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Maximum, Minimum, and Comparison Principles {“y

v

MaxP: L(u) <0in Q = maxu= maxu.
Q o0Q

v

MinP: L(u)>0inQ = minu=minu.
Q oQ

L(u1) =h L(up) = fi < fin 0,

» CmpP:
U =g =g g < g ondQ,
= u < us.
L(uy=f=>0 L(u)=0
> A: (u) - = u>0 B: (u) =u>0
u=20 u=g>0
» Llinear & L(const) =0 =

MaxP & MinP < CmpP < (A & B)



1D Poisson Problem

» —u"=f in Q= (a,b);

u(a) =u(b) =0



1D Poisson Problem

> Vhp = {Vhp c H&(Q) : Vhp’K,- S PPI(KI.)}
> a(u,v) = fab u'v' dx (u,v) = fab uv dx

> Find upp € Vip = a(unp, vip) = (f, Vip) for all vp, € Vip



Discrete Maximum Principle (DMP)

Definition (DMP)
f>0ae inQ = upp=>0inQ.
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Discrete Maximum Principle (DMP)
Definition (DMP)
f>0ae inQ = upp=>0inQ.

Not valid for p=3,5and p > 7.
Example (Q = (—1,1), Ki, p1 =3, f(x)=200e~100>+1))
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Discrete Green's Function (DGF)

Definition (DGF)
Let z € Q. Gpp, € Vpp uniquely given by

a(vhp, th,z) = Vhp(Z) Vvhp € Vhp-

Notation: Gpp(x,z) = Gpp -(X).



Discrete Green's Function (DGF)

Definition (DGF)
Let z € Q. Gpp, € Vpp uniquely given by
a(vhp, th,z) = Vhp(Z) Vvhp € Vhp-

Notation: Gpp(x,z) = Gpp -(X).

Properties

upp(z) = /Q Ghp(x, 2)f(x)dx Vz e Q



Discrete Green's Function (DGF)

Definition (DGF)
Let z € Q. Gpp, € Vpp uniquely given by
a(vhp, th,z) = Vhp(Z) Vvhp € Vhp-

Notation: Gpp(x,z) = Gpp -(X).

Properties

Uhp(Z) = a(uhpa th,z) - (f7 th,z) = /Q th(X,Z)f(X) dx



DGF — Properties

Lemma (1)
Let {¢1,¢2,...,on} be a basis in Vi, If Aj = a(ypj, ¢i) then
N
th X, Z) ZZ klcpk where ZA’JAIkl = O
Jj=1 k=1 j=1
Proof.
B N
#Htps Ghoz) = vin2) > ci(2) aley, 0i) = ¢(2)
Ghp(x,2) = Y _ ci(2)i(x) Ai N
= a(2) =) pi(2) AR
Vhp = ¥j j=1



DGF — Properties

Lemma (1)

Let {1, 02, ..

Ghp(x,2) =

Corollary (2)
Let {/17 by,

N} be a basis in V. If Ajj = a(pj, i) then

N
©j(z), where ZA,-J-AJ.;I

Z Z ok (x) = Oik-
j=1 k=1 j=1
,In} be a basis of Vi, such that a(l;,l;) = 6;;. Then

Ghp(x,2) =




DGF — Properties

Corollary (2)
Let {li,h,---,In} be a basis of Vy, such that a(l;, l;) = d0;;. Then

N

Ghp(x,2) = > li(x)1i(2).

i=1
Lemma (3)
If there exists a basis {h, b, - ,Iny} of Vyp such that a(l;, ;) = &j;
then Gpp(x,x) > 0 for all x € Q.

Proof.
Let x € Q. Fk € {1,2,...,N}: lg(x) #0

N

Ghp(x,x) = Y _17(x) > 0.

i=1




DGF — Summary

>uhp /thXZ
Q

> Gpp(x,2) ZZ klcpk(x )ei(z)

j=1 k=1

Theorem

The problem satisfies the DMP if and only if Gpp(x,2) > 0 in Q2.



