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(Continuous) maximum principle

—Au+rPu=f inQ, u=0 ondQ

MaxP: f<0 = maxu<max{0,maxu}=0
a 09

0

ComP: f>0 = wu>0

v

G(x,y) > 0in Q2

~AG, +K°G, =4, inQ
o) = | Glxp)f(xax G,—0 onoQ

G(x,y) = Gy(x)



Discretization

» Weak
veV=HQ): a(u,v) :/fvdx Vv eV
S—— Q
/ Vu- Vv + k2uvdx
Q
» hp-FEM

Upp € Vhp cV: a(uhp, Vhp) = /Q fvhp dx Vvhp S Vhp

> Vhp = {vhp cV: Vhp’K; € Pp’(K,'), K; € 777,,}

Triangulation 7, of Q
P, P, P p, Re B

a=Xp X1 X X3 X4 -2 K1 b =Xy
Ki Ky Ky Ks Kue  Ku




Discrete Maximum Principle (DMP)

Definition (DMP)
Characterize such triangulations 7j, that
any f >0 = up, >0ind

Theorem
DMP <  Gp, >0 in Q?

Proof.

th’y S Vhp : a(vhp, Gth’) = 5y(vhp) Vvhp € Vhp, y € Q
——

Vhp (Y)

np(y) = a(tinp, Ghpy) = /Q Giplx, ) F(x) dx

th(XaY) = th,y(X) O



Discrete Maximum Principle (DMP)

Definition (DMP)
Characterize such triangulations 7j, that
any f >0 = up, >0ind

Theorem
DMP <  Gp, >0 in Q?

Theorem
Let v1, ¢, .. .,goN be a basis of V},, then
Ghp(x, ) ZZAU vi(x)pi(y), where Aj = a(ypi, ;).

i=1 j=1

Remark: QC R, k=0, —u'=f

h<09|2] = DMP (Vejchodsky, Solin, Math. Comp. 2007)



Scheme of the proof

» Standard basis
b b
@{79057"‘780VM7Q0M+17"'790N

vertex part bubble part

» New basis
b b
w{;w‘2/7' "7¢I\V/vaM+17‘ - 7¢N

vertex part bubble part

PP = b
M b b H
Ui =i = > cjphyy  such that a(yy,¢7) =0 V)
j=1



Scheme of the proof

. Stiffness matrices
» Standard basis

@{79057"‘780VM7Q0R/I+17"'790K/ ( A B)
A - T
vertex part bubble part B D
» New basis - S 0
VoLV v b b A =

w17w27"~7wM7¢M+17"'7¢N (0 D)

vertex part bubble part S—A_ BD,lBT
vP = f

M
Py =¥ — 21 c,-jgpl,f/,ﬂ such that a(l/),‘-’,goj?) =0 VY
J:



Scheme of the proof

» Standard basis
D1, Py

vertex part

b
y PN

bubble part

v b
Yy PMy P M1 - -

» New basis
1/}‘1/7 77b‘2/7 ..

~
vertex part

b
7¢N

bubble part

b
7¢/\V/171/1M+1a e

th X y %(Y)

Syl (W] (y

Stiffness matrices

A B
+=(&r p)

(2 8)

S=A-BD BT

N—-M N-M

+ Z Z ij le—s—l(X wl\/l—l—J( )

i=1 j=1

Gy (x.y)

G, (x.y)



Scheme of the proof

Stiffness matrices

T4
A B
T3 A= ( BT D )
T2
K2 ~ S0
xoacg 1 Ty X3 T4 S=A-BD BT

N N
Grp(x,y) = D > Az i(x)ei(y)

i=1 j=1
N N N—MN—-M

=3NS () (v) + Dy R () h (v)
i=1 j=1 i=1 j=1

Gho(x:y) Gy (x:¥)



Scheme of the proof

Stiffness matrices

To prove Gpp(x,y) > 0 we require A B
(a) ¥¥ 20 AZ(BT D)
b) a(v!,vY) <0 fori+#j
(b) a(u. ) #) e
(c) th(Xa)’)|Kk2 = A= 0 D
Gf‘:p(xvy)‘Kf—i_Gi?p(Xay)’Kf >0 24
N N K3
th Xy ZZ wj(y) j; 1 L1
N N N—M N—M
=ZZ 7ol (0w (v) + Dy Ui () (v)
i=1 j=1 i=1 j=1

