
Deterministic and stochastic models
of dynamics of chemical systems
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I Chemical system with SNIPER bifurcation

I Stationary distribution

I Period of oscillations
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∅ k1d−→ Y
k2d−→ X

k3d−→ ∅ 2X
k4d−→←−
k5d

3X

X + Y
k6d−→ X + 2Y 2X + Y

k7d−→ 2X

Mean-field ODE:

dx̃

dt
= k2d ỹ − k5d x̃

3
+ k4d x̃

2 − k3d x̃

dỹ

dt
= −k7d x̃

2
ỹ + k6d x̃ ỹ − k2d ỹ + k1d

X = X (t), Y = Y (t) . . . number of molecules

x̃ = X/V , ỹ = Y /V . . . concentrations V . . . volume
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k1d = 12 [sec−1 mm−3]

k2d = 1 k3d = 33 [sec−1]

k4d = 11 k6d = 0.6 [sec−1 mm3]

k5d = 1 k7d = 0.13 [sec−1 mm6]

k1d = 13 [sec−1 mm−3]
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α1(x , y) = k1 k1 = k1dV

α2(x , y) = k2y k2 = k2d

α3(x , y) = k3x k3 = k3d

α4(x , y) = k4x(x − 1) k4 = k4d/V

α5(x , y) = k5x(x − 1)(x − 2) k5 = k5d/V 2

α6(x , y) = k6xy k6 = k6d/V

α7(x , y) = k7x(x − 1)y k7 = k7d/V 2

αi (X (t),Y (t))dt = probability that i-th reaction occures in (t, t + dt)
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1. for i = 1, 2, . . . , 7 do
I ri . . . random number uniformly distributed in (0, 1)

I pi = αi∆t

I if 0 < ri < pi ⇒ Reaction i ⇒ update numbers of
reactants and products

end
2. t := t + ∆t, go to 1.

Reaction 1 : Y (t + ∆t) = Y (t) + 1

Reaction 2 : X (t + ∆t) = X (t) + 1 Y (t + ∆t) = Y (t)− 1

Reaction 3 : X (t + ∆t) = X (t)− 1

Reaction 4 : X (t + ∆t) = X (t) + 1

Reaction 5 : X (t + ∆t) = X (t)− 1

Reaction 6 : Y (t + ∆t) = Y (t) + 1

Reaction 7 : Y (t + ∆t) = Y (t)− 1
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1. r1, r2 . . . two random numbers uniformly distributed in (0, 1)

2. α0 =
7∑

i=1

αi (t) . . . where αi (t) propensities of all reactions

3. τ =
1

α0
ln

(
1

r1

)
. . . next reaction takes place at t + τ

4. Find j such that
1

α0

j−1∑
i=1

αi (t) ≤ r2 <
1

α0

j∑
i=1

αi (t).

Reaction j ⇒ update numbers of reactants and products

5. t := t + τ , go to 1.
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stochastic model
deterministic ODEs
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∂P

∂t
=

∂2

∂x2

[
dx P

]
+

∂2

∂x∂y

[
dxy P

]
+

∂2

∂y2

[
dy P

]
− ∂

∂x

[
vx P

]
− ∂

∂y

[
vy P

]
P = P(x , y , t) . . . probability that X (t) = x and Y (t) = y

vx(x , y) = α2(x , y)− α3(x , y) + α4(x , y)− α5(x , y)

vy (x , y) = α1(x , y)− α2(x , y) + α6(x , y)− α7(x , y)

dx(x , y) = [α2(x , y) + α3(x , y) + α4(x , y) + α5(x , y)]/2

dy (x , y) = [α1(x , y) + α2(x , y) + α6(x , y) + α7(x , y)]/2

dxy (x , y) = −α2(x , y)
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0 =
∂2

∂x2

[
dx Ps

]
+

∂2

∂x∂y

[
dxy Ps

]
+

∂2

∂y2

[
dy Ps

]
− ∂

∂x

[
vx Ps

]
− ∂

∂y

[
vy Ps

]
∫ ∞

0

∫ ∞

0
Ps(x , y) dxdy = 1 Ps(x , y) ≥ 0 (x , y) ∈ [0,∞)× [0,∞)

Ps = Ps(x , y) = lim
t→∞

P(x , y , t) . . . stationary distribution

− div(A∇Ps + Psb) = 0 in S = (0, 500)× (0, 2000)

