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Time-harmonic Maxwell's equations

curl (u; ' curlE) — k?¢,E=F in Q
E-7=0 on9dQ

where
» O C R2
> curl = (0/0x, —0/0x1) "
» curlE = 6E2/6x1 — 8E1/8X2
» 7 = (—uv2,v1)" positively oriented unit tangent vector
> 1 = pr(x) € R relative permeability
> ¢ = &(x) € C2*? relative permittivity
» E = E(x) € C? phaser of the electric field intensity
» F=F(x)eC?
> x € R the wave number



Weak formulation

EcW: a(E,®)=7F(®) VoeW

» W ={EecH(curl,Q):E-7=0o0n90Q}
> a(E, ®) = (u; Lcurl E, curl ®) — £%(e.E, ®)

> .’F(tb)_(F,d))_/QF-tbdx




Lowest-order edge elements

vV Vv vV VvV vV VY v

v

E, e W,: a(Eh,¢h) = f((bh) Yo, e W,

Wy, = {E, € W : Eplk € [PH(K)]? VK € T,
and Ep|k - 7e = Ep|k+ - Te = const. Ve € £, e= KN K*}

Ty ... triangulation

Te ... fixed tangent toe € &

E ... edgesin 7,

E=E U

V ... vertices in 7,

V=V, UV

Ny = Npy, + Ny

Ne = Npe + Nie

Whitney functions: ¥, € W), for all e € &

Yo -Te=1/|elon e € &

Y, Tex =00ne* #e e*c€é&
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Courant FE

> Vi = {on € HXQ) : onlk € PH(K) VYK € Tp,}

» Courant functions: ¢; € V}, for all B; € V;
vi(x)=1atx=B;, Bi€V;
cp,-(x)antx:Bj, Bj#B,’, BJ'EV

> Vi € W

+1 7. aims towards B;

> VSO,. ST = where ;e = { -1 otherwise

| |
> Vi = Z Ojie®Pe ... UNique way
eEw(B,-)
» " cw(B)):
O jex

le|

= GieWPer “Ter = Y OieWe - Ter ON €
eEw(B,-)
» e dw(Bj): Vi Ter =0= Z TiePe - Tex ON €

eew(B,-)

VSOI CTex =

*



De Rham diagram

div 0

R -4 H Yo H(curl) <% H(div) 2% 12 -2,

! !

Vh Wh curl

0

> R = ker(V)
> R(V) = ker(curl)
> R(curl) = ker(div)
> R(div) = L2

curlp, #0 Ve e &



Discrete kernel of curl

Theorem
Sy =span{Vyj, Bi e Vi} = {1y € Wy :curlyp =0} = K4

Proof.
(@) S, cKp <« carlVe=0



Discrete kernel of curl

Theorem
Sy =span{Vyj, Bi e Vi} = {1y € Wy :curlyp =0} = K4

B
Proof.
(b) Scp D lCh Bk

> ey curlyp =0 Bi
>eeé’,e:B,-Bj,aJ-:a(Bj)givenbyaj—a,-:/'t/)-r,-j
> BBBk=KeT, = a—a=aFaxFaj—q
:/ ¢~7-3K:/cur|1/):0
oK K
» Define ® € Vhiq)(B,'):Oé,'VB,'EV = Vbec W,

B:
> v¢|e'7—e‘e|_/v¢'7—e_/J(b/_q)(Bj)—d)(Bi)—
e B

i

=/¢-Te=¢|e-n|el S o =Vo
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Basis reproducing the discrete kernel of curl

> By ={¢,:ec &} ... basisin Wy, dim W, = #& = N
> B ={Vyi:Bi €V} ... basisin K, dimK,=#V;, = N,,
> Niy < Nie



Basis reproducing the discrete kernel of curl

> By ={¢,:ec€ &} ... basisin Wy, dim W), = #& = Nie
> B ={Vy;:Bi € Vi} ... basisin K, dimKp=#V;, = N,,
> Niy < Nie
» Euler's formula: Ny — Ne + N, =1
3Nt = 2Nje + Npe
Nbe = Nbv
Nbe > 3
= 3Njy =3+ Nje — Npe < Nje < 3Ne

v Vv

v Vv

Ny =15
Ne = 26
N, =12



Basis reproducing the discrete kernel of curl

Bw = {9, e€&} ... basisin Wy, dim W), = #& = N
B = {Vyi:Bi € Vi} ... basisin K, dim K, =#V;, = N,,
Niy < Nie

& = Erem Ukeep  #Erem = Niv  #Ekeep = Nie — Niy

Is B=BxU{t,:e€ Eep} abasisof Wj?

vV vVv.v.v Yy



Basis reproducing the discrete kernel of curl
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vV vVv.v.v Yy

Theorem

B is a basis of W), & the only cycle in (V Eb U&rem) is Wb, &)
& G2 =V u{B%},£2 ) is a spannig tree

88

ga
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Proof

=" : by contradiction:
B abasisin W, and G? not a spanning tree

» G2 has an isolated component (Visol, Eisol):

Visol C Vi, 5isol - grem
> o= Z Pi

Bievisol
Ve Y Ve XY s Y o,
Bi€Visol Bi€Visol ecw(B;) e€wl(Viso1)
> wo(Visol) = {e = BiBj : Bi € Visoh B_] g Visol}
> €= BiBj € Eisols Bi € Visol, Bj € Visol
» Vo = ...+gie¢e+gje¢e+...
—_———

=0
> (Visolagisol) isolated
ec wO(Visol) = e¢&s = €e&€&em = Y. EB



Proof

" "

<" . by contradiction:
G? spanning tree  and BB not a basis in W,

>V9@:ZQV¢;: Z de’l/)e:dJ dBr € Vi:ck #0

B;eV; eeﬁkeep Elek S gkeep : dek # O
> e* € Erom, €F = B,'Bj, B;, BJ‘ eV
_ 6= G_ _G=G_
V@ - Ter|ex = Tex |€*| —Uje*W—O

> ’l,be‘Te* =0 Vee gkeep
> C,':CJ':C>|< VB,‘,BJ' eV
» G? is a spanning tree
Je € Eem, € = BpB9: By, eV, B? W

Cm

€l

0= Tslc =V Telg = Omsz
= cm=0~0
s G—ct =0 VB eV




What choice of &.qy is the best?

>» uy=e=1, k=1
> a(E, ®) = (curl E,curl ®) — (E, ®)

B i
> Sj=a(d;,®;)) &, d;cB @ = { Z‘Pk . gkgf l:
e ee

» cond(S)

min cond(S) max cond(S)
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Linear algebraic solver

s (A A12) _ 2 (Mn M12>
Ax O Ma1 Moo
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