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I (Continuous) maximum principles

I Discrete maximum principles

I Lowest-order FEM
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Elliptic problems

I Classical formulation:

− div(A∇u) + cu = f in Ω,

u = gD on ΓD,

αu + (A∇u) · n = gN on ΓN,

I Weak formulation: u = u0 + g̃D

u0 ∈ V : a(u0, v) = F (v)− a(g̃D, v) ∀v ∈ V

I V = {v ∈ H1(Ω) : v = 0 on ΓD}

I a(u, v) =

∫
Ω

(A∇u) · ∇v + cuv dx +

∫
ΓN

αuv ds

I F (v) =

∫
Ω

fv dx +

∫
ΓN

gNv ds

I g̃D ∈ H1(Ω), g̃D = gD on ΓD
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(Continuous) maximum principles – weak problem

I Maximum principle (MaxP)

f ≤ 0 and gN ≤ 0 ⇒ max
Ω

u ≤ max
ΓD

max{0, u}

I Minimum principle (MinP)

f ≥ 0 and gN ≥ 0 ⇒ min
Ω

u ≥ min
ΓD

min{0, u}

I Conservation of nonnegativity (ConN)

f ≥ 0, gD ≥ 0, and gN ≥ 0 ⇒ u ≥ 0

I Comparison principle (CmpP)

f1 ≥ f2, gD,1 ≥ gD,2, and gN,1 ≥ gN,2 ⇒ u1 ≥ u2

Theorem
MaxP ⇔ MinP ⇔ ConN ⇔ CmpP
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(Continuous) maximum principles – weak problem

I Maximum principle (MaxP)

f ≤ 0 and gN ≤ 0 ⇒ max
Ω

u ≤ max
ΓD

max{0, u}

I Minimum principle (MinP)

f ≥ 0 and gN ≥ 0 ⇒ min
Ω

u ≥ min
ΓD

min{0, u}

I Conservation of nonnegativity (ConN)

f ≥ 0, gD ≥ 0, and gN ≥ 0 ⇒ u ≥ 0

I Comparison principle (CmpP)

f1 ≥ f2, gD,1 ≥ gD,2, and gN,1 ≥ gN,2 ⇒ u1 ≥ u2
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Finite element method (FEM)

I hp-FEM: uh = u0
h + g̃Dh

u0
h ∈ Vh : a(u0

h, vh) = F (vh)− a(g̃Dh, vh) ∀vh ∈ Vh

I Th triangulation of Ω

I pK polynomial degree on K ∈ Th
I Xh = {vh ∈ H1(Ω) : vh|K ∈ PpK (K ),K ∈ Th}
I Vh = Xh ∩ V

I Xh = Vh ⊕ V ∂
h

I g̃Dh ∈ V ∂
h , g̃Dh ≈ gD on ΓD
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Discrete maximum principles – Vh fixed

I Discrete maximum principle (DMaxP)

f ≤ 0 and gN ≤ 0 ⇒ max
Ω

uh ≤ max
ΓD

max{0, uh}

I Discrete minimum principle (DMinP)

f ≥ 0 and gN ≥ 0 ⇒ min
Ω

uh ≥ min
ΓD

min{0, uh}

I Discrete conservation of nonnegativity (DConN)

f ≥ 0, g̃Dh ≥ 0, and gN ≥ 0 ⇒ uh ≥ 0

I Discrete comparison principle (DCmpP)

f1 ≥ f2, g̃Dh,1 ≥ g̃Dh,2, and gN,1 ≥ gN,2 ⇒ uh,1 ≥ uh,2

Theorem
DMaxP ⇔ DMinP ⇔ DConN ⇔ DCmpP
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Discrete maximum principles – Vh fixed

I Discrete maximum principle (DMaxP)

f ≤ 0 and gN ≤ 0 ⇒ max
Ω

uh ≤ max
ΓD

max{0, uh}

I Discrete minimum principle (DMinP)

f ≥ 0 and gN ≥ 0 ⇒ min
Ω

uh ≥ min
ΓD

min{0, uh}

I Discrete conservation of nonnegativity (DConN) ≡ DMP

f ≥ 0, g̃Dh ≥ 0, and gN ≥ 0 ⇒ uh ≥ 0

I Discrete comparison principle (DCmpP)

f1 ≥ f2, g̃Dh,1 ≥ g̃Dh,2, and gN,1 ≥ gN,2 ⇒ uh,1 ≥ uh,2
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Discrete Green’s function (DGF)

Theorem (main)

