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Introduction

I hp-FEM
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I What are the optimal shape functions?



Model problem

−∆u = f in Ω

u = 0 on ∂Ω

Weak formulation: V = H1
0 (Ω)

u ∈ V : a(u, v)︸ ︷︷ ︸R
Ω ∇u·∇v

= F (v)︸︷︷︸R
Ω fv

∀v ∈ V .
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hp-FEM:

p p p p p p
11 2 3 4 M−1 M

a = x
K1 K2 K3 K4 KM−1 KM

b = xx x x x x x1 2 3 4 MM−1M−20

Vhp = {vhp ∈ V : vhp|Ki
∈ Ppi (Ki )}

uhp ∈ Vhp : a(uhp, vhp) = F (vhp) ∀vhp ∈ Vhp

ϕ1, ϕ2, . . . , ϕN – basis in Vhp

uhp(x) =
N∑

j=1

yjϕj(x) ⇒ Ay = b, where
Aij = a(ϕj , ϕi )
bi = F (ϕi )
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Basis functions
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Shape functions
ϕ̂(ξ) on K̂

Ppb
(K̂ )

x = xK (ξ)

7→
Basis functions

ϕ(x) := ϕ̂
(
x−1
K (x)

)
on K

Ppb
(K )

xK (ξ) =
3∑

i=1

Viλi (ξ)



Kernel functions

l0(ξ) = (1− ξ)/2 ξ ∈ K̂ = [−1, 1]

−1 1

l0 l1

l2

l3
l1(ξ) = (1 + ξ)/2

lj(ξ) =

√
2j − 1

2

∫ ξ

−1
Pj−1(x) dx∫ 1

−1
l ′i (ξ)l

′
j (ξ) dξ = δij i , j = 2, 3, . . .

lj(ξ) = l0(ξ)l1(ξ)κj−2(ξ)

κk(ξ) = −
√

2k + 3

2

4

(k + 2)(k + 1)
P ′

k+1(ξ) k = 0, 1, . . .

∫ 1

−1

(1− ξ2)

4
κ`(ξ)κk(ξ) dξ =

{ 0, ` 6= k
4

(k+2)(k+1) , ` = k



Shape functions

Vertex, 3:
ϕ̂v1(ξ) = λ1(ξ)
ϕ̂v2(ξ) = λ2(ξ)
ϕ̂v3(ξ) = λ3(ξ)

Edge, pei − 1:
ϕ̂e1

k = λ2λ3κk−2(λ3 − λ2)
ϕ̂e2

k = λ3λ1κk−2(λ1 − λ3)
ϕ̂e3

k = λ1λ2κk−2(λ2 − λ1)
k = 2, 3, . . . , pei

Bubble, (pb − 1)(pb − 2)/2:

ϕ̂b,I
n,m = λ1λ

n
2λ

m
3

m + n + 1 ≤ pb; m, n ≥ 1
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Shape functions
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Bubble shape functions

I. (monomial): ϕ̂b,I
n,m = λ1λ

n
2λ

m
3

II. (Legendre): ϕ̂b,II
n,m = λ1λ2λ3κn−1(λ3 − λ2)κm−1(λ2 − λ1)

III. (orthonormal): ϕ̂b,III
n,m = ψ̂b

r

ψ̂b
r = ϕ̂b,II

r −
r−1∑
s=1

aK̂ (ϕ̂b,II
r , ψ̂b

s )ψ̂b
s , r = 1, 2, . . . ,

(pb − 1)(pb − 2)

2

ψ̂b
r = ψ̂b

r /‖ψ̂b
r ‖K̂

IV. (eigen): ϕ̂b,IV
n,m ∈ Ppb

0

(
K̂
)
:

aK̂ (ϕ̂b,IV
n,m , v̂) = µn,m(ϕ̂b,IV

n,m , v̂)K̂ ∀v̂ ∈ Ppb

0

(
K̂
)

n + m + 1 ≤ pb; n,m ≥ 1



Stiffness matrix conditioning

−∆u = f in Ω

u = 0 on ∂Ω



Stiffness matrix conditioning
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Lemma

I X = V ⊕W , dim X = N, dim V = M, dim W = N −M

I

basis of V︷ ︸︸ ︷
ϕ1, . . . , ϕM ,

basis of W︷ ︸︸ ︷
ϕM+1, . . . , ϕN

= = 6= 6=

ψ1, . . . , ψM︸ ︷︷ ︸
basis of V

, ψM+1, . . . , ψN︸ ︷︷ ︸
basis of W

I B : W ×W 7→ R . . . symmetric bilinear form:
B(ϕj , ϕi ) = B(ψj , ψi ) = δij for i , j = M + 1,M + 2, . . . ,N

I a : X × X 7→ R . . . symmetric bilinear form

Then
Aϕ = {a(ϕj , ϕi )}N

i ,j=1

Aψ = {a(ψj , ψi )}N
i ,j=1

have identical eigenvalues.

B(u, v) =


0 if supp u 6= supp v ,∫

K

(
DxK

Dξ

)T

∇u ·
(

DxK

Dξ

)T

∇v det

(
DxK

Dξ

)−1

dx
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Proof

ψi =
N∑

k=1

ckiϕk C =

(
I 0

0 C (2,2)

)

(Aψ)ij = a(ψj , ψi ) = a

(
N∑
`=1

c`jϕ`,
N∑

k=1

ckiϕk

)
=

N∑
`=1

N∑
k=1

ckiAϕ,k`c`j

Iij = B(ψj , ψi )

= B

(
N∑

`=M+1

c
(2,2)
`j ϕ`,

N∑
k=M+1

c
(2,2)
ki ϕk

)
=

N∑
`=M+1

N∑
k=M+1

c
(2,2)
ki δk`c

(2,2)
`j

Aψ = CTAϕC , CTC = I

�



Conclusions

I Condition number if very sensitive to the choice of bubble
functions.

I Best results – orthonormal bubbles.

I All orthonormal bubbles have the same conditioning.

I Eigen bubbles – stable w.r.t. the reference mapping.
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