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Outline

» Singularly perturbed problem: —Au + k%u = f
» Standard equilibrated residuals

» upper bound with no constant

> elementwise local

» non-robust if K — oo

» not computable
» Improvements

» robust fluxes
» computable

» Conclusions



The problem

» Classical formulation: kK = const. > 0

—Au+r2u=Ff inQCR?
u=0 ono

» Weak formulation:
V = H}(Q), B(u,v):/Vu-Vvdx—i—/K?uvdx
Q Q

ueV: B(u,v):/fvdx VveV
Q

» Linear triangular FEM:
Vi ={vyp € V:wlk € PYK),K € Tp}

up € Vo B(up, vp) :/ fvpdx Vv, € V,
Q



Notation

> Goal ||lef| <, e=u—u
» Residual equation

ecV: B(e,v):/fvdx—B(uh,v) Vv eV
Q

> BK(u,v):/ Vu-Vvdx—i—/ Kk2uv dx
K K

> vl = B(v,v)
IVl = Bk (v,v)
» HE(K)={v e H(K):v=0ondK NN}



Equilibrated residuals

0
> gkly € PL(7y), v COK, K € Ty, gK%au’JKon oK
K

> gkl + gr+|y = 0 for v = IK N IK*
> ek € Hl{_—(K):

Bk(ek,v) = / fv dx — By (up, V)+/8K gkvds Vv e HE(K)
K

> e=u—uy

B(e,v) = Z </ fvdx — Bk(up, v) +/ gdes>
KeT, \/K oK
1

=Y Bx(ek,v) < <Z \Haxﬂ\%) vl

KeT, KeTy,

> lell®> < > llexllk

KeT,



Non-robustness

llel® < > llexllk

KeT,
Example (M.A. 1999)
—u" 4+ K%u=cosmx in(—1/2,1/2) u(x) = cosmx
T2 + K2
u(£1/2) =0

k| Lir(gE™™)  lar(gioPust)

1 1.00 1.00

10! 1.00 1.00

102 1.00 1.00

103 1.03 1.00

10* 2.73 1.00

10° 8.08 1.00

10° 25.37 1.00




Construction of fluxes

The first order equilibration condition: Za
|

OZ/fgoidX—BK(UhaSDi)‘F/ g o ds KN o
K oK

@i ... basis of PY(K) N HL(K). y

-———p

Robust fluxes:
z
0 x/ f0;dx — BK(uh,H,-)—i—/ giePuste; ds
K oK

0; =~ Ep; ... approximate minimum
energy extension of ;

Ev € HY(K):
Ev =von 0K
Bk(Ev,w) =0 Vw € H}(K)




Estimation of local errors

ex € HE(K), v € HE(K),

Bk(ek,v) = / fvdx — Bk(up, v)
K

+/ gxvds
oK



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

k(ek, Vv /fvdeK Up, V)
K

+/ gxvds
oK

+/d|va'dex+/a'K-Vvdx—/ oK - ngvds
K K oK

-~

=0




Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

k(ek, Vv / fvdx — Bk (up, v)
K

+/ gxvds
oK

+/d|va'dex+/a'K'Vvdx—/ oK - nhgvds
K K oK




Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

k(ek, Vv /fvdx/Vuh-Vvdx/ k2upv dx
K K K
+/ gxvds
oK

+/d|va'dex+/a'K'Vvdx—/ oK - nhgvds
K K oK




Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

. - :
Bk(ek,v) = / fvdx+/ Auhvdx—/ auhvds—/ k2upv dx
K K oK 9Nk K

+/ gkvds
oK

+/divchvdx+/ch~Vvdx—/ oK - hgvds
K K oK



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

Bk(ek,v) = / fvdx+/ Auhvdx—/ guhvds—/ k2upv dx
K K oK 9NK K

+/ gkvds
oK

+/divadex—|—/ch~Vvdx—/ oK - hgvds
JK K oK

r:f+Auh—/£2uh



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

Bk(ek,v) = / (r—&—diva'K)vdx—/aKauhvds
K

8nK
+ / gxvds
oK

+/JK-Vvdx—/ oK - hgvds
K oK

r:f+Auh—/£2uh



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

BK(aK,v)—/(r+d|v0'K vdx—/ Uy ds
K

8nK
+ / gxvds
oK

+/GK-Vvdx—/ oK - hgvds
K oK

r="f+ Aup — K2u,
Up

UK'”K:gK*M

on 0K



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

Bk(ek,v) = / (r+divek)vdx
K

+/ ok - Vvdx
K

r="f+ Aup — K2u,
<7K~nK:gK—,ﬂ on 0K
dnK



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

1
Bk(ek,v) = / —(r +divok)rvdx
K R

+/ ok - Vvdx
K

r="f+ Aup — K2up,

o-K-nK:gK—ﬁ on 0K



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

1
BK(sK, V) < HH(I’—{—C“VO'K)

1%vlo ke
0,K

+/ ok - Vvdx
K

r="f+ Aup — K2u,

o-K-nK:gK—ﬁ on 0K



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

2

141 . 1
Bk(ek,v) < 5 Hﬁ(r +divok) +5 ||"¢V”3,K

)

