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Poisson problem

» Classical formulation: find u € C3(Q) N C(Q) :
—Au=f inQ u=0 on o2

» Weak formulation: V = H}(Q)

ueV : B(u,v) = F(v) VveV
—— ~——
/ Vu-Vvdx / fv dx
Q Q
» Galerkin method Vp,CV dimV, <

up € Vy - B(uh, Vh) = ]:(vh) YvpeV, & Ay=F

» FEM Vi ={vy, € V:wlk € PL(K) VK € Tp}
©1,...,¢n -..FEM basis functions  ¢;(x;) = d;
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A priori error estimates

v

Discretization error: e = u — up

v

Energy norm: ||ul®> = B(u, u) = ]u]%_,lm)

v

Céa's lemma: |le| = im\c/ l|lu— vl = dist(u, V4)
vhE V)

Lagrange interpolation: 7% : C(ﬁ) — Vj,
ve H*(QNCQ) = ||v—7rh Eviiq) < Chlvlmg

v

v

ue H(QNCQ) = el < Chlulpq



A posteriori error estimates

Definition
> |lelf~=n (or el <n, orn<lel)
> n=n(upf,Q,7p,...)

Properties
» Local: n? = Z 77%(
KeTy,

» Guaranteed upper (lower) bound: lell <n (m<]el)
» Asymptotic exactness: lim M _ 1, = n/n

h—0 [le]| lell
» Efficient and reliable: Gn <l|le| < Gn
» Robust: (1 and G are independent from quantities like

coefficients in the equation, mesh aspect ratio etc.



Residual estimates

ueV: B(u,v)=F(v) VveV
up € V- B(uh, Vh) = ]:(Vh) Yv, € V)

v

Residual: R(v) = F(v) — B(up,v) VveV

v

Residual equation: ec V: B(e,v)=R(v) VveV
[B(u, v)—B(up,v) = F(v)—B(up,v) VYveV

v

Galerkin orthogonality: B(e,vy) =0 Vvy €V,

3 |B(e,v)| IR(v)|
e[| = sup —— =
0#£veV vl 0#£veV (vl

v

= [Rlly-




Explicit residual estimates

> Residual splitting: R(v) = Z / rvdx—i—Z/ngds
¢
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Explicit residual estimates

» Residual splitting: R(v Z / rvdx—i—Z/ngds

KeT,
r=f-+ Auh Jg = (VUh Vuh )

R(v) = F(v) = Bun,v) = Y </K fvdx—/KvU,,-dex>

KeTy,

= </ fvdx—i—/Auhvdx— Vup - Vdes>
KeT, oK

Z / rvdx—l—Z/Vuh —Vu, ) -vvds

KeTy
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Explicit residual estimates

» Residual splitting: R(v Z / rvdx—i—Z/ngds

KeT,
r=f-+ Auh Jg = (VUh Vuh )

> Clément inter.: 5! : V>V, ||v — 7§ VHOK < G|K|Y? [VVllo.w

[v = 7§v]lo, < Gl [V vlloy,

lel|* = B(e, &) = R(e) = R(e — j'e)

= Z/ e—ﬂhe)dx—i—Z/Jg e—nle)ds

KeT,

< D Glirlok K21 Vello, JFZCzHleloelf\l/zIIVEIIOMZ
KeT,

N

IN

G| D IKIrllon + D [ell1Jelloe | +ellell?
L

KeT,



Explicit residual estimates

» Residual splitting: R(v Z / rvdx—i—Z/ngds

KeT,
r=f-+ Auh Jg = (VUh Vuh )

> Clément inter.: 5! : V>V, ||v — 7§ VHOK < G|K|Y? [VVllo.w
|v — VHoz < G2 1Vvllo.w,

2 2 2
leli* < Ga | D IKIIrlg .k + > 1l
¢

KeT,

( 77expl )2
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Implicit residual estimates — Dirichlet

> Local Dirichlet problems:
eR" € HY(K): B(eR",v) =R(v) Vv e H}(K)

> Approximate local problems: Vg 4(K) € H3(K)
er'h € Von(K): B(eR™, vi) = R(vi) Vv € Von(K)

> P =eRr VKeTy Vo={veV:vlxeHy(K)}cCV
> ek =egly, YKeThy Von={veV:vlkeVos(K)}CW

> Theorem: ||ePr|| < [|eP|| < |le]]
Proof:

» ePir ¢ Vo veVWw
B(e — P v) =R(v) - R(v) =0
= Ble, ) = |
= [le—eP"|]> = |le[|* — 2B(e, e”") + |||

= [le[|* — [leP"|I?
> B(eDlr e,'?”, h) = R(Vh) — R(Vh) =0 Vy, € Vo,h



Implicit residual estimates — Dirichlet

> Local Dirichlet problems:
eR" € HY(K): B(eR",v) =R(v) Vv e H}(K)

> Approximate local problems: Vg 4(K) € H3(K)
er'h € Von(K): B(eR™, vi) = R(vi) Vv € Von(K)

