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Poisson problem

I Classical formulation: find u ∈ C 2(Ω) ∩ C (Ω) :

−∆u = f in Ω u = 0 on ∂Ω

I Weak formulation: V = H1
0 (Ω)

u ∈ V : B(u, v)︸ ︷︷ ︸∫
Ω
∇u · ∇v dx

= F(v)︸ ︷︷ ︸∫
Ω

fv dx

∀v ∈ V

I Galerkin method Vh ⊂ V dim Vh <∞

uh ∈ Vh : B(uh, vh) = F(vh) ∀vh ∈ Vh ⇔ Ay = F

uh(x) =
N∑

j=1

yjϕj(x)
N∑

j=1

yj B(ϕj , ϕi )︸ ︷︷ ︸
Aij

= F(ϕi )︸ ︷︷ ︸
Fi
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Finite element method (FEM)

I FEM Vh = {vh ∈ V : vh|K ∈ P1(K ) ∀K ∈ Th}

ϕ1, . . . , ϕN . . . FEM basis functions ϕi (xj) = δij



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Motivation – adaptive algorithm

1. Initialize: Construct the initial mesh Th.

2. Solve: Find uh on Th.

3. Estimate error: Compute ηK for all K ∈ Th.

4. Stopping criterion: If
∑
K∈Th

η2
K ≤ TOL2 ⇒ STOP.

5. Mark: If ηK ≥ Θ max
K∈Th

ηK ⇒ mark K . 0 < Θ < 1

6. Refine: Refine marked elements and build the new mesh Th.

7. GO TO 2.
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A priori error estimates

I Discretization error: e = u − uh

I Energy norm: ‖u‖2 = B(u, u) = |u|2H1(Ω)

I Céa’s lemma: ‖e‖ = inf
vh∈Vh

‖u − vh‖ = dist(u,Vh)

I Lagrange interpolation: πLag
h : C (Ω) 7→ Vh

v ∈ H2(Ω) ∩ C (Ω) ⇒ ‖v − πLag
h v‖H1(Ω) ≤ C h |v |H2(Ω)

I u ∈ H2(Ω) ∩ C (Ω) ⇒ ‖e‖ ≤ C h |u|H2(Ω)
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A posteriori error estimates I

Definition

I ‖e‖ ≈ η (or ‖e‖ ≤ η, or η ≤ ‖e‖)
I η = η(uh, f ,Ω, Th, . . . )

Properties

I Local: η2 =
∑
K∈Th

η2
K

I Guaranteed upper (lower) bound: ‖e‖ ≤ η (η ≤ ‖e‖)

I Asymptotic exactness: lim
h→0

Ieff = 1, Ieff =
η

‖e‖
I Efficient and reliable: C1η ≤ ‖e‖ ≤ C2η

I Robust: C1 and C2 are independent from quantities like
coefficients in the equation, mesh aspect ratio etc.
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A posteriori error estimates II

Remarks:

I Locality
⇒ fast evaluation of η

I Guaranteed upper bound
⇒ adaptive algorithm guarantees ‖e‖ ≤ TOL

I Efficiency and reliability
⇒ convergence of adaptive algorithm
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Residual estimates

u ∈ V : B(u, v) = F(v) ∀v ∈ V

uh ∈ Vh : B(uh, vh) = F(vh) ∀vh ∈ Vh

I Residual: R(v) = F(v)− B(uh, v) ∀v ∈ V

I Residual equation: e ∈ V : B(e, v) = R(v) ∀v ∈ V[
B(u, v)−B(uh, v) = F(v)−B(uh, v) ∀v ∈ V

]
I Galerkin orthogonality: B(e, vh) = 0 ∀vh ∈ Vh

I ‖e‖ = sup
06=v∈V

∣∣B(e, v)
∣∣

‖v‖
= sup

06=v∈V

∣∣R(v)
∣∣

‖v‖
= ‖R‖V ∗
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Explicit residual estimates I

I Residual splitting: R(v) =
∑
K∈Th

∫
K

rv dx +
∑
`

∫
`
J`v ds

r = f + ∆uh J` = (∇u+
h −∇u−h ) · ν` ` are edges in Th

R(v) = F(v)− B(uh, v) =
∑
K∈Th

(∫
K

fv dx −
∫

K
∇uh · ∇v dx

)

