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(Continuous) maximum principle

—div(AVu)=f inQ, u=g ondQ

MaxP : f<0 = maxu=maxu
Q %
MinP : f>0 = mnu=minu
Q a0

ComP: f>0&g>0 = u>0

MaxP < MinP <« ComP



(Continuous) maximum principle

—div(AVu) +sPu=f inQ, u=g ondQ

MaxP : f<0 = maxu<max{0, maxu}
o 0Q

MinP : f>0 = minu>min{0, minu}
ol Ble}

ComP: f>0&g>0 = u>0

MaxP < MinP <« ComP



Discrete Maximum Principle (DMP)

DMP: f>0&g>0 = up>0

Simplification: g = 0.



Discrete Maximum Principle (DMP)

DMP: f>0 = upp >0



Discrete Maximum Principle (DMP)

DMP: f>0 = Uy >0
> upp € Vip © a(Upp, Vhp) = F(Vhp) YVhp € Vip
a(u,v) = [ AVu-Vv+r2uvdx  F(v) = [ frdx
> thd, S Vhp : é)(Whp7 th,y) = Whp(y) VWhp S Vhp, VAS ﬁ
th(xa)/) = th,y(x)
> upp(y) = a(tnp, Ghp,y) = F(Ghp,y) = /Q Ghp(x, y)f(x) dx

»DMP < Gpp>0 inQ

v

Grn(.) = ﬁ é Ao, (y) €D



Formula for DGF

Lemma
Let {¢1,¢2,...,on} be a basis in Vp,. If Ay = a(ypj, ¢i) then
N
Ghp(x, ) ZZ klcpk x)pj(y), where ZAUAJZI = Jjk.
j=1 k=1 j=1
Proof.
N
a(Vhp, Ghp,y) = Vap(y) Z ci(y) a(e;, i) = @i(y)
Ghp(x, ) = > ciy)pi(x) Ai N
= aly) =D wi()AL
Vhp = Pj j=1



Classical result (2D Poisson, triangular FEM)
—Au=f ImQcR? u=0 onoQ.

up ...p.w. linear FEM solution, triangular mesh

Theorem: If all angles v < 7/2 then DMP.

N
> up=Y g Ac=F, c=A'F

j=1

c
> £ b/ v a
VC,DA‘VCPB:_&COSV
(2 measy K)? va or
A B
_l’_ — J—
and Aspd. = Al1>0

> A= — 4+

+
N N
> Grp(x,¥) = 2 2 At ei(x)ei(y)

i=1j=1



Negative result

Hohn, Mittelmann: “Some remarks on the Discrete Maximum-Principle
for Finite Elements of Higher Order”, Computing 27, 145-154 (1981).

» “Strong” DMP:

Max Upp = MaXx Upp,
Wy Owy,

where w,, ...patch of elements sharing vertex x;.

» “Strong” DMP is not valid for p > 2 unless prohibitively
strong restrictions on the mesh.
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1D counter example

—u"="fin(a,8), u(a)=u(B)=0.

Piecewise linear FEM approximations satisfies DMP.

BUT: One element of degree p = 3.

&5
222,241 44
S >

SIS
S




Recent results

» —u"=fin(a,8) + Dirichlet b.c.
» —(au’) =fin(a,8) + Dirichlet b.c.; a(x) p.w. const.

» —(au')Y =fin(a,8) + mixed b.c.; a(x) p.w. const.



1D Poisson, Dirichlet b.c.

—u"=fin(a,8) + Dirichlet b.c.

Xi —Xic1 ,
ﬁﬁ “(pi) fori=1,2,....M = DMP

> a=xg < x1<...<Xxpy = [ partition

» p; > 1 ...polynomial degree of K; = [xj_1, xi]

> H;kel(]') =1
p—2
H* =141 min [/ K K , p>2
) =143 min6((n) 3 ne(€)r(n)

ki) = I P () k=0,1.2.. .

= k+D)(k+2)

1 (1—452),{’((5)55(5) dg:{ g/((k+1)(k+2)) for k = ¢

-1 otherwise




1D Poisson, Dirichlet b.c.

—u"=fin(a,8) + Dirichlet b.c.

Xi — Xj—

ﬁg “(pi) fori=1,2,....M = DMP
P Hulp) p__ Hulp)
1 1 11 0.953750
2 1 12 0.969485
3 9/10 13 0.950646
4 1 14 0.968378
5 0.919731 15  0.964221
6 1 16 0.968695
7 0935127 17 0.967874
8 0987060 18 0.969629
9 0045033 19 0.970855

—
o

0.973952 20 0.970814




1D Poisson, Dirichlet b.c.

Xj

—u" =fin (a,3)

,1< «
f-a

rel(pi)

+  Dirichlet b.c.

for i=1,2,....,M = DMP
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Piecewise constant coefficient

—(au')Y =fin (a,8) + Dirichlet b.c.
alk, = aj = const

h:

————— < HY\(p;)) fori=1,2,....M = DMP
Zlyzlhk

= "lrel

> a=xg < x1<...<xpy =0 partition
» p; > 1 ...polynomial degree of K; = [xj_1, xi]

> Ei = (X,' — x,-_1)/a,-




1D Poisson, mixed b.c.

—(av’) =fin (a,8) + mixed (Dirichlet & Neumann) b.c.
alk, = aj = const

0< Hy(p) fori=1,2,....M = DMP

rel

(checked for p; < 100)



Future work

» —u" + K2u=f, Kk = const.

>p:1:nh;§\@ ~245 < DMP
» p=2:kh <,/20/3~258 = DMP

v

1D results give good hope for 2D
» 2D
» 3D

> etc.
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