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Outline

» Diffusion reaction problem: —Au+ k%u=f in Q
u=0o0n 02

» Finite elements: up € V)

» A posteriori error estimator: e = u — up

» Guaranteed upper bound: llel| < n
» Robust: 3C >0, C # C(h,k) : Cn < ||e]

upper no local

bound constant (fast) robust
Equlib res (1993) - + n —
Robust flux (1999) - + +
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Model Problem

» Classical formulation: x = const. > 0

~Au+r2u=Ff inQCR?
u=0 onof

» Weak formulation:
V =HNQ), B(u,v)= / Vu- Vvdx+/ K2uv dx
Q Q

ueV: B(u,v)—/fvdx VveV
Q

» Linear triangular FEM:
Vi ={v, € V:vlk € PY(K), K cTp}

up € V- B(uh, Vh) —/ fvpdx Vv, € V,
Q




Local Neumann Problems

> e=u— up

v

Residual equation: e € V :

B(e,v) = / fvdx — B(up,v) VYveV
Q

v

Local Neumann problem: ex € V(K) :

BK(sK,v):/ fvdx—BK(uh,v)—i—/8 gkvds Vv e V(K)
K K

» V(K)={ve H{(K):v=00n0KNIN} KEeT,

v

BK(u,v):/ Vu-Vvdx+/ w2uv dx
K K



Local Neumann Problems

> e=u— up

» Residual equation: e € V :
B(e,v) = / fvdx — B(up,v) VYveV
Q

» Local Neumann problem:
—Alex +up) + K2(ex +up) =f  inK
V(€K+uh)~nK:gK on aK\aﬂ
ek +u, =0 on 0K NN




Properties of ek

Theorem 1: If gk|y + gk+|y = 0 for v = 0K N OK™

2 2
then el < D exllk-

KeT,,
Notation: |[v]|? = B(v, v) V% = Bk (v, v)

Proof: e = u— uy

B(e,v) = Z (/ fvdx — BK(uh,v)+/ gdes>
ket \/K oK
1

= > Bx(ek,v) < (Z IH€KHIf<> vl

KeT, KeT,



Properties of ek

Theorem 2: If g = u/Oni then [l = Y [lexli-
KeT,

Proof:
> 2>0 = u=cex+u,

—A(ek +up) + K2(ex +up) = f  in K
V(ek + up) -nk = gx on 0K \ 02
ek +u,=0 on 0K NN

> w2 =0 = u=cek+up+ Ckand lu— upllk = [lexllx



Construction of fluxes gx

Exists fast algorithm [M. Ainsworth, |. Babuska 1999]:
> gkly +8k+ly =0
> gkly € Pl(v), v COK, KTy,

» robust

lellx = llellz +min(hi, &) | = NF]| 2z,



Estimation of Local Errors

ek € V(K), veV(K),

Bk(ek,v) = /K fvdx — Bk(up, v)

+/ gkvds
oK



Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

Bk(ek,v) = /K fvdx — Bk (up, v)

+/ gxvds
oK

—i—/divydex—i—/yK-Vvdx—/ yk -ngvds
K K oK

=0




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

Bk(ek,v) = /Kfvdx— Bk (up, v)

+/ gkvds
oK

+/divydex—|—/yK-Vvdx—/ yk -ngvds
K K oK




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),
Bk(ek,v) = / fvdx—/ Vuh-Vvdx—/ k2upv dx
K K K

+/ gkvds
oK

+/divydex—|—/yK-Vvdx—/ yk -ngvds
K K oK




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),
Bk(ek,v) = / fvdx—/ Vuh-Vvdx—/ k2upv dx
K K K