—I—/ ok - Vvdx
K

r="f+ Aup — K2u,

o-K-nK:gK—ﬁ on 0K



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

2

141 . 1
Bk(ek,v) < 5 Hﬁ(r +divok) +5 ||"¢V”3,K

)

+llokllok Vvliok

r="f+ Aup — K2u,

o-K-nK:gK—ﬁ on 0K



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

2

141 )
Bk(ek,v) < 5 Hﬁ(r +divok) +5 ||"¢V”3,K

)

HO'K”o Kkt 5 HVVHO K

r="f+ Aup — K2u,
Up

U'K‘”K:gK—%

on OK



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

11 2
Bk(ek,v) < > Hn(r +divok)

2
+ 5 Invid i

)

HO'K”O k15 HVVHo K

r="f+ Aup — K2u,
o-K-nK:gK—ﬂ on 0K
6nK

HKVIIOK+ IVvlion = 5lIvii




Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

11 2
Bk(ek,v) < > Hﬁ(r +divok)

0,K

1, 5 1.
t5 loklox + EH‘V‘HK

r="f+ Aup — K2u,
o-K-nK:gK—ﬂ on 0K
8nK

HKVIIOK+ IVvlion = 5lIvii




Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

2

11
Bk(ek,ck) < 5 Hli(r +divok)

0,K

1, 5, 1.
T3 loklox + E‘HEKH‘K

r=f+ Aup — K2u,

o-K-nK:gK—ﬁ on 0K



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

1 2
(r +divok)

l\)\l—l

llexlli
0,K

1, 5, 1. .
T3 lokllox + 5”\5K\HK

r="f+ Aup — K2u,

0
o-K-nK:gK—ﬁ on 0K



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

1 2

2

1

1 .
lelfe < 5 |2+ diver)

0,K

1 2
+5 lokllo.x

r="f+ Aup — K2u,

o-K-nK:gK—ﬁ on 0K



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

2

1 .
el < |2+ diver)

0,K
2
+ [lokllok
r="f+ Aup — K2u,
oK Nk =gk — th on 0K

dni



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

2

2
+ llokllo.x

1 .
llexll < H(r+duvox)
K 0K

r="f+ Aup — K2u,
o-K-nK:gK—ﬂ on 0K
8nK




Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

2

2
+ llokllo.x

1 .
llexll < H(r+duvox)
K 0K

2

1 .
el < > llexlii < > [ [ =(r +divok)
K

KeTy KeT,

2
+ HUK!o,K)

0,K

r="f+ Aup — K2u,
Up

% on 8K

OK ' NK = 8K —



Estimation of local errors

ex € HE(K), v € HE(K), ok € H(div, K),

2

2 _
+llokllox =nik(ox)

1 .
llexli3 < H(r+duvax>
K 0,K

2

1 _ )
lel? < 3 llewllie < 3 <HK<r+dwaK) +HaKro,K)
KeT, KeT, 0,K
= > ni(ok)
KeT,

r="f+ Aup — K2u,
o-K-nK:gK—ﬂ on 0K
8nK



Solution of local problems
Minimize n% (o k) over WP(K) C H(div, K)
WP(K) = {o € [PP(K)]* : o - nk = gk — Oun/Onk }
WH(K) = {o € [PP(K)]*: o - nx =0}
oK =0g+ o071,
oo € WS(K)
o1 € [PY(K)]?> N WP(K) uniquely given

Find o9 € WH(K) :

/divaodivwdx+/ k2oow dx
K K

:—/ rdivwdx—/divaldivwdx—/ﬁzalwdx
K K K
Yw € WH(K)




Data oscillations

i € PP(K) : /(f_fK)de:o vw € PP(K)
K

BK(EK,V):/fKVdX—BK(uh,V)+/ gKVdS—I-/(f—fK)VdX
K oK K

T2 T1

T1 < min(hg/m, 1/8) |f = Fi|lg « lIvIiK v € HE(K)

~~

osci (f)

l6vilok + llokllon IVVllok

T2 < Hl(r +divok)
K 0,K

2
1 . 2
llexllk < (|5 +divar)|| +osck(F)] + (llolox +osc ()
K b

0,K

=Tk (oK)



Numerical examples
—Au+ru=Ff inQ

u=0 ondQ
Example (A) Example (B)
Q= (-1/2,1/2) Q={(x,y):r<1}
f = cos(mx) cos(my) f=1 r=+/x%+y?

(mx) cos(my) 1 lo(kr)

0.5 1

05

-0.5




Results

Example (B)

K less
1073 1.04518
1072 1.04518
1071 1.04521

1 1.05175

10  1.40464

102 1.02094
103 1.00588
10*  1.00690
10° 1.00701

fk € PY(K)
minimization of 7% (o k) over W?(K)
Example (A)
K ess
1073 1.40890
1072 1.40890
1071 1.40903
1 1.41545
10  1.57538
102  1.58316
103 1.51070
104 1.50251
10° 1.50185
106  1.50178

1.00703




Conclusions

—Au+rPu=f inQCR?
u=0 onoQ

2

1 .
llu— unf* < Z (Hﬁ(f‘f'leO'K)

KeT,

2 _
+ HUKHo,K> = k(oK)

)

No constants

Completely computable

Guaranteed upper bound — up to osck(f)
Elementwise local

Robust for 2 € (0, c0)

vV v.v v VY
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