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Iteration error

» —Au=f inQ, u=0 ondQ

> up € Vy: /Vuh-Vvth:/fvhdx Vv, € Vp
Q Q

a(uh, Vh) F(Vh)
Npor
>up= Y yipi Ay=b Ajj = a(pj, #i)
i=t bi = F(yi)
Npor

>up= Y yiei Ay =Db
i=1

2
a

> Jlu— i3 = llu— unll3 +2a(u — up, up = uj) + llup — i
discretization error: ||u — up||, = O(h)

iteration error: lup — uill, = O(?) ||u||§ = a(u, u)
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Upper bound for the iteration error

Lemma
IfAy — b, Ay* = b*, and %(A) = HA” HA_IH then
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[yl 6]l

Proof.
ly =yl AT - ")
bl _ Iyl _ AT )] 1Ayl
[b— Ay 16— b7 =5yl
I 1Al

< [|ATH[ Al = »(A)

O



Choice of norm
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Condition number in M-norm

Lemma
A Mspd = sa(A)=[|A Al < (M) (A)
Proof.
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Numerical example — continuous problem

~Au=f inQ=(0,1)>

u=0 ondQ
> — Ak = Meke
> Vg = 25in(k7rx1) sin(£7rx2) fQ VieVmn = 5(;(@)(,7,,7)
Ao = T2(K2 + £2) kt=1,2,...

=) adle = U= ckelie
Py kit



Numerical example — discretization

1 -—-- 1
hzi
N S (N —1)h
] ] ] ] ]
| | | | |
] ] ] ] ]
_]___]___1 | | ] ] ]
] T
s A=l Sl—s— e
’ ---- 0
| | | 0 h 2h 1
—l——1—1
> AWkl = N owke k,¢=1,2 ... N-1

> W = h¥(ih, jh) = 2hsin(kmih)sin(¢mjh)  i,j=1,2,...,N—1

Akt = % (4 — cos(kmh) — cos(¢mh) — 2 cos(kmh) cos(€7rh))

Wk W™ = §(10) ()

2 + cos?(mh)

> #(A) = 2 — cos(mh) — cos?(mh)

~ O(h™2)




Numerical example — discretization

1 -—-- 1
h= —
N -—— (N —1)h
| | | | |
L} L} L} L} L}
| | | | |
1_4_1 | | | | |
| T
2
> M=l g 1p— 1 wmoc h
36 L,
| | | 0 h 2h 1
1l—aq4—-1
> Mwkt = piywkt k0=1,2,...,N—1
> wht = dtto ij=1,2,...,N—1
h2
>l = 9 <4 + 2 cos(kmh) + 2 cos(¢mh) + cos(kmh) cos(£7rh)>
> (M) = 4 + 4 cos(mh) + cos?(mh) h=0 g

4 —4cos(mh) + cos?(mh)



Numerical example — discretization

> / At Tre(x1, %2) @i (x1, ) dxa dxo = diewjj
Q

> diy = kl;z;—f; (1 — cos(kwh)) (1 — cos(€7rh))
> f = Z Ckgs\kgvkg = u= Z Ckzvkg
k.t
b— Z oW = Z Credre Wkt
Ake
N—1N-1
Un = Z Z YijPij
i=1 j=1

C11:10 C23:2 C33:1




Energy norms

> ull2 =" Rt lull, = O(1)
Y]
> Nunll2 = lIyla = chedie/ M |unl, = O(1)
P,
> o= upll2 = [[ull3 = J|ual3 |u— upll, = O(h)
> |12 Z M 11l = O(1)
> ”bHA = Z Ced ke 16l 4 = O(h?)

Py

dkf ~ O(h) )\kg ~ O(h2)



L2 norms

2
> ulfe@) =Y i [ull 2y =~ O
k,t
2 42
2 2 Cieoicolie
> llunllge) = Iyl = D 55 lunll 2y ~ O(1)
k0 ke
> [ s = 3 ik o)
uup dxig dXp = —_— ~
Q k.0 Akﬁ)\kf

v

2 2 2
[u = unlliziq) = llulli2@) — 2/Q uup dxg o + |[unll2(q)

lu = unll2(q) = O(h?)

> ”fuiz(ﬂ) = Z CreNke 11l 12(0) = O(1)
kol
> [Ibllyy = b"Mb =" ciydioine 6]l ~ O(H?)
kL
> bl =676 =3" I6la ~ O(h)

Py



Conjugate gradient algorithm

po=1r=b— Ay
for k=0,1,2,... do

7
> if 75 < TOL? then STOP TOL = 10~
T
r, ri
> oy = P/ZlfAPk (step length)
> Ykl = Yk + QkPk (approximate solution)
> rir1 = rk — APk (residual)
T
r 4
> B = Tkl kA (residual improvement)
rlr
k Tk

> Pki1l = rke1 — BkPk (search direction)



Relative errors — energy norm — |||,

-8

1

1070 SN TR PA TN ]
—_ *

el u

102 (Iulf? = {1, 422 1 11u, I

M| ) M o o M
0 1 2 3 4 5 6

10 10 10 10 10 10 10
N=1/h




Relative err. and upper bound — energy norm — ||-||,
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Relative errors — [%(€) norm — H-HLz(Q)
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Relative err. and upper bound — L?(Q2) norm — 11l 2
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Relative errors — discrete £>° norm — ||-||
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Relative iteration error — Euclidean norm — ||-|| 2
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Absolute residuals — Euclidean norm — ||-|| 2
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Conclusions and open questions

iteration error — single precission — relevant from 10978 DOFs

v

overestimation by 102722

_ * _A *
ly =yl aylb=A
Iyl 11l

Correct norm?

v

v

Better stopping criterion for CG?

v

Theory?
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