DMP ⇔ (a) Gh(x , y) ≥ 0 ∀(x , y) ∈ Ω2

(b) G∂
h (s, y) ≥ 0 ∀s ∈ ΓD, ∀y ∈ Ω

I Gh,y ∈ Vh :
a(vh,Gh,y ) = vh(y) ∀vh ∈ Vh, y ∈ Ω

I G∂
h,y ∈ V ∂

h :∫
ΓD

wh(s)G∂
h,y (s) ds = wh(y)−a(wh,Gh,y ) ∀wh ∈ Xh, y ∈ Ω

I Gh(x , y) = Gh,y (x) G∂
h (s, y) = G∂

h,y (s)

uh(y) =

∫
Ω

f (x)Gh(x , y) dx+

∫
ΓN

gN(s)Gh(s, y) ds+

∫
ΓD

g̃Dh(s)G∂
h (s, y) ds
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Expressions for the DGF

I ϕ1, ϕ2, . . . , ϕN basis in Vh

I ϕ∂1 , ϕ
∂
2 , . . . , ϕ

∂
N∂ basis in V ∂

h

I A ∈ RN×N , Aij = a(ϕj , ϕi ) i , j = 1, 2, . . . ,N

I A∂ ∈ RN×N∂
, A∂ik = a(ϕ∂k , ϕi ) i = 1, . . . ,N, k = 1, . . . ,N∂

I M∂ ∈ RN∂×N∂
, M∂

k` =
∫

ΓD
ϕ∂`ϕ

∂
k ds k, ` = 1, 2, . . . ,N∂

I Gh(x , y) =
N∑

i=1

N∑
j=1

ϕi (y)(A−1)ijϕj(x)

I G∂
h (s, y) =

N∂∑
k=1

N∂∑
`=1

ϕ∂k (s)(M∂)−1
k`

ϕ∂` (y)−
N∑

i=1

N∑
j=1

ϕi (y)(A−1)ijA
∂
j`


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Linear FEM, gD = 0

I DMP ⇔ Gh ≥ 0 ⇔ A−1 ≥ 0 ⇔ A monotone

I A s.p.d., off-diag(A) ≤ 0 ⇒ A M-matrix ⇒ A monotone

I Element matrices: off-diag(AK ) ≤ 0 ⇒ off-diag(A) ≤ 0

I A =
∑
K∈Th

AK , AK
ij = aK (ϕj , ϕi ) =

∫
K

(A∇ϕi ) · ∇ϕj dx + · · ·
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Linear FEM, gD = 0

I DMP ⇔ Gh ≥ 0 ⇔ A−1 ≥ 0 ⇔ A monotone

I A s.p.d., off-diag(A) ≤ 0 ⇒ A M-matrix ⇒ A monotone

I Element matrices: off-diag(AK ) ≤ 0 ⇒ off-diag(A) ≤ 0

I A =
∑
K∈Th

AK , AK
ij = aK (ϕj , ϕi ) =

∫
K

(A∇ϕi ) · ∇ϕj dx + · · ·

Example (triangles):

AK =
1

2

 cotβ + cot γ − cot γ − cotβ
− cot γ cotα + cot γ − cotα
− cotβ − cotα cotα + cotβ


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Linear FEM, gD = 0

I DMP ⇔ Gh ≥ 0 ⇔ A−1 ≥ 0 ⇔ A monotone

I A s.p.d., off-diag(A) ≤ 0 ⇒ A M-matrix ⇒ A monotone

I Element matrices: off-diag(AK ) ≤ 0 ⇒ off-diag(A) ≤ 0

I A =
∑
K∈Th

AK , AK
ij = aK (ϕj , ϕi ) =

∫
K

(A∇ϕi ) · ∇ϕj dx + · · ·

Example (triangles):

I αmax ≤ π/2 ⇒ off-diag(AK ) ≤ 0

I α + α′ ≤ π ⇔ off-diag(A) ≤ 0
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Linear FEM, gD = 0

I DMP ⇔ Gh ≥ 0 ⇔ A−1 ≥ 0 ⇔ A monotone

I A s.p.d., off-diag(A) ≤ 0 ⇒ A M-matrix ⇒ A monotone

I Element matrices: off-diag(AK ) ≤ 0 ⇒ off-diag(A) ≤ 0

I A =
∑
K∈Th

AK , AK
ij = aK (ϕj , ϕi ) =

∫
K

(A∇ϕi ) · ∇ϕj dx + · · ·

Gap: A monotone but not M-matrix
⇒ numerical tests
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Higher order FEM, gD = 0

I DMP ⇔ Gh ≥ 0 6⇔ A−1 ≥ 0

I Gh(xV
i , x

V
j ) ≥ 0 ⇔ S−1 ≥ 0

I xV
i , i = 1, . . . ,Nvert vertices (nodes) in Th

I S = AVV − AVNA−1
NNANV

I A =

(
AVV AVN

ANV ANN

)
I AVV ∈ RNvert×Nvert , ANN ∈ RNnonv×Nnonv , Ndof = Nvert + Nnonv

I hp-FEM basis: ϕV
1 , . . . , ϕ

V
Nvert︸ ︷︷ ︸

vertex fun.

