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curl
(
µ−1

r curlE
)
− κ2εrE = F in Ω

E · τ = 0 on ∂Ω

where

I Ω ⊂ R2

I curl = (∂/∂x2,−∂/∂x1)
>

I curlE = ∂E2/∂x1 − ∂E1/∂x2

I τ = (−ν2, ν1)
> positively oriented unit tangent vector

I µr = µr(x) ∈ R relative permeability
I εr = εr(x) ∈ C2×2 relative permittivity
I E = E(x) ∈ C2 phaser of the electric field intensity
I F = F(x) ∈ C2

I κ ∈ R the wave number
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E ∈ W : a(E,Φ) = F(Φ) ∀Φ ∈ W

I W = {E ∈ H(curl,Ω) : E · τ = 0 on ∂Ω}
I a(E,Φ) = (µ−1

r curlE, curlΦ)− κ2(εrE,Φ)

I F(Φ) = (F,Φ) =

∫
Ω

F ·Φ dx
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Eh ∈ Wh : a(Eh,Φh) = F(Φh) ∀Φh ∈ Wh

I Wh = {Eh ∈ W : Eh|K ∈ [P1(K )]2 ∀K ∈ Th

and Eh|K · τe = Eh|K∗ · τe = const. ∀e ∈ E , e = K ∩ K ∗}
I Th . . . triangulation

I τe . . . fixed tangent to e ∈ E
I E . . . edges in Th

I E = Eb ∪ Ei

I V . . . vertices in Th

I V = Vb ∪ Vi

I Nv = Nbv + Niv

I Ne = Nbe + Nie

I Whitney functions: ψe ∈ Wh for all e ∈ Ei

ψe · τe = 1/|e| on e ∈ Ei

ψe · τe∗ = 0 on e∗ 6= e, e∗ ∈ E
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I Vh = {ϕh ∈ H1
0 (Ω) : ϕh|K ∈ P1(K ) ∀K ∈ Th}

I Courant functions: ϕi ∈ Vh for all Bi ∈ Vi

ϕi (x) = 1 at x = Bi , Bi ∈ Vi

ϕi (x) = 0 at x = Bj , Bj 6= Bi , Bj ∈ V
I ∇ϕi ∈ Wh

I ∇ϕi · τe =
σie

|e|
, where σie =

{ +1 τe aims towards Bi

−1 otherwise

I ∇ϕi =
∑

e∈ω(Bi )

σieψe . . . unique way

I e∗ ∈ ω(Bi ):

∇ϕi · τe∗ =
σie∗

|e∗|
= σie∗ψe∗ · τe∗ =

∑
e∈ω(Bi )

σieψe · τe∗ on e∗

I e∗ 6∈ ω(Bi ): ∇ϕi · τe∗ = 0 =
∑

e∈ω(Bi )

σieψe · τe∗ on e∗
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R id−→H1 ∇−→H(curl)
curl−→ H(div)

div−→ L2 0−→ 0

↓ ↓

Vh
∇−→Wh

curl−→

I R = ker(∇)

I R(∇) = ker(curl)

I R(curl) = ker(div)

I R(div) = L2

curlψe 6= 0 ∀e ∈ Ei
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Theorem
Sϕ = span{∇ϕi , Bi ∈ Vi} = {ψ ∈ Wh : curlψ = 0} = Kh

Proof.
(a) Sϕ ⊂ Kh ⇐ curl∇ϕ = 0
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Theorem
Sϕ = span{∇ϕi , Bi ∈ Vi} = {ψ ∈ Wh : curlψ = 0} = Kh

Proof.
(b) Sϕ ⊃ Kh

Bi

Bj

Bk

I ψ ∈ Kh, curlψ = 0

I e ∈ E , e = BiBj , αj = α(Bj) given by αj − αi =

∫
e
ψ · τij

I BiBjBk = K ∈ Th ⇒ α̃i − αi = α̃i ∓ αk ∓ αj − αi

=

∫
∂K
ψ · τ∂K =

∫
K

curlψ = 0

I Define Φ ∈ Vh : Φ(Bi ) = αi ∀Bi ∈ V ⇒ ∇Φ ∈ Wh

I ∇Φ|e · τe |e| =
∫

e
∇Φ · τe =

∫ Bj

Bi

Φ′ = Φ(Bj)− Φ(Bi ) =

=

∫
e
ψ · τe = ψ|e · τe |e| ⇒ ψ = ∇Φ
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I BW = {ψe : e ∈ Ei} . . . basis in Wh, dim Wh = #Ei = Nie