=
∑
K∈Th

(∫
K

fv dx +

∫
K

∆uhv dx −
∫
∂K
∇uh · νKv ds

)
=
∑
K∈Th

∫
K

rv dx +
∑
`

∫
`
(∇u+

h −∇u−h ) · ν`v ds
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Explicit residual estimates II
I Clément inter.: πCl

h : V 7→ Vh

∥∥v − πCl
h v
∥∥

0,K
≤ C1|K |1/2 ‖∇v‖0,ωK∥∥v − πCl

h v
∥∥

0,`
≤ C2|`|1/2 ‖∇v‖0,ω`

‖e‖2 = B(e, e) = R(e) = R(e − πCl
h e)

=
∑
K∈Th

∫
K

r(e − πCl
h e) dx +

∑
`

∫
`
J`(e − πCl

h e) ds

≤
∑
K∈Th

C1 ‖r‖0,K |K |
1/2 ‖∇e‖0,ωK

+
∑
`

C2 ‖J`‖0,` |`|
1/2 ‖∇e‖0,ω`

≤ C3

∑
K∈Th

|K | ‖r‖2
0,K +

∑
`

|`| ‖J`‖2
0,`

+ ε ‖e‖2

‖e‖2 ≤ C4

∑
K∈Th

|K | ‖r‖2
0,K +

∑
`

|`| ‖J`‖2
0,`


︸ ︷︷ ︸

(ηexpl)2

≡ C4(ηexpl)2
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Implicit residual estimates – Dirichlet I

Construction:

I Local Dirichlet problems:

eDir
K ∈ H1

0 (K ) : BK (eDir
K , v) = RK (v) ∀v ∈ H1

0 (K )

I Approximate local problems: V0,h(K ) ⊂ H1
0 (K )

eDir
K ,h ∈ V0,h(K ) : BK (eDir

K ,h, vh) = RK (vh) ∀vh ∈ V0,h(K )

I ηDir
K = ‖eDir

K ,h‖K (ηDir)2 =
∑
K∈Th

(ηDir
K )2

I Notation: BK (u, v) =

∫
K
∇u · ∇v dx

RK (v) =

∫
K

fv dx −
∫

K
∇uh · ∇v dx

‖v‖2
K = BK (v , v)
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Implicit residual estimates – Dirichlet II

Guaranteed lower bound:

I eDir|K = eDir
K ∀K ∈ Th; V0 = {v ∈ V : v |K ∈ H1

0 (K )} ⊂ V

I eDir
h |K = eDir

K ,h ∀K ∈ Th; V0,h = {v ∈ V : v |K ∈ V0,h(K )} ⊂ V0

I Theorem: ‖eDir
h ‖ ≤ ‖eDir‖ ≤ ‖e‖

Proof:

I ‖eDir‖ ≤ ‖e‖:
eDir ∈ V0 v ∈ V0

B(e − eDir, v) = R(v)−R(v) = 0
⇒ B(e, eDir) = ‖eDir‖2

⇒ ‖e − eDir‖2 = ‖e‖2 − 2B(e, eDir) + ‖eDir‖2

= ‖e‖2 − ‖eDir‖2 ≥ 0
I ‖eDir

h ‖ ≤ ‖eDir‖:
B(eDir − eDir

h , vh) = R(vh)−R(vh) = 0 ∀vh ∈ V0,h

Similarly.
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Implicit residual estimates – Neumann I
Construction:

I Weak f.: eNeu
K ∈ H1

E (K ) = {v ∈ H1(K ) : v = 0 on ∂K ∩ ∂Ω}:

BK (eNeu
K , v) =

∫
K

fv dx−BK (uh, v)+

∫
∂K

gKv ds ∀v ∈ H1
E (K )

I Classical f.: −∆(eNeu
K + uh) = f in K

∇(eNeu
K + uh) · νK = gK on ∂K \ ∂Ω

eNeu
K + uh = 0 on ∂K ∩ ∂Ω

I gK |` ∈ P1(`), ` ⊂ ∂K , K ∈ Th, gK ≈ ∇u|K · νK on ∂K

I Compatibility condition: gK |` + gK∗ |` = 0 for ` = ∂K ∩ ∂K ∗

I p-order equilibration condition (p = 0, 1):∫
K

f ϕdx − BK (uh, ϕ) +

∫
∂K

gKϕds = 0 ∀ϕ ∈ Pp(K )

I ηNeu
K = ‖eNeu

K ‖K (ηNeu)2 =
∑
K∈Th

(ηNeu
K )2
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Implicit residual estimates – Neumann II

Guaranteed upper bound:

I Theorem: Compatibility cond. ⇒ ‖e‖ ≤ ηNeu

Proof: v ∈ V

B(e, v) = R(v) =
∑
K∈Th

(∫
K

fv dx−BK (uh, v)+

∫
∂K

gKv ds

)