> P =eRr VKeTy Vo={veV:vlxeHy(K)}cCV
> ek =egly, YKeThy Von={veV:vlkeVos(K)}CW

> Theorem: ||ePr|| < [|eP|| < |le]]

> 77D|r _ ”eD|r ” (nDir)2 — Z (77}3")2

KeTy,



Implicit residual estimates — Neumann

> el € HL(K) = {v e HY(K): v =0on 0K NIQ}:
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Implicit residual estimates — Neumann

> el € HL(K) = {v e HY(K): v =0on 0K NIQ}:

BK(e%e“,v):/Kfvdx—BK(uh,v)—k/aKgdes Vv € HE(K)

> gKMEPl(ﬁ),fCaK, K €Tn gk =~ Vulk - vk on OK

> gkle+ gk+le =0 for £ = OK N OK*
> Theorem: [[e]* < > flef*|l% vk = Bk(v,v)
KeTy
Proof: veV
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Implicit residual estimates — Neumann

> el € HL(K) = {v e HY(K): v =0on 0K NIQ}:

BK(e%e“,v):/Kfvdx—BK(uh,v)—k/aKgdes Vv € HE(K)

> gK’gépl(ﬁ),fCaK, K €Tn gk =~ Vulk - vk on OK

> gkle+ gk+le =0 for £ = OK N OK*
> Theorem: [le]| < D [leR®% vk = Bk(v,v)
KeT,
» Remark: Approximate Neumann problems:
N N
X € VN CHE(K) = > lleihllk < D llek™lI%
KeT, KeTy
>R = ekl (V)P = (k)
KeT,

In general: |e|| £ nNe
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Hierarchic (residual) estimates

> Vi=V4@Y, Y,CV V,NY,={0}
> Uy € Vi BT, Vh) = F(Vh) Yk €V
> llell = [[un — unl = [[en]]

> en € Yh: B(enyn) =R(yn) Vyn€ Y

> llell ~ [[en]l = n



Hierarchic (residual) estimates

> Vi=V4@Y, Y,CV V,NY,={0}

> Up € Vi B(Tn,vy) = F(V) Y€ Vi

v

lell = [[un — unll = [[enll

v

€€ Yn: B(enyn) =R(yn) Yyn€ Y

Hie

v

lell = [[enll = n

v

Saturation assumption:
A6 <1 |lu—Tup|| < B|lu— up

v

Strengthenned Cauchy-Schwarz inequality:
Iy <1 [B(vi,yn)l < v llvall lynll Vv € Vi, yn € Ya

_ ~ 1 ~ 1 _
lenll < [lenll < lell < ——~ I[éxll < r [[€nll

(1-32) (1—B2)3(1—2)z

v



Error majorants
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Error majorants

> Friedrichs inequality: [lvljpq < Ca|[VVv]gq VveV = H(Q)

> el < Callf +divyllyg + Iy~ Vunlloq ¥y € H(div,Q)

Proof:
veV yeH(div,Q)

B(e,v):R(v)—l—/y'Vvdx+/divyvdx+/ y-vvds
Q Q Glo}

= /(f —|—divy)vdx—|—/(y — Vup) - Vvdx
Q Q

< f +divylgqllviloe + [ly = Vunlloq IVvie

(Callf +divyllog +lly = Vunllog ) IIVV

IN

0,Q

IN

1 _ 2 1 )
> (Callf +divylog+ly = Varlog) +5 IVvIEg
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Postprocessing

» Recovered gradient: Vu, — G(up)
> [lell ~ nPo = [1G(un) = Vunllo g
> Superconvergence: ||Vu — G(up)llgq < CLh'te

> Assumption: |e| > Coh

post
» Theorem: |im =1
h—0 HeH
Proof:
o [Vu=Vanlly | [Vu- Gl _,, GHC
HeH el el Goh
V= Vel Ve -Gl o, GA

lell el el - Goh



Quantity of interest

» Quantity of interest: € V*
» Adjoint problem: z€ V:  B(v,z) =d(v) VYveV
» Approx. adjoint prob.: z, € Vi : B(vh,zp) = ®(v) Yvp €V
» Error representation formula:
®(e) = B(e,z) =R(z) = R(z — zp) = B(u — up, z — zp)

[®(e)| < [lu— unll |z — za]]
< nprinadj



Adaptive algorithm

1. Construct the initial mesh 7.
2. Find up on 7p.
3. Compute nyk for all K € 7p,.

4.1fF > pg <TOL> = STOP.
KeT,

5 If k> Onkmax = mark K. 0<Oec<l1
6. Refine marked elements and build the new mesh 7.

7. GOTO 2.
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Adaptive algorithm
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Adaptive algorithm

Err indicator 3
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Adaptive algorithm
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FEM solution 5
1 N




Adaptive algorithm

Err indicator 5
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Effectivity index
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Estimator by M. Ainsworth and T. Vejchodsky

—Au+r’u=Ff inQCR?

u=0 ondQ
) 1 . ? )
el < 32 (|t +dvor)|  +lloxlB
KeT, 0,K
Nk

> r =1+ Aup— K2up
» ok € H(div, K)

PJK-HK:gK—@ on 0K
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