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Poisson problem

» Classical formulation: —Au=f inQ
u=0 on 0N
» Weak formulation: wve V: a(u,v)=F(v) VYveV

-V = H(®)
> a(u,v):/Vu'Vvdx, F(v):/fvdx
Q Q

> hp-FEM:  upp € Vip 0 a(unp, Vip) = F(Vhp)  YVhp € Vip

> Vhp = {VhlJ evVv: Vhp|K € PPK(K),K S 777,,}

» pk polynomial degree on K



(Continuous) maximum principle

-Au=fFf inQ
u=0 on 9N

MaxP: f<0 = mgxugrg%xuzo

Q
0
ComP: f>0 = wu>0
0
G(x,y) > 0in Q2
—-AG, =6, inQ
uly) = | F)G(x.p)dx G =0 on 0

G(x,y) = Gy(x)



Discrete Maximum Principle (DMP)

DMP: f>0inQ = upp>0in

Theorem (main)
DMP & Gpy(x,y) >0 V(x,y) € Q?



Discrete Maximum Principle (DMP)

DMP: f>0inQ = upp>0in

Theorem (main)
DMP & Gpy(x,y) >0 V(x,y) € Q?

> th’y € Vhp : a(vhp, th7y) = vhp(y) Vvhp € Vhp, y € Q
th(Xu)/) = th,y(X)



Discrete Maximum Principle (DMP)
DMP: f>0inQ = upp>0inQ

Theorem (main)
DMP & Gpy(x,y) >0 V(x,y) € Q?

> th’y € Vhp : a(vhp, th7y) = vhp(y) Vvhp € Vhp, y € Q
th(Xu)/) = th,y(X)

> tnp(y) = a(tihp, Ghpy) = /Q () Gap(x, ) dx
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Discrete Maximum Principle (DMP)
DMP: f>0inQ = upp>0inQ

Theorem (main)
DMP & Gpy(x,y) >0 V(x,y) € Q?

> th’y € Vhp : a(vhp, th7y) = vhp(y) Vvhp € Vhp, y € Q
th(Xu)/) = th,y(X)

> unply) = /Q () Gap(x, ¥) dx




Discrete Maximum Principle (DMP)

DMP: f>0inQ = upp>0in

Theorem (main)
DMP & Gpy(x,y) >0 V(x,y) € Q?

Remark (1D):

Q= (aQ, bQ) C R! —u"=f in (aQ, bQ)
u(aQ) = u(bQ) =0
» p=1246 = DMP for any mesh

» p=3,57,8,...,100 = DMP if h < 0.9|Q

(Vejchodsky, Solin, Math. Comp. 2007)



Linear FEM

» DMP & G >0 <« A1>0 <« A monotone
» As.p.d., off-diag(A) <0 < A M-matrix = A monotone

> Element matrices: off-diag(AX) <0 = off-diag(A) <0

A= > AK Aff—aK(soj-,cpf)—/ Vi - Vo;
KETh, K



Linear FEM

» DMP & G >0 <« A1>0 <« A monotone
» As.p.d., off-diag(A) <0 < A M-matrix = A monotone

> Element matrices: off-diag(AX) <0 = off-diag(A) <0

A= > AK Aff—aK(soj-,cpf)—/ Vi - Vo;
KETh, K

Example (triangles):
1 cot 3 + coty —coty —cot

AK = = —coty cot o + coty —cota

2 C

—cot 3 — cota cot v + cot 3 i
A B



Linear FEM

» DMP & G >0 <« A1>0 <« A monotone
» As.p.d., off-diag(A) <0 < A M-matrix = A monotone

> Element matrices: off-diag(AX) <0 = off-diag(A) <0

A= > AK Aff—aK(soj-,cpf)—/ Vi - Vo;
KETh, K

Example (triangles):
> amax < m/2 = off-diag(A

M) <o
» a+ad <7 <& off-diag(A) <0



Linear FEM

» DMP & G >0 <« A1>0 <« A monotone
» As.p.d., off-diag(A) <0 < A M-matrix = A monotone

> Element matrices: off-diag(AX) <0 = off-diag(A) <0

A= > AK Aff—aK(soj-,cpf)—/ Vi - Vo;
KETh, K

Gap: A monotone but not M-matrix
= numerical tests



Higher order FEM

» DMP & G, >0 ¢ A1>0

> Grp(x/,x) >0 & ST1>0
» xV, i=1,..., Nyt vertices (nodes) in 7,

> S = Aw — AWAN ANy

s A < Aw Aun >
Anv - AnN

Ay € RNvertXNverty AnN € RNnoanNﬂonv: Naof = Nyert + Nnonv

v

e \% \% N N
hp_FEM baSIS' 901 LA (pNvert7 (pNvert‘f’]-’ trt (deof

v

vertex fun. edge, bubble fun.
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Test 1

—Au=fFf inQ
u=0 on 9N
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8 = 80°
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Testl1-p=1
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Test 3
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Conclusions

» Quite a gap: A monotone but not M-matrix

» Nodal values th(X,-V,xJV):
nonnegative for wider range of angles if p grows

» Dichotomy of odd and even polynomial degrees

» Wide space for new theory
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