DGF — Piecewise Linear Case

>»pp=p=...=py=1

» B = {¢1,P2,...,0m-1} ... “hat functions”

®1 o2 dr—1
>
) ] e —— -
a=Tyg IT1 x2 TM—-1 g =
—A——

h1 h2 hM



DGF — Piecewise Linear Case

1,1 1
Wtk Tk 0 0
EE S TS T | 0
o he b by 1
A" = 0 hs h73+1fT y Py
0 0 e F4+FS
1
AL —1:
(A7) —

(X1 —a)(b—xl) (X1 —a)(b—x2) (Xl —a)(b—X3)
(Xl —a)(b—Xz) (Xz—a)(b—Xz) (X2 —a)(b—X3)
(Xl —a)(b—X3) (X2—3)(b—X3) (X3—a)(b—X3)



DGF — Piecewise Linear Case

1

COR b—a

(X1 —a)(b—xl) (Xl —a)(b—x2) (Xl —a)(b—X3)
(Xl —a)(b—xz) (xz—a)(b—xz) (X2 *a)(b*X:),)
(X1 —a)(b—X3) (Xz—a)(b—Xg,) (X3—a)(b—X3)

M— 1

6 x.2) ( )b~ x)6:(x)61(2)
i=1

M-2 M—

fay

i=1 j=i+1
>0 V[x z] € Q2

37 3 (6 — a)(b - )[6i(x)(2) + 05(x )¢,-(z>1)



DGF — Piecewise Linear Case
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Higher-Order Case {y&/




Lobatto Shape Functions

» ceK=[-1,1]
. :\/?/_g Pi(x)dx, j=2.3,...,
> Pi(x) = 1 & —(x?> — 1Y ... Legendre polynomials
201 dxd
> fial) = Y 3 9 - 10 [ 2y,

j=2,3,....

v

1
/_1 HEHE)dE =05, i,j=2,3,....



Lobatto Shape Functions

tekK=1[-1,1]

b(¢) =(1-¢)/2
h(€) =(1+¢)/2
(&) = h(§)h(8)x;(€)

j=2,3,.



Lobatto Shape Functions

tekK=[-1,1]

b(¢) = (1-¢)/2 Ka(€) = —V6

h(€) = (1+&)/2 K3(€) = —V10¢

€)= b(OAE(E)  rufe) = S VIa(E - 1)
j = 2,3 3

ro(€) = — 5 V(21" -

8

wr(€) = — 5V2B(336* -
rg(§) = —6%\/%(42956
ro(€) = —634@(71556 -

() = =5 V2(7€* = 3)¢

— 495¢* +135¢2 — 5)

