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(Continuous) maximum principle

—Au+r*u=f inQ, u=0 ondQ

MaxP: f<0 = maxu<max{0,maxu} =0
Q oQ

)
MinP: f>0 = minu>min{0,minu} =0
:II Q o0
ComP: f>0 = wu>0
0
G(x,y) > 0in Q2
~AG, + k%G, =45, inQ
u(y) = | G(x,y)f(x)dx G, =0 on dQ

G(x,y) = Gy(x)



Proof of MaxP

Theorem
Ifue HY(Q): [o(AVu-Vv+r2uv)dx = [ fvdx Vv e H}(Q)
and f <0 then max u < max{0, max u}.

Q

Proof.

> Set M = max{0, max u}.

o

Define v = max{u — M, 0}.
v>0in Q
vlga =0
u(x) = v(x) + M for all x € Q such that v(x) # 0.
v € H}(2) (We can use the Green's theorem.)

02/fvdx=/ (.AVU~VV+I€2UV) dx
Q Q

vV v v v Y

v

:/ (AVV'VV+/{2(V—|— /\/l)v) dx >0
Q

v

Thus v=0and u < M in Q.



Proof of (ComP = MinP)

Theorem
ComP = MinP

Proof.
» Set m = minu.
a0

» Let m < 0.
> w=u—m
—div(AVwW) + k2w = f — k?m > 0in Q
w >0 on 09.
Hence, by ComP w > 0 in Q,i.e. u>mand
mﬁin u > m = min{0, m} = min{0, rgslln u}.

vvyy

» If m > 0 then
» u>0on 90
» ComP for u implies u > 0 in Q.
» Thus, minu > 0 = min{0, m}.
Q




Discretization

» Weak
veV=HQ): a(u,v) :/fvdx Vv eV
S—— Q
/ Vu- Vv + k2uvdx
Q
» hp-FEM

Upp € Vhp cV: a(uhp, Vhp) = /Q fvhp dx Vvhp S Vhp

> Vhp = {vhp cV: Vhp’K; € Pp’(K,'), K; € 777,,}

Triangulation 7, of Q
P, P, P p, Re B

a=Xp X1 X X3 X4 -2 K1 b =Xy
Ki Ky Ky Ks Kue  Ku




Two definitions of the DMP

Notation
» For simplicity: —Au="f
> 12HQ)={fel}(Q):f>0ae inQ}
> F = {Thp : Thp is a triangulation of Q}

> Upp(x) = ug,, £(x)

Definitions

» DMP - not valid
VI € F Vfe L2+(Q) U, f > 0inQ

» DMP (a) HfDMP Cc F:
VThp € Fpmup Vf € L2+(Q) U, f >0in Q

» DMP (b)
Vf € L2+(Q) ATy, € F Uz, f = 0in Q




DMP in 1D for p=1

—"+Ku=f inQ, u=0 ondQ

Lemma
DMP & k2h% <6 for all K € Tpp

L] L]
xp  Kg Tkl

N
> up(x) =Y zpj(x) Aj = a(pj i) bi= Jqfei
j=1

» Az=b & z=A1p
» Assume A”1 >0
> f(x)>0 = b>0 = z>0 = us(x)>0



DMP in 1D for p=1

—"+Ku=f inQ, u=0 ondQ

Lemma
DMP & k2h% <6 for all K € Tpp
Pk Pr+1
Proof. m
L) L] L] L] L] a;k Kk ':L’kJrl L] L]

» If As.p.d. tridiagonal then
At>0 & Aj<O0fori#j < £K°hx<6
Xk+1 1

> o) = [ (o) dx = — i

Xk

> Akki1 <0 & K2h% <6



DMP in 1D for p=1

—"+Ku=f inQ, u=0 ondQ
Lemma

DMP & k2h% <6 for all K € Tpp

Counterintuitive:
» Q=(0,1), k=10, Ngpey =10 = DMP O.K.
» O =(0,10), K = 10, Ngfey =10 = NO DMP




Discrete Maximum Principle (DMP)

Definition (DMP)
Characterize such triangulations 75, that
any f >0 = up,>0in

Theorem
DMP <  Gp, >0 in Q?

Proof.

th’y S Vhp : a(vhp, Gth’) = 5y(vhp) Vvhp € Vhp, y € Q
——

Vhp (Y)

np(y) = a(tinp, Ghpy) = /Q Giplx, ¥)F(x) dx

th(XaY) = th,y(X) O



Discrete Maximum Principle (DMP)

Definition (DMP)
Characterize such triangulations 75, that
any f >0 = up,>0in

Theorem
DMP <  Gp, >0 in Q?