+/ gkvds
oK

+/divydex—|—/yK-Vvdx—/ yk -ngvds
K K oK




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

Bk(ek,v) = /K fvdx—/KVuh-Vvdx—/KK?uhvdx

+/ gkvds
oK

+/divydex—|—/yK-Vvdx—/ yk -ngvds
K K oK

r=1~f—k“up




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

Bk(ek,v) = /K(r—&—divyK)vdx—/KVuh-Vvdx

+/ gkvds
oK

+/yK~Vvdx—/ Yk -ngvds
K oK

r=1Ff—K°up




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

Bk(ek,v) = /K(rﬁ—divyK)vdx—/KVUh-Vvdx

Jr/ gkvds
oK

+/yK'Vvdx—/ yk -ngvds
K oK

r=f—Kk?up

Yk Nk =gk on IK\ R




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

Bk(ek,v) = / (r+divyK)vdx—/ Vup - Vvdx
K K

+ / yk - Vvdx
K

r=f—Kk?up

Yk Nk =gk on IK\ 9Q




Estimation of Local Errors

ex € V(K), veV(K), yke€H(div,K),

1
Bk(ek,v) = / —(r+divyk)rvdx
K R

+ / (yk — Vup) - Vvdx
K

r=f—Kk?up

Yk Nk =gk on 0K \ 0Q



Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

1 .
HORR R )

0,K

+ /(yK — Vup) - Vvdx
K

r=f—Kk?up

Yk Nk =gk on K\ 0Q




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

2 1 )
5 vl

1)1 .
BK(sK, V) < — H(r + div yK)
21|k 0.K

+ /(yK — Vup) - Vvdx
K

r=f—Kk?up

Yk Nk =gk on K\ 0Q




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

2 1 )
5 vl

1)1 .
BK(sK, V) < — H(r + div yK)
21|k 0.K

+llyk = Vunll k [IVv

0,K

r=f—Kk?up

Yk Nk =gk on K\ 0Q




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

11 2
Bl v) < 5 |10+ divye)

2
5 v
0,K

5 ||YK - vUhHoK +35 HVVHOK

r=f—Kk?up

Yk Nk =gk on K\ 0Q




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

2

1)1 . 1
Bk(ek,v) < 5 H/‘i(r +divyk) t3 ||“V’\(2),K

0,K

5 ||YK - vUh“oK +5 HVVHOK

r=f—Kk?up
Yk Nk =gk on 0K \ 09

5 avlio e + 5 1Vvilo x = S IvIk




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

2

1)1 .
BK(sK, V) < E HH(I‘ + div yK)

0,K

1 ) 1
+ 5 vk = Vel + 5 IV

r=f—Kk?up

Yk Nk =gk on K\ 0Q

2 2 2
vl s+ 5 19V1E k= SlIvIE




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

2

11 .
Bk(ek,ek) < = H(r +divyk)
2|k 0.K

1 ) 1
+ 5 llyk = Vanld i + S lexl

r=f—Kk?up

Yk Nk =gk on K\ 0Q




Estimation of Local Errors

ex € V(K), veV(K), yke€H(div,K),

2

111 .
lewli < 5 | 2+ divy)

0,K
1 ) 1
+ 5 vk — Vanld i + S lenl

r=f—Kk?up

Yk Nk =gk on K\ 0Q



Estimation of Local Errors

ex € V(K), veV(K), yke€H(div,K),

1 2

2

1 2 1 -
—lle < - d
Slewlie < 3 2+ v

0.K
1
3 lyk — vUh||g,l<

r=f—Kk?up

Yk Nk =gk on K\ 0Q



Estimation of Local Errors

ex € V(K), veV(K), yke€H(div,K),

2

1 .
el < H(r+duvyK)
Kk 0,K

+ lyk — Vunllg «

r=f—Kk?up

Yk Nk =gk on K\ 0Q



Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

» Local estimate

2

+llyk — Vunlly x = nk(yx)

1 .
Jexl? < H (r + divyx)
0,K

K

r=f—Kk?up

Yk Nk =gk on K\ 0Q




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

» Local estimate

2

+llyk — Vunlly x = nk(yx)

1 .
lewl < | 2+ divye)
0,K

» Global estimate

llell® < > lexlli < D ni(yx)

KeT, KeTy,

r=f—Kk?up

Yk Nk =gk on 0K\ 09




Estimation of Local Errors
ek € V(K), veV(K), ykeH(div,K),

» Local estimate

2

+llyk — Vunlly x = nk(yx)

