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Model problem

—Au=f inQ
u=0 on 9f2

Weak formulation: V = H}(Q)

veV: a(uv) =Fv) VYvelV.
—— ——
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Vhp = {vhp eV: Vhp|K,- € PPI(K;)}
Upp € Vip o a(Unp, Vip) = F(Vhp) Vvip € Vip

©1,92,...,9N — basis in Vp,

N
Aij = a(gj, ¢i)
upp(x) = Z;YJ"PJ(X) = Ay =b, where b~J J
J:
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Vhp = {vhp eV: Vhp|K,- € PPI(K;)}
Upp € Vip o a(Unp, Vip) = F(Vhp) Vvip € Vip

©1,92,...,9N — basis in Vp,
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h-FEM

h = maxdiam(Kj)

_ <
lu— upp < C(u)h N = Npor = dim Vi,

Example:  u(x) = sin(77x?)exp(x)  x € (0,1)
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h-FEM convergence history
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p-FEM

[l = upp|| < C(u)hP
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p-FEM

[l = upp|| < C(u)hP
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p-FEM
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p-FEM

[l = upp|| < C(u)hP
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p-FEM convergence history
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h-FEM and p-FEM convergence comparison

10 T T T
_____ - 5\\\ : :
1 ~ ~
10" F::: b ~ *
h REFS :
| ~ < < .
K : SO
100 L. .. “ ~ FEEREEE: -
\ ~
A : g
p— . b
© 107F L 1
= ¥
%
v
1072k 1 3
R
]
1
107k L i
= = = h-uniform : )
= = = p-uniform '
10_4 0 ‘1 ‘2 ‘3
10 10 10 10
N

10
DOF



Adaptivity

Solve the problem on the given mesh.
Estimate error on each element.

If error tolerance achieved then stop.
Mark elements with big error.

Adapt marked elements.

Go to 1.

ok W=



h-adaptivity

Solve the problem on the given mesh.

Estimate error on each element. A number on each element.
If error tolerance achieved then stop.

Mark elements with big error. If ||ey|| > £2V&.

AN

Adapt marked elements.
Split the element into two!!!
—> A

6. Go to 1.



h-adaptivity
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h-adaptive FEM convergence history
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p-adaptivity

Solve the problem on the given mesh.

Estimate error on each element. A number on each element.
If error tolerance achieved then stop.

Mark elements with big error. If ||e,|| > £2V&.

o L=

Adapt marked elements.

Increase polynomial degree!!!

+1
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6. Go to 1.
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p-adaptive FEM convergence history
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hp-adaptivity

o L=

Solve the problem on the given mesh.

Estimate error on each element. A function on each element!!!
If error tolerance achieved then stop.

Mark elements with big error. If ||e,|| > £2V&.

Adapt marked elements.

Split the element and modify polynomial degrees!!!

p p+1
| P

Go to 1.



hp-adaptivity

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1



hp-adaptivity

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1



hp-adaptivity

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1



hp-adaptivity

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1




hp-adaptivity

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1




hp-adaptivity

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1




hp-adaptive FEM convergence history
|u — upp|l < C1exp(—Cav/Npor)
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Adaptive FEM convergence comparison
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Problem with singularity

3/4 _

u(x) = x bs
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Problem with singularity
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Internal layer

u(x) = arctan(100x) — #(x),

where ¢(x) is linear such that u(—1) = u(1) = 0.
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hp-mesh in 2D — minimum rule

Vip = {vhp € V vk, € PPI(K;) if Kj is a triangle
Vholk; € QP"Pri(K;) if Kjis a quad}
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Basis functions
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Lobatto polynomials and kernel functions

b(§)=(1-¢/2 ¢eKk=[-11]

h(§) =(1+¢)/2
12 71
é) J / Jj— 1
1
/ §dE =05 i,j=2,3,...
1

[i(€) = b(E)h(§)rj—2(¢)

nk(£)=—W(k+2;k+l)P;+l(g) k=0,1,...
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Shape functions

Vertex, 3:

S (&) = M(8)
P2(€) = Ma(§)
O QEPH(3

Edge, p¥ — 1:

P = AAskik—2(As — A2)

()522 = )\3)\1/fk—2()‘1 B )\3)

3¢ = Mdari—a(z = M)
k=23, . p

Bubble, (p” —1)(p® - 2)/2:
Pm = MAAT
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Shape functions

X, 3:
Ys{zg) = A1(§)
(f”(f) = A2(§)
g‘“(é) = A3(¢)
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Shape functions

Vertex, 3:

P (&) = M(8)
P2(&) = A2(€)
P73 (&) = A3(¢)

Edge, p& — 1:

