
Higher Order Approximations
and

Discrete Maximum Principles
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Model Problem

−∆u = f in Ω

u = 0 on ∂Ω

Weak formulation: V = H1
0 (Ω)

u ∈ V : a(u, v)︸ ︷︷ ︸∫
Ω∇u · ∇v

= F (v)︸︷︷︸∫
Ω fv

∀v ∈ V .
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hp-FEM:

p p p p p p
11 2 3 4 M−1 M

a = x
K1 K2 K3 K4 KM−1 KM

b = xx x x x x x1 2 3 4 MM−1M−20

Vhp = {vhp ∈ V : vhp|Ki
∈ Ppi (Ki )}

uhp ∈ Vhp : a(uhp, vhp) = F (vhp) ∀vhp ∈ Vhp

ϕ1, ϕ2, . . . , ϕN – basis in Vhp

uhp(x) =
N∑

j=1

cjϕj(x) ⇒ Ac = b, where
Aij = a(ϕj , ϕi )
bi = F (ϕi )
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Maximum Principle

−∆u = f in Ω

u = 0 on ∂Ω

Maximum Principle:

f ≥ 0 ⇒ u ≥ 0

Discrete Maximum principle (DMP):

f ≥ 0 ⇒ uhp ≥ 0
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DMP – classical result

−∆u = f in Ω

u = 0 on ∂Ω

Ω ⊂ R2, piecewise linears on triangles

Theorem (Ciarlet ≈1970)

All angles in triangulation are non-obtuse ⇒ DMP

Proof.
Based on the fact that A−1 ≥ 0.

Aij =

∫
Ω
∇ϕi · ∇ϕj dx Fj =

∫
Ω

f ϕj dx

uhp(x) =
N∑

i=1

ciϕi (x), Ac = F , c = A−1︸︷︷︸
≥0

F︸︷︷︸
≥0

≥ 0
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M-matrices

A =


+ − − −
− + − −
− − + −
− − − +

 and A is s.p.d. ⇒ A−1 ≥ 0

I Aii =
∫
Ω |∇ϕi |2 dx > 0

I Aij =
∑

k

∫
Kk
∇ϕi · ∇ϕj dx
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Higher order approximation
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Counter Example

−u′′ = f in (−1, 1), u(±1) = 0,

K1 = (−1, 1), p1 = 3, f (x) = 200e−10(x+1)

y

1,6

1,2

0,8

0,4

x

0
10,50-0,5-1



Green’s function

I Find u ∈ V : a(u, v) = F (v) ∀v ∈ V .

I Green’s function

Gy ∈ V : a(w ,Gy ) = δy (w)︸ ︷︷ ︸
w(y)

∀w ∈ V , y ∈ Ω

I u(y) = a(u,Gy ) = F (Gy )



Discrete Green’s function (DGF)

I Find uhp ∈ Vhp : a(uhp, vhp) = F (vhp) ∀vhp ∈ Vhp

I Discrete Green’s function

Ghp,y ∈ Vhp : a(whp,Ghp,y ) = δy (whp)︸ ︷︷ ︸
whp(y)

∀whp ∈ Vhp, y ∈ Ω

I uhp(y) = a(uhp,Ghp,y ) = F (Ghp,y )

I Ghp(x , y) = Ghp,y (x)

I If a(·, ·) is symmetric ⇒ Ghp(x , y) = Ghp(y , x).

I Ghp(x , y) =
N∑

i=1

N∑
j=1

A−1
ij ϕi (x)ϕj(y)

I If A s.p.d. ⇒ Ghp(x , x) > 0 ∀x ∈ Ω.
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Properties of DGF

Lemma
Let {ϕ1, ϕ2, . . . , ϕN} be a basis in Vhp. If Aij = a(ϕj , ϕi ) then

Ghp(x , y) =
N∑

j=1

N∑
k=1

A−1
jk ϕk(x)ϕj(y), where

N∑
j=1

AijA
−1
jk = δik .

