷ ︸

≥ 1−H∗
rel(p) +

1

2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η) ≥ 0



Main Result

Theorem
If the partition a = x0 < x1 < . . . < xM = b of the domain
Ω = (a, b) satisfies the condition

xi − xi−1

b − a
≤ H∗

rel(pi ) for all i = 1, 2, . . . ,M,

where pi ≥ 1 is the polynomial degree assigned to the element
Ki = [xi−1, xi ], then the problem satisfies the discrete maximum
principle (i.e., uhp ≥ 0 in Ω for arbitrary f ∈ L2(Ω) which is
nonnegative a.e. in Ω).



Computation of H∗
rel(p)

p H∗
rel(p) p H∗

rel(p)
1 1 11 0.953759
2 1 12 0.969485
3 9/10 13 0.959646
4 1 14 0.968378
5 0.919731 15 0.964221
6 1 16 0.968695
7 0.935127 17 0.967874
8 0.987060 18 0.969629
9 0.945933 19 0.970855
10 0.973952 20 0.970814

H∗
rel(p) = 1 +

1

2
min

(ξ,η)∈K̂2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)



Computation of H∗
rel(p)
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H∗
rel(p) = 1 +

1

2
min

(ξ,η)∈K̂2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)
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