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Introduction

» What are the optimal shape functions?




Model problem

—Au=f inQ
u=0 on 9Jf2



Model problem

—Au=f inQ
u=0 on 9Jf2

Weak formulation: V = H}(Q)

veV: a(uv) =Fv) VYveV.
—— ——
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Vip = {vip € V : vip|k;, € PPI(Ki)}

Upp € Vhp : a(uhp, Vhp) = F(Vhp) Vvhp € Vhp




Vhp = {vhp ceV: Vhp|K,- € PPI(K;)}
Upp € Vhp : a(uhp, Vhp) = F(Vhp) Vvhp € Vhp

©1,92,...,9N — basis in Vp,

N
Ay = a(gj, »i)
Upp(x) = ;yj@j(x) = Ay =0b, where b-J /
J:




Basis functions
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Shape functions © Basis functions
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Kernel functions {V’
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Shape functions

Vertex, 3:

P71 (€) = M (8)
P"2(&) = A2(8)
P73 (&) = A3(¢)

Edge, p& — 1:

PR = XaAzkk—2(A3 — A2)

P2 = A3A1khk—2(A1 — A3)

PR = MAokk—2(X2 — A1)
k=23,...,p¢
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Bubble, (p® — 1)(p? —2)/2:
Prm = MAAT
m+n+1§pb; mn>1
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Shape functions

Vertex, 3:

P71 (€) = M (8)
P"2(&) = A2(§
P73 (&) = A3(¢)

Edge, p& — 1:

O = MA3kk—2(Az — A2)

PR = M3A1kk—2(A1 — A3)

O = MAokk—2(A2 — A1)
k=2,3,...,p%
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Bubble, (p® — 1)(p? —2)/2:

cﬁ?:L’q = MA2A38n-1(A3 — A2)km—1(A2 — A1)
m+n+1§pb; mn>1
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Shape functions

Vertex, 3:

P71 (€) = M (8)
P2(&) = A2(€)
P73 (&) = A3(¢)

Edge, p& — 1:

P = Xazkk—2(A3 — \2)
P = A3hkk—2(A1 — A3)
P = MAakk—2(A2 — A1)

k=23,...,p%
Bubble, (p? — 1)(p? — 2)/2:
@3;#,’ = ... orthonormal by Gram-Schmidt process

m+n+1§pb; mn>1



Shape functions

Vertex, 3:

P71 (€) = M (8)
(&) = A2(8)
P73 (&) = A3(¢)

Edge, p% — 1:

P = AaAzrk2(A3 — A2)

PR = M3A1kk—2(A1 — A3)

O = MAokk—2(A2 — A1)
k=2,3,...,p%

Bubble, (p® — 1)(p? —2)/2:
cﬁﬁ;f,‘,/ = ... generalized eigenfunctions of discrete Laplacian
m+n+1§pb; mn>1



Bubble shape functions
1. (monomial): @Bl = A AIAT
II. (Legendre):

II1. (orthonormal): @2:[# = b

B
b
r = d}r/erHR

IV. (eigen): @y € Pgb(k):
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Stiffness matrix conditioning

—Au=f inQ
u=0 onof




Stiffness matrix conditioning

cond. num.

1012

1010

10°

10°

—A— monomial
—+— Legendre
—©O©— orthonormal

—*— eigen—bubbles




Lemma

» X=VaeW, dmX=N, dmV =M, dmW=N-M

basis of V basis of W
> D1, PMy PMAL - PN
Il Il N N
¢17-"7¢M7 wM-ﬁ-l?"'?/lv/)N
basis of V basis:f w

» B: W x W — R ...symmetric bilinear form:

B(pj, i) = B(Yj, i) =65 fori,j=M+1,M+2,....N

> a: X x X +— R ...symmetric bilinear form

Then
A, = {ale), i)}y
Ay = {a(y), vi)} e

have identical eigenvalues.



Lemma

4

» X=VaeW, dmX=N, dmV =M, dmW=N-M

basis of V basis of W
> D1, PMy PMAL - PN
Il Il N N
¢1,---a¢l\/l7 ¢M+17"'a¢N
basis of V basis:f w

» B: W x W — R ...symmetric bilinear form:
B(QOJa(pI):B(wjawl):éU fOFI,j:M+1,M+2,7N
> a: X x X +— R ...symmetric bilinear form

Then N
A, =Halp;, pi) i
o = 1aly; SDI)}',\*/_I have identical eigenvalues.

Ay = {a(j, i)}

0 if supp u # supp v,

B(u,v) = Dxx \ © Dxx \ * Dxj\
/K<D£> v“'(D&) VVdet(Df) o




Proof

N
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Ay=CTA,C, CTC=1




Conclusions

» Condition number if very sensitive to the choice of bubble
functions.

» Best results — orthonormal bubbles.
» All orthonormal bubbles have the same conditioning.

» Eigen bubbles — stable w.r.t. the reference mapping.
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