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(Continuous) maximum principle

—Au+rPu=f inQ, u=0 ondQ

MaxP: f<0 = maxu<max{0,maxu}=0
a 09

0

ComP: f>0 = wu>0

v

G(x,y) > 0in Q2

~AG, +K°G, =4, inQ
o) = | Glxp)f(xax G,—0 onoQ

G(x,y) = Gy(x)



Discrete Maximum Principle (DMP)

f>0inQ? = wu,>0inQ

» Varga (1966): up ... finite differences
> etc.

> etc.
» higher-order FEM
» Hohn, Mittelmann (1981)
no “strengthened” DMP for p = 2,3 in 2D
» Vejchodsky, Solin (2007)
DMP for —u” =f,1< p <100 in 1D



Discretization

» Classical
—Au+r2u=f inQ, u=0 ondQ
» Weak
ueV=HQ): B(u,v) = (f,v) VYveV
—— ~——

/Vu-Vv—i-/fzuvdx /fvdx
Q Q

» hp-FEM

Upp € Vhp cV: B(Uhp, Vhp) = (f, Vhp) Vvhp S Vhp



Discrete Green's Function (DGF)

Definition For all y € Q define
th,y € Vhp : B(Vhpa th,y) = Vhp(}/) vVhp € Vhp

Notation
th(Xa)/) = th,y(X) for (Xa)/) €0?

Properties

1
,2,...,N ... any basis in V},
©j, i) ... the stiffness matrix




Example 1

—u" = fin (0,1)
Linear FEM = DMP O.K.
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Example 1

—u" = fin (0,1) u(0)=u(1l)=0

One element of degree 3 = no DMP
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Example 1
—u" = fin (0,1)
One element of degree 3 = no DMP
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Example 1
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—J"="fin (0, 1)

Ay

RENEREN

\ ‘ﬁﬂ"¥§§x
LSRR
NN

/) ‘II|‘ \\I\\\ R
///At‘““el‘\‘“‘“‘\‘-‘ﬁ\\ >

u(0)=u(1l)=0
Two (and more) elements of degree 3 = DMP O.K.
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Example 2

—u" + K%u="fin(0,1) u(0)=u(1)=0

» p=1: K?°h*> <6 < DMP
> p=2: k?h*> <20/3 = DMP

» p > 3: more complicated



Example 2

—u" + K*u = fin (0,1) u(0) =u(1l)=0
Example:

» 6 linear elements

» k=10
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Vertex and higher-order basis functions

» Standard basis
b b
@{79057"‘780VM7Q0M+17"'790N

vertex funs. higher-order funs.

» New basis
b b
w{;w‘2/7' "7¢I\V/vaM+17‘ - 7¢N

vertex funs. higher-order funs.

WP =¢f
M b b [
wlv — 80)‘/ _ Z CU()DM—i-j such that B(l/),v> Soj) =0 Y
Jj=1




Vertex and higher-order basis functions

. Stiffness matrices
» Standard basis

v v v b b
P1,P25 s PM> PM+1 -+ PN A B
: A=1BT D
vertex funs. higher-order funs.
» New basis B S 0
v oLV v b b A =
1/11a¢27---7¢/\/177/1/\//+1;---a¢N 0 D
vertex funs. higher-order funs.

S=A-BD BT

WP =¢f
M b b [
w’v _ 80)‘/ _ Z:l CUQDM+j such that B(l/),v> Soj) =0 Y
J:




Vertex and higher-order basis functions

. Stiffness matrices
» Standard basis

v Vv v b b
P15P25- 3 PM PM+1 -+ PN A B
: A=1B8T D
vertex funs. higher-order funs.
» New basis ~ S 0
v o,V v b b A =
w17w27"'7wM7wM+17"'7¢N 0 D
vertex funs. higher-order funs.

S=A-BD BT

N N
th X y ZZ %(Y)
;/ /_V N—MN-M
=ZZ SO )+ > ST Dtk (k)
i=1 j=1 i=1 j=1

Gho(x:y) Gy (x:¥)



Vertex and higher-order basis functions

Stiffness matrices

T4
A B
T3 A= ( BT D )
T2
K2 ~ S0
xoacg 1 Ty X3 T4 S=A-BD BT

N N
Grp(x,y) = D > Az i(x)ei(y)

i=1 j=1
N N N—M N—-M

=D Sl () () + Dy Ui (X))
i=1 j=1 i=1 j=1

Gho(x:y) Gy (x:¥)



Sufficient conditions

Stiffness matrices

If
A B
V>0 _
(a) ¢, = A ( BT s )
(b) B(yy,4y) <0fori#j
. ~ S 0
(c) Ghplx,y) = 0in K2 A- ( ° 0 )
then Gpp(x,y) > 0in Q2. o
2 K%
thxy wj(y) 2 , 1

SO+ Y D D R ()Y ()

i=1 j=1

ZI:V:ZI__V: N—M N—M

Gho(x:y) Gy (x:¥)



Analysis of (a)—(c) for 1D diffusion-reaction

Theorem
If

K
> Hrel

<1/3
> k2h% < min {a”K PR, PR = rel + (5”K} VK € Thp
then DMP.

—u"+Ku="f inQ=(ab) u(a)=u(b)=0

Thp mesh . b1, P2, P3 , P4 |

! ! ! ) !
K element a=1To T T2 T3 xy=0b
hx = diam K

HX, = hk/diam Q

T

pk poly. degree.

vV v.v. v .Y



Analysis of (a)—(c) for 1D diffusion-reaction

Theorem
If

» HK < 1/3

rel —
> k2h2 < mi Pk 3PK ~PK Hiel SPK VK € T,
K=hye < min ¢ aPK, BPK v gk T € Ihp
then DMP.

rel

p aP 3P AP 5P
1 00 6 0 00
2 20/3 00 0 00
3 38.61 25.89 5.608 0
4 18.91 co 2936 3.614
5 49.44  59.82  7.799 0
6 37.56 oo  7.247 0.887
7 72.82 107.81 9.791 0
8 62.62 co  9.709 0
9 | 104.09 169.85 11.510 0
10 | 94.10 oo 10.644 0
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