Proof.

a(vhp,Ghp,y ) = vhp(y)

Ghp(x , y) =
N∑

i=1

ci (y)ϕi (x)

vhp = ϕj

N∑
i=1

ci (y) a(ϕj , ϕi )︸ ︷︷ ︸
Aij

= ϕj(y)

ck(y) =
N∑

j=1

ϕj(y)A−1
jk
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Corollary
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DGF and DMP

−∆u = f in Ω

u = 0 on ∂Ω

p p p p p p
11 2 3 4 M−1 M

a = x
K1 K2 K3 K4 KM−1 KM

b = xx x x x x x1 2 3 4 MM−1M−20

I Vhp = {vhp ∈ H1
0 (Ω) : vhp|Ki

∈ Ppi (Ki )}

I uhp ∈ Vhp :

∫
Ω
∇uhp · ∇vhp dx︸ ︷︷ ︸

a(uhp ,vhp)

=

∫
Ω

fvhp dx︸ ︷︷ ︸
F (vhp)

∀vhp ∈ Vhp

I uhp(y) =

∫
Ω

Ghp(x , y)f (x) dx

I DMP ⇔ Ghp(x , y) ≥ 0 ∀(x , y) ∈ Ω2.



hp-FEM basis in 1D

a = x0 x1 x2
. . . xM−1 xM = b

φ1 φ2 φM−1

h1 h2 hM

−u′′ = f in Ω

u = 0 on ∂Ω∫ b

a
u′v ′ dx︸ ︷︷ ︸

a(u,v)

=

∫ b

a
fv dx︸ ︷︷ ︸

(f ,v)

l0(ξ) = (1− ξ)/2

l1(ξ) = (1 + ξ)/2

lj(ξ) =

√
2j − 1

2

∫ ξ

−1
Pj−1(x) dx∫ 1

−1
l ′i (ξ)l

′
j (ξ) dξ = δij

lj(ξ) = l0(ξ)l1(ξ)κj(ξ)

−1 1

a = x0 x1 x2 x3 = b

p1 = 1 p2 = 2 p3 = 3

χK2

χK3

ΦM ,ΦM+1, . . . ,ΦN



Explicit expression of DGF

A =

(
AL 0
0 D

)
, A−1 =

(
(AL)−1 0

0 D−1

)

Ghp(x , y) =
N∑
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A−1
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≥0

+GB
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Ki = [xi−1, xi ] Ghp(x , y)|Ki×Ki
7→ Ĝhp(ξ, η)

H = xi−xi−1 Hrel = H/(b−a) t ∈ [0, 1] lk(ξ) = l0(ξ)l1(ξ)κk(ξ)

Ĝhp(ξ, η)

H
= t(1− t)

(1− Hrel)
2

Hrel

+tl0(ξ)l0(η)

[
1 +

1

2
l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)− Hrel

]

+(1− t)l1(ξ)l1(η)

[
1 +

1

2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)− Hrel

]



Relative Critical Element Length

Ĝhp(ξ, η)

H
= t(1− t)

(1− Hrel)
2

Hrel

+tl0(ξ)l0(η)

[
1 +

1

2
l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)− Hrel

]

+(1− t)l1(ξ)l1(η)

[
1 +

1

2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)− Hrel

]

Definition

H∗
rel(1) = 1

H∗
rel(p) = 1 +

1

2
min

(ξ,η)∈K̂2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)

= 1 +
1

2
min

(ξ,η)∈K̂2
l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η) for p ≥ 2



Main Result

Theorem
If the partition a = x0 < x1 < . . . < xM = b of the domain
Ω = (a, b) satisfies the condition

xi − xi−1

b − a
≤ H∗

rel(pi ) for all i = 1, 2, . . . ,M,

where pi ≥ 1 is the polynomial degree assigned to the element
Ki = [xi−1, xi ], then the 1D Poisson problem satisfies the discrete
maximum principle (i.e., uhp ≥ 0 in Ω for arbitrary f ∈ L2(Ω)
which is nonnegative a.e. in Ω).



Computation of H∗
rel(p)

p H∗
rel(p) p H∗

rel(p)
1 1 11 0.953759
2 1 12 0.969485
3 9/10 13 0.959646
4 1 14 0.968378
5 0.919731 15 0.964221
6 1 16 0.968695
7 0.935127 17 0.967874
8 0.987060 18 0.969629
9 0.945933 19 0.970855
10 0.973952 20 0.970814

H∗
rel(p) = 1 +

1

2
min

(ξ,η)∈K̂2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)
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Conclusions

DMP for 1D Poisson equaiton

I Dirichlet BC – if Hrel ≤ 9/10.

I mixed BC – valid on arbitrary hp-mesh.

Generalization

−(au′)′ = f , a is piecewise constant.

I Dirichlet BC – if H̃rel ≤ 9/10

H̃rel =
h̃k∑M
i=1 h̃i

h̃k =
xk − xk−1

ak

I mixed BC – valid on arbitrary hp-mesh.
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