Gho(x:¥) Gy (x:¥)



Verification of (a) and (b)

ID —u"+rK°u="F
p | (a) (b) (c) DMP
1 | always K2h?> <6 G,’,’p =0 O.K.
2 | K2h? <20/3 always G,?P >0 O.K.
3 | K?h* <38.61 K*h? <2589 Gp #0 ?
4 | K?h?> <18.91  always k?h? < 3.611 | O.K.
5 | k20 <49.44  K?h? <5982  Gp #0 ?
6 | k2h*> < 37.56  always k2h?* < 0.887 | O.K.
7| K?h* <7282 K*h? <10781 Gp Z0 ?
8 | k?h* <62.62  always G, 20 ?
9 | k°h* < 10409 K?h* <169.85 G, # 0 ?
10 | x2h? < 94.107 always Gp, 20 ?




Verification of (c)

Vhp = Span{w‘l/v cee 7¢Xﬂa 77/}[[\)/]_1,_17 cee 7¢R]}
Ghp = G, + GP,




Verification of (c)

Vhp = Span{w‘l/v R 7¢Xﬂa 77/}[[\)/]_1,_1) <o 7¢R]}
th = Gf‘l/p + Gfl:p wu werl

Tg b Th+1
Vip = span{; : supp(i) N Kic # 0} = {4, 0} 41,90}
Ghp = Gy, + GF,

Lemma R ~
If (a) and (b) then Gy, > Gy, and G,?P = G,ﬁ’p on K2.

Corollary
Gy, +GP,>0o0nall K2, K €Ty, = DMP

Proof. R R
Ghp = Gy + Gp, > G+ Gp >0 on K?

O



Verification of (c)

Vhp = Span{w‘l/v R 7¢Xﬂa 77/}[[\)/]_1,_1) <o 7¢R]}
Ghp = GY, + GP, o

.fo%xl ' ' ' ) ) ) ’

Vip = span{t); : supp(ty) N Ki # 0} = {v}, 4"}

Ghp = Gpy, + G,‘,’p

Lemma R R

If (a) and (b) then Gy, > Gy, and G,‘,’p = G,’,’p on K2.

Corollary
Gy, +GE, >0o0nall K2, K€ Toy = DMP

Proof. R R
Ghp = Gy + Gp, > G+ G >0 on K? O



Proof of Lemma

Lemma R R
If (a) and (b) then Gy, > Gy, and G,’fp = G}l’p on KZ.

Proof.

sASP o v v v gy
A= (sB)T sP SA:< a(vi, ¥x) 3(¢k+1a¢k))
a(¢X+1’ wX) a(QpZ-;-l? wZ-H)

0 D
K,

~, 2 2 A1y , ----M—---
GhP(X’y) - Zl Zl(s )ij ¢k+i71(x)wk+j71()/) Tk Tk+1

1=1 =

2 2
Gpp(X:y) = 21 21 RiJleX—&-i—l(X)wX-i-j—l(Y) on KZ,

1=1j=
where

R= 5" - 58(s°) 1(s8)" <

~~

>0

R~!>(5%)"1 ... M-matrices



Conditions for DMP

For p = 3 the DMP holds if for every element
> k2h* <3.21
» at the boundary hneighbour = h

. . . 1

> in the interior  Aneighbour1 > gh < Aneighbour2
' ; }

OR if for every element

> k2h? < 3.21

: 1
> all nelghbours hneighbourl > gh < hneighbour2
!

> at the boundary if Aneighbour < h  then x2h? < 0.845




Remark 1D —u’" +K2u="f

increase of poly. degrees = increase of Gpp(xi,Xj) = A,.J_.l = 5,.]71
(for fine enough meshes)

Standard basis New basis
—_—
B A B ~ (S 0 B T ~—1
(4 8) (ih) saew
D = blockdiag(D?', D?, ..., DM)
2+ Lw2h2 0 — Y322 0
1
. 0 2+ Lw2h} 0 —Y20,2p2
D= - |~y sh 0 2+ Lw2h? 0
k

1
0 g 2p2 0 2+ L2



Remark 1D —u’" +K2u="f

increase of poly. degrees = increase of Gpp(xi,Xj) = A,.J_.l = 5,.]71
(for fine enough meshes)

Standard basis New basis
—
([ A B ~ /(S0 .
(A 2) (23] seaem

>0

S=A-B'D'B<A
N—_——

S and A are M-matrices
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