1001&* + 385¢2 — 35)¢



Lobatto Shape Functions

,  =




Higher-Order Basis Functions

pr=1 P2=2/\P3=3
L 1 ]

~~~~~

Map h(€), (£),. .., In(£) from K to K; by

(X,' — X,',l)f -+ (X,' + X,',l)
2

XKi(g) =

to define BB = {om, dMt1,s .-, DN}



Higher-Order Stiffness Matrix

Proposition

a(¢h, ¢B) =0 Vgl € BLVoP € BB,
a(98,48) =0 VgB € BB, vyB ¢ BB, ¢8 # 4B

SCHRSCAFS

2 2 2 2 2 2
Dzdiag(—,...,—, s e =
h h' ho A A
—_—

(p1—1) times  (p2—1) times (pm—1) times

)



DGF — Higher-Order Case

Ghp(x,2) = Gpy(x, 2) + G (x, 2)

. _

b—a —
2 M—

M-1

Z (xi — a)(b — x;)9i(x)pi(z)
i=1
M— 1
2. 2 G
i+1

i=1 j=

Gﬁp(x, z) =
= x)[0i(x)¢j(z) + ¢>j(><)¢>,-(z)])
Gh(x,2) Z D lok(x)ek(z), Vx,z] € Q2

Lemma
Ghp(x,2) > 0in 2\ UM, K?



DGF - Higher—Order CaSe
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DGF on K?
> [x,zZ]€eK?, 1<i<M

th X,z |K2_
(xi-1 ba)_(a X"*l)gzy,-_l(x)q%'_l(z)Jr b—

(xi-1 —a)(b—x)
b—a

+

[6i(x)¢i-1(2) + di—1(x)di(2)] +

)

(xi —a)(b—x;
a

Xi

¢i(x)9i(2)

— Xj—-1

2

Giy

P

XZ|K2



DGF on K,-2 {“7
> [,z €K 1<i<M

th X,z |K2_

(X1 Z)_( a Xi71)¢i—1(x)¢>i—1(2) + W@(X)@(Z)
n (xi—1 —ba_)(ab - Xj) [6i(x)i—1(2) + di_1(x)di(2)] + % _2Xi ! th X, Z |K2

> Ki=[xi—1,x] = [L,R].



DGF on K? §§}

> [X’Z]GKiz'lSiSM

Ghp(x, 2)| 2=
Coca = 20 =),y 2) 4 = =5 6 16(2)
3 Lm0 2D 16 1(2) (6] + I GR (x2)
> Ki=[x-1,x]=[LR].
Grplx, )| o=
== o)+ B2 =R 0600)
B R 1 6ia(2) + 61002 + B L 6B 2)



DGF on K?
Gip(%,2)| 2=
G b)(b L) s,
s )(b R)

b—

1(x)9i—

1(z) +
[0i(x)pi—1(z) + di-

(R

—a)6-R),
b_

a

1(x)¢i(2)] +

$i(x)¢i(z)

R—

2

Gh

P



DGF on K?
Ghp(x, z)|K2:
(L—3)(b~ 1) (R-2)(b—R),
biéf): 1(x )¢i_1(z)+T i(x)9i(2)
O R 1 09011(2) + 0 (002 + B LG, 2)

> Transform Gp, from K? to K2 = [~1,1]? :

x =xk (&), z=xxr(n).



DGF on K?

]

th(X Z)|K2:
LB o)+ B2 g 62)
LR 1 06 1(2) + a2 + LGB (2

> Transform Gy, from K? to K2 = [~1,1]? : x = x«.(€), z = xk (1)

Ghp(x, Z ‘Kzz @hp@ n) =
(L—a)b-1L),

5 ()

(L— )(b R)
b—

otn) + B2 =R )

+ [h(€)b(n) + b(E)A(m)] + > GEE(E.n)

p

G2 (Em) =D (©)h(m) = () o(mh(E)A(m) D ru(&)rx(n)
k=2

k=2



DGF on K?

th(X7 Z)|Ki2: é\';hp(ga 77) =

(L—a)(b-1L) ( (R—a)(b—R)

b a lo 5)10(77)+T/1(§)/1( n)
+ LEZ2CZR) ey + en ]+ F L & e m)

b —



DGF on K,-2

th(X7 Z)|K12: é\';hp(ga 77) =

=208 eyo(m + E=2E=R) ey
+W[/1(5)/0(77)+/0(§)/1( )]+LGpB(§7 )

» Divide by R— L > 0.

(L—a)(b—L) (L—a)(b—R) L-a
" b-a)(R—L1) (b-a)R-1) b2
_(R-a)(b-R)_(L-a)b-R) bR

(b-a)R-L) (b-a)(R—L) b-a

> (&) (1) + h(€)h(n) + b(E)h(n) + h(E)b(n) =1 V& n] € K2




DGF on K,-2

th(X7 Z)|Ki2: é\';hp(ga 77) =

=208 eyo(m + E=2E=R) ey
+W[h(f)/o(n)+/o( &)h(n )]+LGpB(§7 )

» Divide by R— L > 0.

(L—a)(b—L) (L—a)(b—R) L-a
" b-a)(R—L1) (b-a)R-1) b2
_(R-a)(b-R)_(L-a)b-R) bR

(b-a)R-L) (b-a)(R—L) b-a

> (&) (1) + h(€)h(n) + b(E)h(n) + h(E)b(n) =1 V& n] € K2

Gro(€m) _ (L—a)(b—R) L-a b—

R
R—L ~ (b=a)R—0) b=aP&hln+3=

S h(©)h(n)+5 G (E )




%y
DGF on K?

b—R
@hp(f,ﬂ) _(L=a)(b— R)+L — 310(5)/0(77)+

1 P>
p— /1(6)/1(77)+§ thB(§,77)
= b—a
R—L — (b-a)(R-L)




DGF on K? Qﬁk

Gip(&:m) _ (L=2a)(b—R) L-a b—R 1ops
e = R B L)+ (O +5 %€ )
L H
» Parametrization: H =R — L, H,¢] = P

L=(1-t)at+t(b—H), R=(1—t)(a+H)+th, tel0,1]

[ H 1
t=0 I i |
a=L R=a+H b
_ l [ I 1
t=1 | I |