=
∑
K∈Th

BK (eNeu
K , v) ≤

∑
K∈Th

‖eNeu
K ‖K ‖v‖K ≤

(∑
K∈Th

‖eNeu
K ‖2

K

) 1
2

‖v‖

I Remark: Approximate Neumann problems:

eNeu
K ,h ∈ V Neu

h ⊂ H1
E (K ) ⇒

∑
K∈Th

‖eNeu
K ,h ‖2

K ≤ (ηNeu)2

I In general: ‖e‖ 6≤ ηNeu
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Hierarchic (residual) estimates

I V̂h = Vh ⊕ Yh Yh ⊂ V Vh ∩ Yh = {0}

I ûh ∈ V̂h : B(ûh, v̂h) = F(v̂h) ∀v̂h ∈ V̂h

I ‖e‖ ≈ ‖ûh − uh‖ ≡ ‖êh‖

I eh ∈ Yh : B(eh, yh) = R(yh) ∀yh ∈ Yh

I ‖e‖ ≈ ‖eh‖ ≡ ηHie

I Saturation assumption:
∃β < 1: ‖u − ûh‖ ≤ β ‖u − uh‖

I Strengthenned Cauchy-Schwarz inequality:
∃γ < 1: |B(vh, yh)| ≤ γ ‖vh‖ ‖yh‖ ∀vh ∈ Vh, yh ∈ Yh

I ‖eh‖ ≤ ‖êh‖ ≤ ‖e‖ ≤
1

(1− β2)
1
2

‖êh‖ ≤
1

(1− β2)
1
2 (1− γ2)

1
2

‖eh‖
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Error majorants

I Friedrichs inequality: ‖v‖0,Ω ≤ CΩ ‖∇v‖0,Ω ∀v ∈ V = H1
0 (Ω)

I ‖e‖ ≤ CΩ ‖f + div y‖0,Ω + ‖y −∇uh‖0,Ω ∀y ∈ H(div,Ω)

Proof:
v ∈ V y ∈ H(div,Ω)

B(e, v) = R(v) +

∫
Ω

y · ∇v dx +

∫
Ω

div yv dx +

∫
∂Ω

y · νv ds

=

∫
Ω

(f + div y)v dx +

∫
Ω

(y −∇uh) · ∇v dx

≤ ‖f + div y‖0,Ω ‖v‖0,Ω + ‖y −∇uh‖0,Ω ‖∇v‖0,Ω

≤
(
CΩ ‖f + div y‖0,Ω + ‖y −∇uh‖0,Ω

)
‖∇v‖0,Ω

Put v = e.
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Postprocessing

I Recovered gradient: ∇uh 7→ G(uh)

I ‖e‖ ≈ ηpost = ‖G(uh)−∇uh‖0,Ω

I Superconvergence: ‖∇u − G(uh)‖0,Ω ≤ C1h
1+ε

I Assumption: ‖e‖ ≥ C2h

I Theorem (asymptotic exactness): lim
h→0

ηpost

‖e‖
= 1

Proof:

ηpost

‖e‖
≤
‖∇u −∇uh‖0

‖e‖
+
‖∇u − G(uh)‖0

‖e‖
≤ 1 +

C1h
1+ε

C2h
→ 1

ηpost

‖e‖
≥
‖∇u −∇uh‖0

‖e‖
−
‖∇u − G(uh)‖0

‖e‖
≥ 1− C1h

1+ε

C2h
→ 1
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Quantity of interest

I Quantity of interest: Φ ∈ V ∗

I Adjoint problem: z ∈ V : B(v , z) = Φ(v) ∀v ∈ V

I Approx. adjoint prob.: zh ∈ Vh : B(vh, zh) = Φ(vh) ∀vh ∈ Vh

I Error representation formula:

Φ(e) = B(e, z) = R(z) = R(z − zh) = B(u − uh, z − zh)

|Φ(e)| ≤ ‖u − uh‖ ‖z − zh‖
≤ ηpriηadj

IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Summary

A posteriori error estimators

I Explicit residual – fast, simple, reliable, (efficient)

I Implicit residual
I Dirichlet type – guaranteed lower bound, (reliable)
I Neumann type – upper bound (not guaranteed), (efficient)

I Hierarchic (residual) – efficient and reliable

I Error majorants – guaranteed upper bound, demanding

I Postprocessing – fast, simple, superconvergence ⇒ asympt. exact

I Quantity of interest – if energy norm is not the goal
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