(A∇Ps + Psb) · n = 0 on ∂S

A = −
(

dx dxy/2
dxy/2 dy

)
b =

(
vx −

∂dx

∂x
− 1

2

∂dxy

∂y
, vy −

∂dy

∂y
− 1

2

∂dxy

∂x

)
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0 =
∂2

∂x2

[
dx Ps

]
+

∂2

∂x∂y

[
dxy Ps

]
+

∂2

∂y2

[
dy Ps

]
− ∂

∂x

[
vx Ps

]
− ∂

∂y

[
vy Ps

]
∫ ∞

0

∫ ∞

0
Ps(x , y) dxdy = 1 Ps(x , y) ≥ 0 (x , y) ∈ [0,∞)× [0,∞)

Ps = Ps(x , y) = lim
t→∞

P(x , y , t) . . . stationary distribution

− div(A∇Ps + Psb) = 0 in S = (0, 500)× (0, 2000)

(A∇Ps + Psb) · n = 0 on ∂S

Remark:

− div(A∇Ps)− b · ∇Ps − div(b) Ps = 0 in S

(A∇Ps) · n = 0 on ∂S
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Classical form

− div(A∇Ps + Psb) = 0 in S = (0, 500)× (0, 2000)

(A∇Ps + Psb) · n = 0 on ∂S

Weak form

Ps ∈ H1(S) : a(Ps , ϕ) = 0 ∀ϕ ∈ H1(S)

a(Ps , ϕ) =

∫
S
(A∇Ps + Psb) · ∇ϕ dxdy

FEM
Ps,h ∈Wh : a(Ps,h, ϕh) = 0 ∀ϕh ∈Wh

Wh = {ϕh ∈ H1(S) : ϕh|K ∈ P1(K ), K ∈ Th}



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
licStationary distribution – results



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
licStationary distribution – results

0 100 200 300 400
200

400

600

800

1000

1200

1400

number of X molecules

nu
m

be
r 

of
 Y

 m
ol

ec
ul

es
 

 

k
1d

=12 stochastic
deterministic



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
licPeriod of oscillations

dx
∂2τ

∂x2
+ dxy

∂2τ

∂x∂y
+ dy

∂2τ

∂y2
+ vx

∂τ

∂x
+ vy

∂τ

∂y
= −1 for (x , y) ∈ Ω

τ = τ(x , y) . . . average time to leave Ω = {(x , y) | x < 200}

Classical form

− div(A∇τ) + b · ∇τ = −1 in S̃ = (0, 200)× (0, 2000)

τ = 0 on line x = 200

(A∇τ) · n = 0 on lines y = 0, y = 2000, x = 0
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Weak form

τ ∈W : ã(τ, ϕ) =

∫
eS −1 · ϕ dxdy , ∀ϕ ∈W ,

W =
{
v ∈ H1(S̃) : v = 0 on the line x = 200

}
ã(τ, ϕ) =

∫
eS A∇τ · ∇ϕ dxdy +

∫
eS b · ∇τϕ dxdy .

FEM

τh ∈ W̃h : ã(τh, ϕh) =

∫
eS −1 · ϕh dxdy , ∀ϕh ∈ W̃h,

W̃h = {ϕh ∈W : ϕh|K ∈ P1(K ), K ∈ Th}
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τh(29.30, 781.25)
.
= 134.1

τstoch,105
.
= 130.4

T (γ) =

∫
γ
τ(x , y) Ps(x , y) dγ∫

γ
Ps(x , y) dγ
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stochastic model
FEM: γ = {line x=100}
FEM: γ = {line x=130}
FEM: γ = {line to focus}
FEM: γ = {max of P }
deterministic ODEs

s
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τh(29.30, 781.25)
.
= 134.1

τstoch,105
.
= 130.4

T (γ) =

∫
γ
τ(x , y) Ps(x , y) dγ∫

γ
Ps(x , y) dγ
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Period of oscillations: k1d
.
= 12.2; volume vary
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stochastic model
FEM: γ = {line x=0.67xf }

FEM: γ = {line x=0.87xf }
FEM: γ = {line to focus}

τh(29.30, 781.25)
.
= 134.1

τstoch,105
.
= 130.4

T (γ) =

∫
γ
τ(x , y) Ps(x , y) dγ∫

γ
Ps(x , y) dγ
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licConclusions

I cell cycle modelling

I more chemical species ⇒ higher dimension
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