I BK = {∇ϕi : Bi ∈ Vi} . . . basis in Kh, dimKh = #Vi = Niv

I Niv ≤ Nie
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I BW = {ψe : e ∈ Ei} . . . basis in Wh, dim Wh = #Ei = Nie

I BK = {∇ϕi : Bi ∈ Vi} . . . basis in Kh, dimKh = #Vi = Niv

I Niv ≤ Nie

I Euler’s formula: Nt − Ne + Nv = 1
I 3Nt = 2Nie + Nbe

I Nbe = Nbv

I Nbe ≥ 3
I ⇒ 3Niv = 3 + Nie − Nbe ≤ Nie ≤ 3Nie

Nt = 15
Ne = 26
Nv = 12
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I BW = {ψe : e ∈ Ei} . . . basis in Wh, dim Wh = #Ei = Nie

I BK = {∇ϕi : Bi ∈ Vi} . . . basis in Kh, dimKh = #Vi = Niv

I Niv ≤ Nie

I Ei = Erem ∪ Ekeep #Erem = Niv #Ekeep = Nie − Niv

I Is B = BK ∪ {ψe : e ∈ Ekeep} a basis of Wh ?
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I Ei = Erem ∪ Ekeep #Erem = Niv #Ekeep = Nie − Niv

I Is B = BK ∪ {ψe : e ∈ Ekeep} a basis of Wh ?

Theorem
B is a basis of Wh ⇔ the only cycle in (V, Eb ∪ Erem) is (Vb, Eb)

⇔ G∂ = (Vi ∪ {B∂}, E∂
rem) is a spannig tree

G∂

B∂
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“⇒” : by contradiction:
B a basis in Wh and G∂ not a spanning tree

I G∂ has an isolated component (Visol, Eisol):
Visol ⊂ Vi, Eisol ⊂ Erem

I ϕ =
∑

Bi∈Visol

ϕi

I ∇ϕ =
∑

Bi∈Visol

∇ϕi =
∑

Bi∈Visol

∑
e∈ω(Bi )

σieψe =
∑

e∈ω0(Visol)

σieψe

I ω0(Visol) =
{
e = BiBj : Bi ∈ Visol, Bj 6∈ Visol

}
I e = BiBj ∈ Eisol, Bi ∈ Visol, Bj ∈ Visol

I ∇ϕ = · · ·+ σieψe + σjeψe︸ ︷︷ ︸
=0

+ · · ·

I (Visol, Eisol) isolated
e ∈ ω0(Visol) ⇒ e 6∈ Eisol ⇒ e 6∈ Erem ⇒ ψe ∈ B



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
licProof

“⇐” : by contradiction:
G∂ spanning tree and B not a basis in Wh

I ∇ϕ =
∑

Bi∈Vi

ci∇ϕi =
∑

e∈Ekeep

deψe = ψ ∃Bk ∈ Vi : ck 6= 0
∃ek ∈ Ekeep : dek

6= 0

I e∗ ∈ Erem, e∗ = BiBj , Bi ,Bj ∈ Vi

∇ϕ · τe∗ |e∗ = σie∗
ci − cj

|e∗|
= σje∗

cj − ci

|e∗|
= 0

I ψe · τe∗ = 0 ∀e ∈ Ekeep

I ci = cj = c∗ ∀Bi ,Bj ∈ Vi

I G∂ is a spanning tree
∃ ẽ ∈ Erem, ẽ = BmB∂ : Bm ∈ Vi, B∂ ∈ Vb

0 = ψ · τee |ee = ∇ϕ · τee |ee = σmee cm

|ẽ|
⇒ cm = 0

I ci = c∗ = 0 ∀Bi ∈ Vi

Bm

B∂

ẽ
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I µr = εr = I , κ = 1

I a(E,Φ) = (curlE, curlΦ)− (E,Φ)

I Sij = a(Φi ,Φj) Φi ,Φj ∈ B Φi =
{ ∇ϕk Bk ∈ Vi

ψe e ∈ Ekeep

I cond(S)

min cond(S) max cond(S)
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S =

(
A11 A12

A21 0

)
− κ2

(
M11 M12

M21 M22

)
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