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Elliptic problems

» Classical formulation:

—div(AVu)+cu=f inQ,
u=gp onlp,
au+ (AVu)-n=gn only,

» Weak formulation: v = u® + gp

WeVv: alv)=F(v)—-a(@Ep,v) YveV

v

V={veHY(Q):v=0o0nTp}

v

a(u, v)z/(AVu)-Vv+cuvdx+/ auvds
Q

BN
F(v):/fvdx+/ gnvds
Q 'n

g€ HY(Q), gp=gponlp

v

v



(Continuous) maximum principles — weak problem

» Maximum principle (MaxP)

f<O0andgyn <0 = maxu< nrgaxmax{O, u}
Q D

» Minimum principle (MinP)

f>0and gy >0 = minu> minmin{0, u}
Q s}

» Conservation of nonnegativity (ConN)
f>0,gp>0,andgn >0 = wu>0
» Comparison principle (CmpP)
i>h, gp1=>8p2, and gn1 > gN2 = U1 > W

Theorem
MaxP < MinP < ConN < CmpP



(Continuous) maximum principles — weak problem

» Conservation of nonnegativity (ConN)

f>0,gp>0,andgn >0 = wuv>0



Finite element method (FEM)

» hp-FEM: wup = Ug + &bh

Ug € Vy: a(ug, Vh) = F(Vh) — a(EDh, Vh) Yvy € V)

» 7, triangulation of

» pk polynomial degree on K € 7,

» X, ={vy, € H(Q) : vi|k € PP*(K), K € Tp}
> Vi=XaNV

» Xp =V, VP

» gon€ VP, gon~gponTlp



Discrete maximum principles — V), fixed

» Discrete maximum principle (DMaxP)

f<Oand gy <0 = maxu,< max max{0, up}
Q D

» Discrete minimum principle (DMinP)

f>0andgy >0 = minu,> nr1in min{0, up}
Q D

» Discrete conservation of nonnegativity (DConN)
f>0, goph >0, andgn >0 = u,>0
» Discrete comparison principle (DCmpP)
fi >, goh1 > BDh2, and gN1 > 8N2 = Up1 > Upo

Theorem
DMaxP < DMinP < DConN < DCmpP




Discrete maximum principles — V), fixed

» Discrete conservation of nonnegativity (DConN) = DMP

f>0, gph >0, andgn >0 =  wup >0



Discrete Green'’s function (DGF)
Theorem (main)
DMP < (a) Gp(x,y) >0 V(x,y) <€ Q?
(b) G2(s,y) >0 Vselp, Vy€Q

> Gpy € Vp
a(vh, Gh7y) = Vh(y) Vvh S Vh, VAS Q
> Gl(?,y € Vh8 :
/ wn(s)G?(5) ds = wh(y) — a(wn, Ghy) Vwn € Xy y € Q
)

> Gu(x,y) = Gpy(x) Gha(s,y) = G,?,y(s)

up(y) = / f(x)Gh(x,y)dx+/ an(s)Gh(s,y) ds—l—/EDh(s)G,?(s,y) ds
Q M ™



Expressions for the DGF

> ©1,02,...,0n basisin V

> @?,gpg, e 790,8\/3 basis in V,‘?
> Ac RVXN, Aj=alej,ei) i,j=1,2,...,N
> AD e RVNY A0 — a0 o)) i=1,...,N, k=1,...,N°

v

MO € RNN - MD, = [ fpfds kt=1,2,...,N°

N N
> Gh(x,y) ZZ (A)ijpi(x)

M
M

Ma ké 902 ZZSOI I_j Jae

k=1/¢=1 i=1 j=1



Linear FEM, gp =0

»DMP & G,>0 < A1>0 < A monotone
» As.p.d., off-diag(A) <0 = A M-matrix = A monotone

» Element matrices: off-diag(AX) <0 = off-diag(A) <0

> A= Z AK’ AI}f:aK((pﬁSOl):/(AVQO,)V@de+
KeTy, K



Linear FEM, gp =0

»DMP & G,>0 < A1>0 < A monotone
» As.p.d., off-diag(A) <0 = A M-matrix = A monotone