P = Xazkk—2(A3 — \2)
P = A3hkk—2(A1 — A3)
P = MAakk—2(A2 — A1)

k=23,...,p%
Bubble, (p? — 1)(p? — 2)/2:
@3;#,’ = ... orthonormal by Gram-Schmidt process

m+n+1§pb; mn>1



Shape functions

Vertex, 3:

P (&) = M(8)
(&) = A2(8)
P73 (&) = A3(¢)

Edge, p% — 1:

P = AaAzrk2(A3 — A2)

PR = M3A1kk—2(A1 — A3)

O = MAokk—2(A2 — A1)
k=2,3,...,p%

Bubble, (p® — 1)(p? —2)/2:
cﬁﬁ;f,‘,/ = ... generalized eigenfunctions of discrete Laplacian
m+n+1§pb; mn>1



Stiffness matrix conditioning

—Au=f inQ
u=0 onof




Stiffness matrix conditioning

cond. num.
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Arbitrary level hanging nodes




Static condensation
of internal DOF's



Static condensation of internal DOFs

[ bub bub  _non non
Basis:  {07"",...,om" OhT1, - on" )
bubbles non-bubbles

M—N

bub non

Uhp—E Xjpj + E:YJSOMH
j=1

(5)E)-(6) - (00E)-(3)

S=D-BA BT
F=AYF-BTy)
G=G—BALF



Structure of the stiffness matrix

p2=>5

|
o

p1 =4 D3

Py =7




Static condensation — results

refin. static condensation ILU-PCG

steps M Nier CPU time N Niter CPU time
0 34 3 0.004s 50 3 0.005s
136 5 0.012s 225 5 0.017s
544 7 0.049s 953 7 0.130s

2176 11 0.389s 3921 11 1.665s

8704 21 4.697s 15905 21 26.10s

34816 40 71.10s 64065 40 41555
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Time harmonic
Maxwell’s equations

H(curl) conforming elements (edge elements)



Time harmonic Maxwell's equations in 2D

curl (p; P curlE) — k’6E=F inQ
E-7=0 onlp (Perfect conductor)

ptcurlE—ikAE-7=g-7 onT; (Impedance)

curl = (0/0xp, —0/0x1) "

curlE = 0E;/0x1 — OE; /Ox2

QCR?

ty = pr(x) € R relative permeability

& = e:(x) € C?*2 relative permittivity

E = E(x) € C2 phaser of the electric field intensity
F=F(x)cC?

Kk € R the wave number

7 = (—1o,11) " positively oriented unit tangent vector
A = A(x) > 0 impedance

g=g(x)eC?

VVYyVVVVVVYVYVYY



Weak and hp-FEM formulations

> V={EecH(curl,Q):E-7=0o0nTlp}

EcV: |aE ®)=F(®)| voecV

> 3(E,®) = (y; ' curl E,curl @) — k% (6E, ®) — ik (\E - 7, - T)
F(®)=(F,®)+(g-7.®-7)
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Weak and hp-FEM formulations

> V={EecH(curl,Q):E-7=0o0nTlp}

EcV: |aE ®)=F(®)| voecV

> 3(E,®) = (y; ' curl E,curl @) — k% (6E, ®) — ik (\E - 7, - T)
F(®)=(F,®)+(g-7.®-7)

> Vi, = {En € V : En|x, € PPiI(K;) and

E, - 7« is continuous on each edge ey}

Enc Vi |a(Ep, @) = F(®))| Vo, €V,

N
> Erv=> ¢ j; ;... hierarchic basis
e
€



Shape functions

Whitney functions: First order functions:
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Shape functions

Edge functions:

~ 2k k -1 0
Zl = Lk 1()\3 - )\2) Lk—2()\3 - >‘2)¢81’
~ 2k k—1 0
P = Lk_1(>\1 — A3) — Li—2(A1 — A3)g?,
W 2k—1 o k-1 A
PP = P Li—1(M2 — M)y — TLk—z()Q - Mg, k=2,3,..

Edge based and genuine bubblea:

Do = A3daly_o(A3 — Ao)ny,

PP = MAsli_a(\ — A3)na,

wb % = MAile_o(A2 — A1)ns, k=2,3,...

1
oty = AX2A3ln 1(As — A2)Ln—1 (X2 — A1) [ 0 } )

0
b2 =AM Asln—1(As — A2)Lp—1(A2 — A1) [

1:|7 1§n1>n2



Affine transformation

A$2
%
€2
e
§V1 er Vo
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
b DXK -7 b
Bubble functions: VY (xk(€)) = <D£) Y2(§)

T
Edge functions: w7, (x(©) /| =+ (e ) 3£/ 1@l



Examples

See “sem MU Hermes.pdf"”.
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