a L=b—H b=R



DGF on K? {&/

Ghpl(§:m) _ (L~ a)gb A o)+ (€ 5 L)

R-L (b—a)R-L) b—a

H
» Parametrization: H=R — L, Hyq = P

L=(1-t)at+t(b—H), R=(1—t)(a+H)+th, tel0,1]

» Compute:
R
1; /: _a- t)t()b_—aa —H) 10— Ha,
e



DGF on K? {&/

ple) Q20— R) 2 eyt = (@) + 5 G e
» Compute:

a t(b—a—H) (1 M),

I; (1—t)(b—a—H)

a b—a

(Log6R) et aHP (1= )

L—
b—
b—
b— - (1 - t)(]' - HT61)7

M _ t(]. _ t)(l _ Hrel)z =+ t(]. — Hrel)IO(f)lo(n)

HL— (1~ Ha)h(©h(n) + 5 G (€.m)



DGF on K2 N

G (5,77) _ (]- - Hrel)2
7"’3’_, =t(1—t) o

HL= (1~ Ha)h(Ohln) + 2 G125 (E.7)

+ (1 = Hre1)lo(£)lo(n)



DGF on K?

th(ga 77)
H

> Use

=t(l—-1t)

(]- - Hrel)2

rel

+(1-t)(1-

(-

Hre1)lo(€)lo ()
Hrel)ll (5)/1 (77) + E@II;;B(&-’ 77)

~

GEE(&m) = tGDE(Em) + (1 — ) GLP(€,m)

GE; B(f n) = h(§)

P
Mh(€)h(n) Y r(€)
k=2



DGF on K?
&) _ 1A o e
HL= (1~ Ha)h(Ohln) + 2 G125 (E.7)
> Use  GpB(en) = tBR(E ) + (1 - HELE(E)
GEE (1) = (RO Z
w 1t _H:fl)z

+ th(&)b(n) |1

+ (1= t)h(§)h(n)

- rcl + = L /1(5)/1 (77) Z Hk(ﬁ)"ﬂk(n)]

k=2

1— Heal + %/0(5)/0(77) > rk(&)re(n)




DGF on K?

Gp(fvn) _ (1 — Hre )2
M) Y =t 1) o !
+ tho(§)lo(n) |1 — Hral + %/1(5)/1(77) > Hk(ﬁ)ﬁk(ﬂ)l
k=2
+ (1 = t)h(§h(n) |1 - Hea + %/o(f)/o(ﬂ) > Hk(ﬁ)ﬁk(n)l
k=2
Lemma

p p

min_fo()lo(n) > kk(©)rk(n) = min_ K(E)h(n) Y wx(&)re(n)

[5"’7]6}%2 k=2 [E"’]]GRQ k=2




DGF on K? {“y

Lemma
P P
min, (€Y 3 k(Eme(o) = min K(S)h01) 3 (€
Proof.

kk(§)kk(n) = kk(—E)rk(—n)

kk(§) = kr(—=E) for k even
kk(€§) = —ki(=E§) for k odd

Moreover, Ip(£) = h(—£):

min (&) K K = min h(=¢)/ K )k
i b(¢) o(n)kz:; K(€)rk(n) e H(—=E)h(— ”)Z W(—E)re(=n)
= min h(&)/ . .
[e.mek? 1(5)1(”); k(E)rk(n)



Relative Critical Element Length

th(§7 77)
H

(1 - Hrel)2
Hrel

1 Hoo + SH(EORM)Y nk(é)nk(n)]
k=2
1 Hha + 510(€)(n) D m(€)mi()

k=2

=t(1—1t)

+ th(§)lo(n)

+ (1 = t)h(§)h(n)

Definition
Hx (1) = 1

rel

Haa(p) =1+ 5 min b(€)o(n) D mi(e)se(n)

(&m)ek? k=2

M=

=14 1 min_ 1 (&)h(n)

(&m)ek? kk(§)rk(n) forp>2
m)E

T
N

|




Subcritical Elments = Gy, > 0

Theorem R
Ifa<L<R<band -

L *
< Hrel( )
then Gup(&,m) > 0 for all [f n € K2 =[-1,1].
Proof.
éhp(§7"7) _ (1 - Hrel)2
—— = t(l—t)———

rel

+ th(§)h(n) |1

— Hrel + 5 /1(6)/1(77) > Hk(é‘)%k(n)]

+ (1 = t)h(§)h(n)

1-— Hrcl I %/0(5)/0(77) Z Hk(f)ﬁk(n)]

k=2

> 1 Hiu(p) + 2 (E)o(n) Y mi(@ma(n) 20




Main Result {'Jy

Theorem
If the partition a = xp < x1 < ... < xpm = b of the domain
Q = (a, b) satisfies the condition

% < H}y(pi) foralli=1,2,..., M,
where p; > 1 is the polynomial degree assigned to the element
Ki = [xi—1, x;], then the problem satisfies the discrete maximum
principle (i.e., up, > 0 in Q for arbitrary f € L?(Q) which is
nonnegative a.e. in Q).



Computation

*
rel

of r*(l(p)
P Halp) p_ Halp)
1 1 11 0.953759
2 1 12 0.969485
3 9/10 13 0.959646
4 1 14 0.968378
5 0919731 15 0.964221
6 1 16 0.968695
7 0935127 17 0.967874
8 00987060 18 0.969629
9 00945933 19 0.970855
10 0973952 20 0.970814

(D) =1+% min_ (b)Y m©)nmn)

(&m)eK?

p

k=2



Computation of H*,(p)

rel

1
0.98F 0. 0B i
0.96[ . .

@ o

g o

T o004} :
0.92f o .

0.9F o ]
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100
p
p

Wp) =1+ min b)Y m€)min)
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