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Model Problem

—Au=f inQ
u=0 on 9N



Model Problem

—Au=f inQ
u=0 on 9N

Weak formulation: V = H}(Q)

ueV: a(u,v) =F(v) Vvev.
~——" ~—~—
JoVu-Vv  [,fv



Vip = {vip € V : vip|k;, € PPI(Ki)}

Upp € Vhp : a(uhp, Vhp) = F(Vhp) Vvhp € Vhp




Vhp = {vhp ceV: Vhp|K,- € PPI(K;)}
Upp € Vhp : a(uhp, Vhp) = F(Vhp) Vvhp € Vhp

©1,92,...,9N — basis in Vp,

A = ey
upp(x) = ZCJSOJ = Ac=b, where b-U a(cp{,gp,)




Maximum Principle

—Au=fFf inQ
u=0 on 9N

Maximum Principle:
f>0 = wu>0
Discrete Maximum principle (DMP):

F>0 = up>0




Example

—Au=finQ, u=00n02, Q= (—1,1)2,
f(x,y) = exp(=50(x* + y?))



Example

—Au=finQ, u=00n02, Q= (—1,1)2,
f(x,y) = exp(=50(x* + y?))

Cells
u 1
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Example -%f

~Au=finQ, u=00n0Q, Q=(-1,1)?
f(x,y) = exp(—50(x* + y?))

Cells
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Example

—Au=finQ, u=00n02, Q= (—1,1)2,
f(x,y) = exp(=50(x* + y?))

Cells

u_i
0.00347
[0.0031 2
—0.00277

=0.00243

—0.00208
—0.00173
—0.00139
—0.00104

—0.0006894

I: 0.000347
0




DMP - classical result

—Au=f inQ
u=0 ondf

Q C R?, piecewise linears on triangles
p g

Theorem (Ciarlet ~1970)
All angles in triangulation are non-obtuse = DMP




DMP - classical result

—Au=f inQ
u=0 ondf

Q C R?, piecewise linears on triangles
p g

Theorem (Ciarlet ~1970)
All angles in triangulation are non-obtuse = DMP

Proof.
Based on the fact that A1 > 0.

AU:/VQO;'VQOJ'dX Fj:/ﬂpjdx
Q Q

N
upp(x) = Y cipi(x), Ac=F, c=A""
i=1




M-matrices

A= B and Aisspd. = A1>0



M-matrices

A= B and Aisspd. = A1>0

> A= fQ ‘V(,O,"de >0



M-matrices

+ — — —
A= : t 4__ : and Aisspd. = A1>0

- - - +
> Ai = f ‘V(p‘de >0 ¢

Q 1
> A =2k Ji, Vi - Vipjdx Yo N

ab PA ¥B
Voa-Vop = ——— A B

PATVYE (2 meas; K)? oS



M-matrices

_|_ — — —
A= : t 4__ : and Aisspd. = A1>0
- - - +
> Ai = Jo|Veil?dx >0 %
i = Jo (P,‘ X >
> Aj =2 Jk, Vi - Vipjdx b N
ab PA B
VQOA'VQDB = —Wcosv A B
C
~ measy(BCD) measy(ADC) i
]

Voa-Veg = CosaaB

(3meas3 K)?




Higher order approximation

Theorem (Ciarlet ~1970)
All angles in triangulation are non-obtuse = DMP

Proof.

A,‘J':/VQD,'-VQOJ'dX Fj:/fgojdx
Q Q

N
ump(x) =Y cipi(x), Ac=F, c=A"
i—1




Higher order approximation

Theorem (Ciarlet ~1970)
All angles in triangulation are non-obtuse = DMP

Proof.

A,'J':/VQD,'-VQOJ'dX sz/fgojdx
Q Q

N
upp(x) = Z cpi(x), Ac=F, c=A"1F >0
i=1 >0 >0




Counter Example

—u" ="fin(-1,1), u(£l)=0,
Kl = (717 1)7 P1 = 3, f(X) — 2006_10(X+1)

0,5 1




Green's function

» Findue V: a(u,v)=F(v) VveV.
> Green's function
GyeV : aw,G)=0,(w) VweV, yeQ
~——
w(y)

> uy) = a(u, Gy) = F(Gy)



Discrete Green's function (DGF)

> Find upp € Vip  a(tpp, Vip) = F(Vhp)  YVhp € Vip
» Discrete Green's function
Ghp,y € Vip + a(Whp, Ghp,y) = 6y (Whp)  YWhp € Vip, y € Q
——
Whp(y)

> Uhp(y) = a(uhpa th,y) = F(th,y)



Discrete Green's function (DGF)

> Find upp € Vip 1+ a(upp, vip) = F(Vhp)  YVihp € Vi
» Discrete Green's function
thyy € Vhp : a(whp, th7y) = 5y(Whp) VWhp S V/-,p, VAS Q
——
Whp(y)

> Uhp(y) = a(uhpa th,y) = F(th,y)
> th(Xa)/) = th,y(X)
> If a(-,-) is symmetric = Gpp(x,y) = Gpp(y, x).

N N
> Gpp(x,y) ZZA 1

i=1 j=1
> If As.p.d. = Gpp(x,x) >0 VxeQ.



