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» Chemical system with SNIPER bifurcation
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Chemical system with SINIPER bifurcation
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Mean-field ODE:

dx - -3 ~2 ~
il kad Yy — ksd X~ + kag X~ — k3g X
dy o — -

di)t/ = —kgX"y+ kea Xy — kogy + kig

X = X(t), Y =Y(t) ... number of molecules
x=X/V,y=Y/V ... concentrations V ... volume




SNIPER bifurcation
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kig =12 [sec*mm™] kg =13 [sec i mm3]

k2d =1 k3d =33 [sec_l]
kag =11 keg =0.6  [sec™* mm?]

ksg =1 kzg=0.13 [sec ' mm



Stochastic simulations kjg = 12
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number of X molecules

Stochastic simulations kiy = 13
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Propensities and rate constants

a1(x,y) = ki ki = kigV
a(x,y) = kay ko = kog
az(x,y) = ksx ks = kad
aa(x,y) = kax(x — 1) ks = kag/V
as(x, y) = ksx(x — 1)(x — 2) ks = ksq/V?
as(x,y) = kexy ke = kea/V
a7(x,y) = kix(x — 1)y k7 = kog/V?

ai(X(t), Y(t))dt = probability that i-th reaction occures in (t,t + dt)



“Naive” stochastic simulations

1. fori=1,2,...,7do
» r; ... random number uniformly distributed in (0,1)

> p; = At
» if0<rp<p; = Reaction i = update numbers of
reactants and products
end
2. t:=t+ At, gotol.

Reaction 1 : Y(t+ At)=Y(t)+1
Reaction 2: X(t+ At)=X(t)+1 Y(t+At)=Y(t)—1
Reaction 3: X(t+ At) = X(t) —1
Reaction 4: X(t+ At) = X(t)+1
Reaction 5: X(t+ At) = X(t) —1
Reaction 6 : Y(t+At)=Y(t)+1
Reaction 7 : Y(t+At)=Y(t) -1



Gillespie SSA

1. r, r ... two random numbers uniformly distributed in (0, 1)
7
2. ap = Za;(t) ... where a;(t) propensities of all reactions
i=1
1 < 1 > ,
3. 7= —In| — ] ... next reaction takes place at t + 7
Qg n
14 1
4. Find j such that " ;a,(t) <n< o ;a,(t).
Reaction j = update numbers of reactants and products

5. t:=t+7, gotol.



Period of oscillations
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Chemical Fokker-Planck equation

oP  &? 02 02 0 0
ot = o2 &Pl g, [y Pltgaldy Pl=g [wPl—5 lw P

P = P(x,y,t) ... probability that X(t) = x and Y(t) =

w(x,y) = aa(x,y) —as(x,y) + aa(x,y) — as(x,y)
wix,y) = ailx,y) —a2(x,y) + ae(x,y) — az(x,y)
di(x,y) = [aa(x,y) +as(x,y) + aa(x,y) + as(x, y)]/2
dy(x,y) = lai(x,y) +az(x,y) + as(x,y) + a7(x, ¥)] /2
dy(x,y) = —ao(x,y)



Stationary distribution
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0
0= a2[d'D] 88 [dX}”D] az[d’D] a[VXPS]_aiy[VyPS}

/ / s(x,y)dxdy =1 Ps(x,y) >0 (x,y) € [0,00) x [0, 00)

Ps = Ps(x,y) = tlim P(x,y,t) ... stationary distribution
— 00

—div(AVP; + Psb) = 0 in S = (0,500) x (0,2000)
(AVPs+ Psb)-n = 0 ondS

[ d dy/2\ . (. 0d, 1ddy  0d, 1dd,
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Stationary distribution

0?2 0?2 2 0 0
[deP] d ’D] a[VXPS]_aT,[VyPS}

0= a2[d'D] 88 32[

/ / s(x,y)dxdy =1 Ps(x,y) >0 (x,y) € [0,00) x [0, 00)

Ps = Ps(x,y) = tlim P(x,y,t) ... stationary distribution
—div(AVP, + Psb) = 0 in S = (0,500) x (0,2000)
(AVPs+ Psb)-n = 0 ondS

Remark:
—div(AVPs) —b-VPs —div(b)Ps = 0 inS
(AVPs)-n = 0 ondS



Finite Element Method

Classical form

—div(AVP, + Psb) = 0 inS=(0,500) x (0,2000)
(AVPs+ Psb)-n = 0 ondS

Weak form

P, c HY(S): a(Ps,p) =0 VYo e HY(S)

a(Ps, @) = /(.AVPS + Psb) - Vo dxdy
S

FEM
Psh€ Wyt a(Psp,on) =0 Yo, e Wy

Wi = {pn € HY(S) : onlk € PY(K), K € T}



Stationary distribution — results

Solution of Fokker-Planck Equation -4

Stochastic Simulation 4
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Stationary distribution — results

Logarithm of Stationary Distribution
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Period of oscillations
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8x2+ y8x3y+ y + v +Vy8y

o oy? Ox

=-1 for(x,y) e

T =17(x,y) ... average time to leave Q = {(x,y) | x < 200}

Classical form

—div(AV7)+b-V7 = —1 in S =(0,200) x (0,2000)
7 = 0 onlinex =200
(AVT)-n = 0 onlinesy =0, y =2000, x=0



Period of oscillations

Weak form

TeW: E(T,go):/~—1-g0dxdy, Yo e W,
S

W = {v € H(S) : v =0 on the line x = 200}
E(T,go):/~AVT-V<dedy+/~b-VT<pdxdy.
S S

FEM
ThE€ Wy 3(7h,pn) = /N —1-ppdxdy, Vp € W,
5

Wi = {pn € W : phlk € PHK), K € Ty}



Period of oscillations: kig = 12

Mean Exit Time From [0,200]x[0,2000] Logarithm of Stationary Distribution
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Tetoch105 = 130.4 / P.(x,y)dv
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period of oscillations

Period of oscillations: k14 vary
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period of oscillations

Period of oscillations: kj4 = 12.2; volume vary
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Conclusions

» cell cycle modelling

» more chemical species = higher dimension
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