» Element matrices: off-diag(AX) <0 = off-diag(A) <0

> A= Z AK’ AI}f:aK((pﬁSOl):/(AVQO,)V@de+
KeTy, K

Example (triangles):

1 cot 3 + cotry — coty —cot 3
AK == —coty cot o + coty —cota

2 —cot 3 — cot cota + cot 3



Linear FEM, gp =0

»DMP & G,>0 < A1>0 < A monotone
» As.p.d., off-diag(A) <0 = A M-matrix = A monotone

» Element matrices: off-diag(AX) <0 = off-diag(A) <0

> A= Z AK’ AI}f:aK((pﬁSOl):/(AVQO,)VQDJdX—|—
KeTy, K

Example (triangles):
> amax < m/2 = off-diag(A

M) <o
» a+ad <7 <& off-diag(A) <0



Linear FEM, gp =0

»DMP & G,>0 < A1>0 < A monotone
» As.p.d., off-diag(A) <0 = A M-matrix = A monotone

» Element matrices: off-diag(AX) <0 = off-diag(A) <0

> A= Z AK’ AI}f:aK((pﬁSOl):/(AVQO,)V@de+
KeTy, K

Gap: A monotone but not M-matrix
= numerical tests



Higher order FEM, gp =0

» DMP & G,>0 4 A1>0

> Gh(x,-V,ij) >0 & S1>0

> x,-V, i=1,..., Nyt vertices (nodes) in 7p

> S = Aw — AAgAAny

A < Aw  Aun >
Anv - AnN

Ayy € RMerxPoere Ay @ RNoomvxNoone = Ny = Nyerr + Niony

v

v

v

; Y N N
hp-FEM basis: go\l/, s PNt PNeert10 -+ 3 P Nyos

vertex fun. edge, bubble fun.



Higher order FEM, gp =0

»DMP & G,>0 ¢ A1>0

> Gh(x,-v,xjv) >0 < S1>0

> Ghlkxr(6¥) = D) @iliy) (A Dipilk(x), (xy) € K x L

i€k jELL
» 1 = {i: meas(K Nsupp ;) > 0}
(indices of basis functions supported in K)

» K,LeT,



Higher order FEM, gp =0

»DMP & G,>0 # Al1>0

> Gh(x,-v,xjv) >0 < S1>0

> Ghlkxr(6¥) = D) @iliy) (A Dipilk(x), (xy) € K x L

i€k jELL

> Gplkxi(x,y) >0in Kx L 7 (cf. 17th Hilbert problem)




Numerical test

—Au=fFf inQ
u= on 00

a = 30°
B = 70°
o B A araral

a=1°2°,...,179° (B=1°2°...,179° «a+p3 < 180°




Numerical test

—Au=fFf inQ
u=0 on 9N

o = 40°
B8 =70°

A\
NNNNNNN
\ANNNNNS

a=1°2°,...,179° (B=1°2°...,179° «a+p3 < 180°



Numerical test

—Au=f inQ
u=0 on0Q
a = 5b0°
8 =70°
o B AAXAAAAA

a=1°2°,...,179° (B=1°2°...,179° «a+p3 < 180°




Numerical test

—Au=fFf inQ
u= on 00

a = 30°
B = 80°
o B e e )

a=1°2°,...,179° (B=1°2°...,179° «a+p3 < 180°




Numerical test

—Au=fFf inQ
u=0 on 9N

o = 40°
8 = 80°

a=1°2°,...,179° (B=1°2°...,179° «a+p3 < 180°




Numerical test

—Au=fFf inQ
u=0 on 9N

o = 50°
8 = 80°

a=1°2°,...,179° (B=1°2°...,179° «a+p3 < 180°




Numerical test — p =1

180

I A non-monotone
B A monotone
B A M-matrix

p=1
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Numerical test — p = 2
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Numerical test — p =
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Numerical test — p =
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Numerical test — p =5
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Numerical test — p =
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Visualization of DGF