, ϕN
Nvert+1, . . . , ϕ

N
Ndof︸ ︷︷ ︸

edge, bubble fun.

I Gh|K×L(x , y) =
∑
i∈ιK

∑
j∈ιL

ϕj |L(y) (A−1)ij ϕi |K (x), (x , y) ∈ K × L

I Gh|K×L(x , y) ≥ 0 in K × L ? (cf. 17th Hilbert problem)
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Higher order FEM, gD = 0

I DMP ⇔ Gh ≥ 0 6⇔ A−1 ≥ 0

I Gh(xV
i , x

V
j ) ≥ 0 ⇔ S−1 ≥ 0

I Gh|K×L(x , y) =
∑
i∈ιK

∑
j∈ιL

ϕj |L(y) (A−1)ij ϕi |K (x), (x , y) ∈ K × L

I ιK = {i : meas(K ∩ suppϕi ) > 0}
(indices of basis functions supported in K )

I K , L ∈ Th

I Gh|K×L(x , y) ≥ 0 in K × L ? (cf. 17th Hilbert problem)
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Higher order FEM, gD = 0

I DMP ⇔ Gh ≥ 0 6⇔ A−1 ≥ 0

I Gh(xV
i , x

V
j ) ≥ 0 ⇔ S−1 ≥ 0

I Gh|K×L(x , y) =
∑
i∈ιK

∑
j∈ιL

ϕj |L(y) (A−1)ij ϕi |K (x), (x , y) ∈ K × L

I Gh|K×L(x , y) ≥ 0 in K × L ? (cf. 17th Hilbert problem)
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Numerical test

−∆u = f in Ω

u = 0 on ∂Ω

α = 30◦

β = 70◦

α β

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦ α + β < 180◦
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Numerical test

−∆u = f in Ω

u = 0 on ∂Ω

α = 40◦

β = 70◦
α β

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦ α + β < 180◦
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Numerical test

−∆u = f in Ω

u = 0 on ∂Ω

α = 50◦

β = 70◦
α β

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦ α + β < 180◦
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Numerical test

−∆u = f in Ω

u = 0 on ∂Ω

α = 30◦

β = 80◦

α β

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦ α + β < 180◦



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Numerical test

−∆u = f in Ω

u = 0 on ∂Ω

α = 40◦

β = 80◦
α β

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦ α + β < 180◦
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Numerical test

−∆u = f in Ω

u = 0 on ∂Ω

α = 50◦

β = 80◦
α β

α = 1◦, 2◦, . . . , 179◦ β = 1◦, 2◦, . . . , 179◦ α + β < 180◦
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Numerical test – p = 1
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Numerical test – p = 2
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Numerical test – p = 3
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Numerical test – p = 4
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Numerical test – p = 5
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Numerical test – p = 6
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Visualization of DGF
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1

2

3

4

5

6

7

8

9

10

11

12

13

14

15 16 17 18 19 20 21
22

23

24

25

26

27

28

29

30

31

32

33

34 35 36 37 38 39

40

41

42

43

44

45

46

47

48 49 50 51
52

53

54

55

56

57

58 59 60

61

62

63
64

1 8 15 22 28 34 40 52 64
1

8

15

22

28

34

40

52

64

mean G
h

indices of elements − x

in
di

ce
s 

of
 e

le
m

en
ts

 −
 y

 

 

0.05

0.1

0.15

0.2

0.25

0.3

α = 60◦

β = 60◦

p = 3



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Visualization of DGF
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Conclusions

I Gh 6≥ 0 on uniform triangular meshes for p ≥ 3

I Gh ≥ 0 for p ≥ 2 for triangles close to equilateral

I Gh < 0 close to the boundary

I meas{(x , y) : Gh(x , y) < 0} is small

I |min Gh| << |max Gh|
I f ≥ 0 such that uh 6≥ 0 is weird

I If f is well approximated on Th then uh ≥ 0.

I Polynomials not suitable – try sin and cos
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