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Žitná 25, 115 67 Prague 1

Czech Republic

IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

2 Institute of Mathematics
Helsinki University of Technology
P.O. Box 1100, FIN–02015 Espoo

Finland



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic(Continuous) maximum principle

− div(A∇u) + cu = f in Ω, u = g on ∂Ω

MaxP : f ≤ 0 ⇒ max
Ω

u ≤ max{0,max
∂Ω

u}

MinP : f ≥ 0 ⇒ min
Ω

u ≥ min{0,min
∂Ω

u}

ComP : f ≥ 0 & g ≥ 0 ⇒ u ≥ 0

MaxP ⇔ MinP ⇔ ComP
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− div(A∇u) + cu = f in Ω, u = g on ∂Ω

I Weak formulation: ū = u + g

u ∈ V : a(u, v) = (f , v)− a(g , v) ∀v ∈ V ,

where V = H1
0 (Ω), g ∈ H1(Ω)

a(u, v) =

∫
Ω

(
∇u · ∇v + cuv

)
dx , (f , v) =

∫
Ω

fv dx

I FEM: ūh = uh + gh, gh ≈ g , g ≥ 0 ⇔ gh ≥ 0

uh ∈ Vh : a(uh, vh) = (f , vh)− a(gh, vh) ∀vh ∈ Vh,

where Vh ⊂ V (continuous, piecewise linear on a mesh Th)
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ūh = uh +gh, uh ∈ Vh : a(uh, vh) = (f , vh)−a(gh, vh) ∀vh ∈ Vh

DMaxP : f ≤ 0 ⇒ max
Ω

ūh ≤ max{0,max
∂Ω

ūh}

DMinP : f ≥ 0 ⇒ min
Ω

ūh ≥ min{0,min
∂Ω

ūh}

DComP : f ≥ 0 & g ≥ 0 ⇒ ūh ≥ 0

DMaxP ⇔ DMinP ⇔ DComP

Definition (DMP)

Th fixed, f ≥ 0 & g ≥ 0 ⇒ ūh ≥ 0 (everywhere in Ω)
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DMaxP ⇔ DMinP ⇔ DComP

DMaxP ⇔ DMinP:

f 7→ ūh, −f 7→ −ūh, min
Ω

ūh = −max
Ω
−ūh
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DMaxP ⇔ DMinP ⇔ DComP

DMinP ⇒ DComP:

f ≥ 0, g ≥ 0, f 7→ ūh

min
Ω

ūh ≥ min{0,min
∂Ω

ūh} = min{0,min
∂Ω

gh} = 0
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DMaxP ⇔ DMinP ⇔ DComP

DComP ⇒ DMinP:

f ≥ 0, f 7→ ūh, gh = uh|∂Ω, ḡh = min
∂Ω

ūh

a) ḡh ≥ 0 ⇒ ūh ≥ 0

min
Ω

ūh ≥ 0 = min{0,min
∂Ω

ūh}

b) ḡh < 0,

f̃ = cḡh ≤ 0, g̃ = ḡh = const. 7→ ũh = ḡh

f ≥ 0 ≥ f̃ , gh ≥ g̃ ⇒ ūh ≥ ũh

min
Ω

ūh ≥ min
Ω

ũh = ḡh = min
∂Ω

ūh = min{0,min
∂Ω

ūh}
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Th . . . N interior nodes, N∂ boundary nodes, N̄ = N + N∂

ūh(x) =
N̄∑

j=1

ȳjφj(x) =
N∑

j=1

yjφj(x) +
N∂∑
k=1

gkφN+k(x)

Āȳ = F̄ ⇔
[
A A∂

0 I

] [
y
g

]
=

[
F
g

]
I Aij = a(φj , φi ) Fi = (f , φi ) i = 1, 2, . . . ,N, j = 1, 2, . . . , N̄.

