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(Continuous) maximum principle

—div(AVu)+cu=Ff inQ, u=g ondQ

MaxP : f<0 = maxu<max{0, maxu}
Q 09

MinP : f>0 = minu>min{0, minu}
a Blo}

ComP: f>0&g>0 = u>0

MaxP < MinP & ComP



Weak formulation and FEM

—div(AVu)+cu=f inQ, u=g ondQ
» Weak formulation: 1 =u+ g
veV: a(uv)=(f,v)—alg,v) VYveV,

where V = H}(Q), g€ HYQ)
a(u, v):/(Vu-Vv—i-cuv) dx, (f, v):/ fv dx
Q Q

» FEM: Gy = up+gn gr~g £2>0 < g,>0
up € Vo a(up, vp) = (f,ve) — a(gh, vi) Vvp € Vi,

where V}, C V (continuous, piecewise linear on a mesh 7p,)




Discrete maximum principle

Uy = up+gh, uph € Vi a(up,vn) = (f,vp)—algn, vn) Yvh € Vp

DMaxP : f<0 = maxu, < max{0, max s}
ol %

DMinP : f>0 = mint, > min{0, min 7y}
Q oQ

DComP: f>0&g>0 = u,>0

DMaxP < DMinP < DComP

Definition (DMP)
T, fixed, F>0&g>0 = 10, >0 (everywherein Q)



Proof

DMaxP < DMinP <« DComP

DMaxP <  DMinP:

f — bp, —f — —u, min U, = — max — i
Q Q



Proof

DMaxP < DMinP < DComP

DMinP = DComP:
f>0,g>0, fw— 1,

in T, > min{0, min T} = min{0, min g,} = 0
mﬁlnuh_mln{ rgSIInUh} min{ ngQ gh)



Proof

DMaxP <« DMinP <« DComP

DComP = DMinP:

fZO, fl—> L_Ih, gh: uh|8Qy gh:rgézn L_Ih

a) >0 = 0,>0
inup > O = 1 0 N 1
mﬁln up > min{ ,min up}
b) &» <0,

fF>0>f gn>8 = 10>

min Uy > min up = g» = min 4y = min{0, min 0}

Q Q o0

o0




Algebraic system

Ty ... N interior nodes, NO boundary nodes, N=N+ N

N N g
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Discrete maximum principle

Definition (DMP)
Tp fixed, F>0&g>0 = 1,>0 (everywherein Q)

Theorem (Ciarlet 1970)
DMP < (A1) A= >0 (ie. A monotone)
(G1) € + A~TA%¢9 > 0,

where £ = ,...,1Tand§8:| ,...,1|—r

N times N times

Remark (g = 0)
f>0 = F>0 & Ay>0 = y>0 & u,>0inQ

< A monotone
= A1>0



Monotone matrices

Let A € RVXN,
» A monotone if Ay >0 = y>0.
» A M-matrix if off-diag(A) < 0, A nonsingular, and A-1l>0.
> A Stieltjes if off-diag(A) < 0 and A s.p.d.

Theorem

Let A be nonsingular.
A monotone < A7l >0.

monotone
Theorem (Varga 1962)

M—matrices matrices
A Stieltjes = A M-matrix.




Ph. Ciarlet conditions

(a) a;>0,i=1,...,N
(b) a; <0, i#j, i=1,...,N, j=1,...,N+ N

N4N?
() > aj>0,i=1,...,N
j=1

(d) A is irreducibly diagonally dominant

Theorem (Ciarlet 1970)
(a)~(d) = DMP

Proof.
(A1): Thm. (Varga): (a),(b).(d) = A7l1>0
(b) = —-AAI=AY-A)>0 = Al>0

(G1): (c) & AE+A%9>0 = ¢4+ATA%?>0 O



Reduced conditions

(b) a; <0, i#j, i=1,...,N, j=1,...,N+ N

Theorem

(b) = DMP

Proof.

(Al1): A s.p.d. and (b) “ Stieltjes matrix = M-matrix

= Al1>0
(b) = -AAI=A1(-AN>0 = A1>0

N+N? <N+ no

(G1): > aj=al > ¢ja¢i> = a(1,¢i) —/ cpi >0
j=1 j=1 Q

= () & AE+A%9>0 = ¢(+ATAY%I>0
L]



Experiment |

—Au=finQ, u=0o0nodf
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Experiment Il

—Au=finQQ, u=0o0n9d0N
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Experiment prisms

—Au=finQQ, u=0o0n9d0N

Qmin

60 65 70

amax



Experiment prisms

—Au=finQQ, u=0o0n9d0N

min

1 G S
§|TmaX\tanag’ax < d? < |Twin|tana’t = DMP

dP) < dP) <d\f) forall PeTh, = DMP

1 _1
P _ (2eotalud ) 7 py _ [ cotapih +eotagi)
£ |T| v 2|T|

3]A1>0 < DMP

no DMP

A. Hannukainen, S. Korotov, T. Vejchodsky: Discrete maximum principle
for FE solutions of the diffusion-reaction problem on prismatic meshes,
accepted by J. Comput. Appl. Math., 2008.



Thank you for your attention

Toma¥ Vejchodsky! (vejchod@math.cas.cz)

Antti Hannukainen? (antti.hannukainen@hut.fi)

Sergey Korotov? (sergey.korotov@hut.fi)

1 Institute of Mathematics, Academy of Sciences
Zitnd 25, 11567 Prague 1
Czech Republic

2 Institute of Mathematics
Helsinki University of Technology
P.O. Box 1100, FIN-02015 Espoo

Finland

A %