Theorem
Let 1,2, .. .,goN be a basis of Vj,, then
Ghp(x, ) ZZAU vi(x)pi(y), where Ay = a(ypi, ;).

i=1 j=1

Remark: QC R, k=0, —u'=f

h<09|2] = DMP (Vejchodsky, Solin, Math. Comp. 2007)



Scheme of the proof in 1D for arbitrary p

» Standard basis
b b
¢{7¢57"‘7@VM7¢M—{-17"'7@N

vertex part bubble part

» New basis
b b
w{;w‘2/7"'7wXAawM+1a‘ - 7¢N

vertex part bubble part

PP = b
M b b H
Yy =Y — El Cipmy;  such that a(yf,¢7) =0 v
J:



Scheme of the proof in 1D for arbitrary p

. Stiffness matrices
» Standard basis

@{79057"‘780VM7Q0R/I+17"'?90KI ( A B)
A - T
vertex part bubble part B D
» New basis - S 0
w{aw‘2/77wl\v/lawll\)/l+lﬂawllzl A:(O D)
vertex part bubble part S—A_ BD,lBT
WP = oF

M
Py =Y — 21 c,-jgpl,f/,ﬂ such that a(a[),‘-’,goj?) =0 VY
J:




Scheme of the proof in 1D for arbitrary p

. Stiffness matrices
» Standard basis

v v v b b
(»0179027"‘790M790M+17"'790N A B
A={BT p
vertex part bubble part
» New basis ~ S 0
v o,V v b b A =
w17w27"'7wM7wM+17"'7¢N 0 D
vertex part bubble part

S=A-BD BT

th X y %(Y)

SO+ DY D D R ()Y ()

i=1 j=1

éﬂ:ﬁ:ﬂ: N—-M N-M

Gho(x:y) Gy (x:¥)



Scheme of the proof in 1D for arbitrary p

Stiffness matrices
Ty

A B

3 A= ( BT D )
T2

K2 ~ S 0
xoacg 1 Ty X3 T4 S=A-BD BT

N N

Grp(x:y) = 3 > A i(x)w5(y)
i=1 j=1
M M N—MN—-M
= Z Z ij 1¢, X)w_] + DU lwl\/l—‘rl(X 7*pl\/H-J( )
i=1 j=1 i=1 j=1

Gho(x:y) Gy (x:¥)



Scheme of the proof in 1D for arbitrary p

Stiffness matrices

To prove Gpp(x,y) > 0 we require A B
(a) ¥y >0 AZ(BT D)
b YY) < 0fori#j

(6) alu ) < Ofor i # e
(c) th(Xa)/)|Kk2: A= 0 D

Gf‘;p(xvy)‘Kf + Gi?p(xay)’Kf > 0

2

T2

x)¥i(y) Zl

Oy 1 Ty T3 T4

Ghp(x,y) =

U (0] (v) +

i=

N
M N—M N—
Zl
y
Jj=1 1

I Mg I Mz

M
D’.I 1¢M+:(X wl\/l—l—J( )
j=1

Gho(x:¥) Gy (x:¥)



Verification of (a), (b), (c)

(a) K2h% < aPx = P/lk =0
(b) /<L2h%< < Pk = 3(¢}’7¢}/) <Ofori#j

Hi
(c) K2y < WPKﬁ +OP = Grplx,y)lke 20

rel

p aP ﬁp 7p oP Hrel ’/;-;
1 00 6 0 o0

2 | 20/3 0 0 o HK < 1/3
3 38.61 25.89 5.608 0

4 18.91 oo 2936 3.614

5 49.44 59.82  7.799 0

6 37.56 oo 7.247 0.887

7 72.82 107.81 9.791 0

8 62.62 oo 9.709 0

9 | 104.09 169.85 11.510 0

10 | 94.10 oo 10.644 0




Verification of (c)

Vip = span{ey, ..., ) Yhq, - UR}
th = Gf‘r/p + Gllep

Gpp(X,¥) ZZSU Yi(x)v;(y (x,y) € K?

i=1 j=1

2 2
= Z Z S arikeoajPk—24i(X)k—21j(y)

i1j1

>225k_ 24isk 24Pk 241 () Pk21(y)




Verification of (c)
Vip = span{y, ..., 05, ¥piqs - R}

__ (v b
th _ th + th M

I T T T T T T T 1
aq Tp_1 D Tk be

th(X y Zzslj i X)'QZ}J( ) (X,y) € K?

i=1 j=1

2 2
= Z Z S arikeoajPk—24i(X)k—21j(y)

i1j1

>225k_ 24isk 24Pk 241 () Pk21(y)




Verification of (c)

Vhp = Span{w‘llv s 7¢Xﬂa 77b[l\3/]_|.1> s 7¢R]}
Gho = GY, + GE, . B

1/%-1 ’(/Jk
ag T zk:,l h :Ik : blg
Gpp(X,¥) ZZSU Yi(x)v;(y (x,y) € K?
i=1 j=1
2 2
- Z Z 5k_j2+i,k72+jwk—2+i(x)¢k—2+j(Y)
i= 1j 1
>Zzsk_ 24ik— 2+J¢k 2i(X)k—24j(¥)
i=1 j=1
1 AN T A
> Y(X)U(Y)




Verification of (c)
Vip = span{f -, 0y, Vg, - R}

aq h 2 Th_1 h, T bQ
Ghp(x,¥) ZZSU Vi(x)Y(y (x,y) € K2
i=1 j=1
2 2
= Z Z S arikeoajPk—24i(X)k—21j(y)
i— 1j 1

>225k_ 24isk 24Pk 241 () Pk21(y)




Conclusion

—Au+r’u=f inQ, u=0 ondQ

Unp € Vip © a(Unp, Vhp) = /Q fvpdx  Vvpp € Vip

Theorem
Let Ty, be a finite element mesh in an interval Q = (aq, bq).
Let us consider arbitrary polynomial degrees up to 10.
Denote by hx and H. rel = hk/(bq — aq) the length and the relative
length of the element K € Tpp, respectively. If
2h2

< HK

m < H;q <1/3 forall K € Typ,

where +3 =~ 5.608797, then the approximate problem satisfies the
DMP.
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