I φj ≥ 0
N̄∑

j=1

φj ≡ 1 Ā−1 =

[
A−1 −A−1A∂

0 I

]
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Definition (DMP)

Th fixed, f ≥ 0 & g ≥ 0 ⇒ ūh ≥ 0 (everywhere in Ω)

Theorem (Ciarlet 1970)

DMP ⇔ (A1) Ā−1 ≥ 0 (i.e. Ā monotone)
(G1) ξ + A−1A∂ξ∂ ≥ 0,

where ξ = [1, . . . , 1︸ ︷︷ ︸
N times

]> and ξ∂ = [1, . . . , 1︸ ︷︷ ︸
N∂ times

]>

Remark (g = 0)

f ≥ 0 ⇒ F ≥ 0 ⇔ Ay ≥ 0 ⇒ y ≥ 0︸ ︷︷ ︸
⇔ A monotone
⇔ A−1 ≥ 0

⇔ uh ≥ 0 in Ω
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Let A ∈ RN×N .

I A monotone if Ay ≥ 0 ⇒ y ≥ 0.

I A M-matrix if off-diag(A) ≤ 0, A nonsingular, and A−1 ≥ 0.

I A Stieltjes if off-diag(A) ≤ 0 and A s.p.d.

Theorem
Let A be nonsingular.
A monotone ⇔ A−1 ≥ 0.

Theorem (Varga 1962)

A Stieltjes ⇒ A M-matrix.
Stieltjes

M-matrices
monotone

matrices
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(a) aii > 0, i = 1, . . . ,N

(b) aij ≤ 0, i 6= j , i = 1, . . . ,N, j = 1, . . . ,N + N∂

(c)
N+N∂∑
j=1

aij ≥ 0, i = 1, . . . ,N

(d) A is irreducibly diagonally dominant

Theorem (Ciarlet 1970)

(a)–(d) ⇒ DMP

Proof.
(A1): Thm. (Varga): (a),(b),(d) ⇒ A−1 > 0

(b) ⇒ −A−1A∂ = A−1(−A∂) ≥ 0 ⇒ Ā−1 ≥ 0

(G1): (c) ⇔ Aξ + A∂ξ∂ ≥ 0 ⇒ ξ + A−1A∂ξ∂ ≥ 0
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(b) aij ≤ 0, i 6= j , i = 1, . . . ,N, j = 1, . . . ,N + N∂

Theorem
(b) ⇒ DMP

Proof.
(A1): A s.p.d. and (b)

def⇔ Stieltjes matrix ⇒ M-matrix
⇒ A−1 ≥ 0

(b) ⇒ −A−1A∂ = A−1(−A∂) ≥ 0 ⇒ Ā−1 ≥ 0

(G1):
N+N∂∑
j=1

aij = a

(
N+N∂∑
j=1

φj , φi

)
= a(1, φi ) =

∫
Ω

cφi ≥ 0

⇒ (c) ⇔ Aξ + A∂ξ∂ ≥ 0 ⇒ ξ + A−1A∂ξ∂ ≥ 0
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−∆u = f in Ω, u = 0 on ∂Ω

α

γ
α

γ

1 off-diag(A) ≤ 0 2 off-diag(A) 6≤ 0, A−1 ≥ 0 3 A−1 6≥ 0
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−∆u = f in Ω, u = 0 on ∂Ω

γγ

αα α + γ

1 off-diag(A) ≤ 0 2 off-diag(A) 6≤ 0, A−1 ≥ 0 3 A−1 6≥ 0
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−∆u = f in Ω, u = 0 on ∂Ω

γγ

αα

1 off-diag(A) ≤ 0 2 off-diag(A) 6≤ 0, A−1 ≥ 0 3 A−1 6≥ 0
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−∆u = f in Ω, u = 0 on ∂Ω

α

γ
α

γ

1

2
3

4

αmax

αmin
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−∆u = f in Ω, u = 0 on ∂Ω

1
1

2
|Tmax| tanα

T Gh
max ≤ d2

i ≤ |Tmin| tanα
T Gh
min ⇒ DMP

2 d
(P)
L ≤ d (P) ≤ d

(P)
U for all P ∈ Th,τ ⇒ DMP

d
(P)
L =

(
2 cot α

(T )
max

|T |

)−1
2

, d
(P)
U =

(
cot α

(T )
med + cot α

(T )
min

2 |T |

)−1
2

3 A−1 ≥ 0 ⇔ DMP

4 no DMP

A. Hannukainen, S. Korotov, T. Vejchodský: Discrete maximum principle

for FE solutions of the diffusion-reaction problem on prismatic meshes,
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