indices of elements -y

min Gh

8 15 22 28 34 40 52
indices of elements — x

o = 60°
8 = 60°
0.14 B
p=
0.12
0.1
0.08
0.06
0.04 A
28
0.02 9 ;
29/\27
0 10 44 6
_ 30/\55/\26
0.02 11\ /45N /43N /5
31/\56/\54/ \25
12N /46N /62N 42\ 4
32/\57/\64/ \53/ \24
13747\ /63N /61N 7415/ 3
33/\58/\59/ \60/ \52/\23
14N /48N 749N /50N, /51N 740N/ 2
34/\35/\36/ \37/\38/ \39/ \22

15\ /16\ /17

18\ /19\ /20\ /21




Visualization of DGF

indices of elements —y

(min Gh)_

8 15 22 28 34 40 52
indices of elements — x

0.025

0.02

0.015

0.01

0.005

a = 60°
3 = 60°
p:

28
29/ \27
10\ /44 6

30/ \55/ \26
11\ /45\ /43 5

31/ \56/ \54/ \25
12\ /46\ /62\ /42 4

13

32/ \57/.\64/ \53/ \24
47\ /63\ /61\ /41 3

33
14

58/ \59/.\60/ \52/ \23
48\ /49\ /50\ /51\ /40 2

34
15\ /16

35/ \36/ \37/ \38/ \39/ \22
17\ /18\ /19\ /20\ /21




Visualization of DGF

a = 60°

g

60°
3

O ¥ 00 N w1
< O NN

A — sjuawa|a Jo sadipul

27

29

44
55

10
30

26

45\ /43

11
31

54/ \25

56

64

52

8 15 22 28 34 40
indices of elements — x

46\ /62\ /42
57/ \64/.\53

12
32

3

41
52

61
60

63
59

47
58

13
33

40
39

48\ /49\ /50\ /51
35/ \36/ \37/ \38

14
34

16\ /17\ /18\ /19\ /20\ /21

15




Visualization of DGF

max G
h a = 60°
B = 60°
p:
>
|
[2]
<
(4]
IS
@
[J]
©
(%]
k<) 8
e]
£ 9 Vi 7
29/\27
10\ /44\ / 6
30/ \55/ \26
11\ /45\ /43\ /' 5
1 8 15 22 28 34 40 52 64 31/\56/\54/\25

12\ /46\ /62\ /42 4

32/ \57/.\64/ \53/ \24
13\ /47\ /63\ /61\ /41 3

33/ \58/ \59/ \60/ \52/ \23
14\ /48\ /49\ /50\ /51\ /40 2

indices of elements — x

34/ \35/ \36/ \37/ \38/ \39/ \22
15\ /16\ /17\ /18\ /19\ /20\ /21




Visualization of DGF

indices of elements —y

64

S
N

N N W b
N © b~ O

=
[¢)]

8
1

1

meas{Gh < O}/meas(Ki X K].)

8 15 22 28 34 40 52
indices of elements — x

64

x 10

11

a = 60°
3 = 60°
p:

28
29/ \27
10\ /44 6

30/ \55/ \26
45\ /43 5

31
12

56/ \54/ \25
46\ /62\ /42 4

32
13\ /47

57/ \64/ \53/ \24
63\ /61\ /41 3

33/ \58
14\ /48

59/ \60/ \52/ \23
49\ /50\ /51\ /40 2

34/ \35
15\ /16\ /17

36/ \37/ \38/ \39/ \22
18\ /19\ /20\ /21




Conclusions

» Gp # 0 on uniform triangular meshes for p > 3
» Gp > 0 for p > 2 for triangles close to equilateral

» Gp < 0 close to the boundary

v

meas{(x, y) : Gp(x,y) < 0} is small

v

| min Gp| << | max G|
» f > 0 such that vy # 0 is weird

» If f is well approximated on 7} then up > 0.

v

Polynomials not suitable — try sin and cos
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