1 .
Jexl? < H (r + divyx)
0,K

K

> Theorem 3: If yx = V(up + €k) then |lex|lk = nk(yk).
» Proof:
» f— K2up +divyk = f — K2up + A(up + ek) = K2ex
» yxk — Vup = Vek
r=f—Kk?up
Yk Nk =gk on K\ 0Q




Choice of yx

(a) yk uniquely given by gk:
> gkly € PY(y) = ¥k € [PHK)?: ¥k -nk = gk

(b) Minimize n%(yk) over W2(K) C H(div, K)
> W3(K) =k + W5(K)
W3(K) := {ye [P2(K)]? :y-nk =0o0n 0K\ o0}

v

v

B*(y,w) ::/Kdivydivwdx+/K/e2y-wdx

v

Yk =Yk +¥k ¥k € WE(K)
Find y% € W3(K):

B*(¥% + ¥, w) = /K fdivwdx Yw € W2(K)

v




Robustness for kK — oo

Theorem 4:
f e L>*(Q), Vek € H(div, K), regular family of triangulations
= 3C > 0 (independent of h and k):

k() < C [llexllic +£72 + min(h™*k 7%, h*x71)]

Remark: If K — o001 |le])? ~ Z lexllk ~ #2
K

~ <1+ min(h™*k™2 h*k)

= [’ =
eff H]e\z k2 —

7y ()
H



Data oscillations

0,K

2
1, |
ww%sOLuK—ﬁ%+wwm +%WUQ

2
+ (llyx = Vunllo  +0sck(F)” = (2(yi))?
osck(f) = min(hg /7, k1) Hf _?KHO,K
(a) Fx € P(K) : /(f—fK)v_ 0 v e P(K)
K
= fK:|Kyl/ f dx
K

(b) fx € PYK): /K(f—fK)v: 0 Vve PYK)



Numerical examples
—Au+rKu=f inQ

u=0 on0RQ
Example (A) Example (B)
Q=(-1/2,1/2)2 Q={(x,y):r<1}
f = cos(mx) cos(my) f=1 r=+/x2+y?

72 + K2 T Io()

_ cos(x) cos(ry) 1 ( L /o(m))




Results — /¢

Nk (¥k) - .. linear yx

Example (A) Example (B)
const linear

K Nno 0sC 0OSsC OSsC K no 0SsC
0 3.78 1.73 3.80 0 —
1073 3513.02 1.73 3478.19 1073 1.05
102 351.31 1.73  347.86 1072 1.05
101 35.16 1.73 34.85 1071 1.05
1 3.78 1.79 3.80 1 1.14
10 1.60 4.68 1.85 10 1.85
102 1.52 10.30 2.14 102 1.64
103 1.37 10.51 2.00 103 1.66
10% 1.35 10.51 1.99 104 1.67
10° 1.35 10.50 1.98 10°  1.67

10° 1.35 10.50 1.98 10  1.67



Results — /¢

nk(¥Yk) ... quadratic yx, minimization

Example (A) Example (B)
const linear
K NO 0OSC 0OsC OSC K no 0SsC
0 146 1.73 1.42 0 —
1073 49375 1.72 141 1073 1.05
1072 4939 1.72 1.41 1072 1.05
101 512 1.72 141 1071 1.05
1 146 175 1.42 1 1.05
10 1.49 414 1.75 10 1.54
102 1.24 1024 1.86 102 1.37
103 1.17 10.39 1.79 103 1.41
10* 1.17 10.38 1.78 104 1.42
10° 1.17 10.38 1.78 10> 1.42

100 1.17 10.38 1.78 106  1.42



Conclusions

~Au+riu=Ff inQCR?
u=0 on 9df2

2

1 .
TELEDS (HK(’C—quthdIVyK)

+llyx — VUhH%,K)
KeT,

0,K

No constants
Completely computable
Guaranteed upper bound

Elementwise local

vV v . v. v Y

Robust for s — 00, Kk — 0, h— 0



Thank you for your attention

Tomas Vejchodsky and Mark Ainsworth

Institute of Mathematics, Academy of Sciences
Zitna 25, 11567 Prague 1
Czech Republic

Modelling 2009, June 22-26, 2009, Roznov pod Radho$tém