Properties of DGF

Lemma
Let {¢1,¢2,...,on} be a basis in Vi, If Aj = a(ypj, ¢i) then

Ghp(x, ) ZZ i gpk )ei(y), where ZAU = 0.

j=1 k=1
Proof.
N
a(Vhp7 th7y) = Vhp(.y) Z C:()/) a(<pjj SDI) — (Pj(y)
Ghp(x,y) = Z ci(y)ei(x) ! N
i=1 a(y) =D wi(n)AL
Vhp = Pj j=1




Properties of DGF

Lemma
Let {¢1,¢2,...,on} be a basis in Vi, If Aj = a(ypj, ¢i) then

N

Ghp(x, ) ZZ i Lok(X)pj(y), where ZAUAj_kl = k-

j=1 k=1 j=1

Corollary
If a(-,-) is symmetric then Gpp(x,y) = Gpp(y, X).



Properties of DGF

Lemma
Let {¢1,¢2,...,on} be a basis in Vi, If Aj = a(ypj, ¢i) then

N

Ghp(x, ) ZZ i Lok(X)pj(y), where ZAUAj_kl = k-

j=1 k=1 j=1

Corollary
If a(-,-) is symmetric then Gpp(x,y) = Gpp(y, X).

Corollary
Let {h,bh,---,In} be a basis of Vi, such that a(l;, ;) = &;. Then

Ghp(x,y) = Z li(x)1i(y)-



DGF and DMP

—Au=f inQ
u=0 ondQ
(A A X P, Re R
as=x, X X X X O e Xos, D=Xy
K, K, K, K, K1 M

> Vhp = {Vhp I~ H&(Q) . Vhp’K,' € Ppi(Ki)}

> Upp € Vip /QVuhp - Vvpp dx :/ fvhp dx  Vvpp € Vip
Q

a(uhpavhp) F(Vhp)

> Upp(y) :/Qth(X,y)f(x) dx

» DMP & Gpp(x,y) >0 V(x,y) € Q2.



hp-FEM basis in 1D

b1 P2 dr-1 —u"=f inQ
u=0 on 9N
b b
Va e\ Ly , / UV dx = / fv dx
a=1x9 I To TM-1 zp =0 L/_/ ;,_/
D % R
p=1 p=2 p3=3
b(6) = (1 - )2 - AN
h(§) =(1+¢)/2

/ KO = 5
[;(&) = b(§)h(&)r(E)

a:wol z 2 1‘3:b
2j—1
\/J7/ Pj_1(x)dx
XK.

ey




Explicit expression of DGF
(AL o 1 (AhHT o0
(4 9) (U )

N N
Grp(x,y) = D D Al Ow(x)05(y) = G (x,¥) + Gi(x, )
>0 #0

047" \;E

03{"

024"

I
o1 MRS 1
O [ T T AR 0
1 os """ln"""":'-':".':éf-: -05




Explicit expression of DGF

AL 0 )
A‘( 0 D)’ A

Il
N
—~
>
o
L
SIS
—
~_

>0 20
x3
/\ 1
vd N
2 1 !
Z1
)

o X1 T2 I3




Explicit expression of DGF {V’

(38 (8

N N
th X y ZzAjqu)k th(X y)+th(X y)
o1 k=1 ig_/ T

Ki = [xi—1, xi] Ghp (%, ) Kixk; = Ghp(€,1)

H=xi—xi_1 Hrel = H/(b_a) te [07 1] lk(f) = Io(g)ll(g)’%k(f)
é\;h (fa 77) . (1 - Hrel)2
pT B t(l a t) rel

1+ 2 A(©A()

M-

+tlo(&)lo(n) #k(§)kk(n) — Hrel

k

Il
N

+(1 = t)h(§)h(n) kk(€)rk(n) — Hrel
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14 Zo(€)b(n)
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Relative Critical Element Length

GhPS 77) (1_ )(1 Hrei"EI)
+tho(§)h(n) |1+ 5 /1 Ya(n) > ri(€)rk(n) = Hre
k=2
p
HL= AR |1+ 3b(E)o(n) D wr(Em(n) — Hra
k=2
Definition
Hlikel( ) 1
1 P
H = — min L
ral(p) = 1+2(§n)€K2 lo(&)lo(n ); k(&)rk(n)
p
“14 2 min AE©KM) S m€riln) for p =2
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Main Result

Theorem
If the partition a = xp < x1 < ... < xp = b of the domain
Q = (a, b) satisfies the condition

%S :el(pi) for all I':1727"‘7M7
where p; > 1 is the polynomial degree assigned to the element
Ki = [xi—1, xi], then the 1D Poisson problem satisfies the discrete
maximum principle (i.e., up, > 0 in Q for arbitrary f € L?()
which is nonnegative a.e. in Q).



Computation of H*,(p)

rel

P Halp) p_ Halp)
1 1 11 0.953759
2 1 12 0.969485
3 9/10 13 0.959646
4 1 14 0.968378
5 0919731 15 0.964221
6 1 16 0.968695
7 0935127 17 0.967874
8 0987060 18 0.969629
9 0945933 19 0.970855
10 0973952 20 0.970814

p

P =142 min b(E)bm) Y m©)nn)



Computation of H*,(p)

rel
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Conclusions

DMP for 1D Poisson equaiton
» Dirichlet BC — if H,e) < 9/10.
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» mixed BC — valid on arbitrary hp-mesh.



Conclusions

DMP for 1D Poisson equaiton
» Dirichlet BC — if H,e) < 9/10.

» mixed BC — valid on arbitrary hp-mesh.

Generalization

—(av’) = f, ais piecewise constant.

» Dirichlet BC — if H, < 9/10 y
~ h ~ —
el = K ~ hk—Xk e

2z hi k

» mixed BC — valid on arbitrary hp-mesh.
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