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Poisson problem Finite element method (FEM)

» Classical formulation: find u € C3(Q)N C(Q) :
> FEM  Vh={ws € V: vk € PY(K) VK € Tp}
—Au=f inQ u=0 on0dQ ©1,...,¢n -..FEM basis functions  ¢i(x;) = d;;

» Weak formulation: V = H}(Q)

ueV . B(u,v) = F(v) VveV
—— ——
/ Vu-Vvdx / fv dx
Q Q
» Galerkin method VbV dimV, <>

up € Vi o+ Blup,vp) =F(vh) VYvpeVy, & Ay=F

—_—— =

N N
un(x) =D yjpi(x) > i By ¢1) = F(ei)
o Y F;




Motivation — adaptive algorithm A priori error estimates

1. Initialize: Construct the initial mesh 7.

v

Discretization error: e = u — uy,
2. Solve: Find up on 7.

v

Energy norm: ||ul® = B(u, u) = |u\,2L,1(Q)
3. Estimate error: Compute ng for all K € 7.

» Céa's lemma: |le|]| = inf |[u— vu|| = dist(u, V,
4. Stopping criterion: If Z ?7%( <TOL? = STOP. el VhE Vi | bl (u, V)
KET, L a
5 Mark: If >0 K K 0<0<1 » Lagrange interpolation: 7,% : C(Q) — V,
e I = D gk = marcit. . 0< 9 < veH@NCQ) = v -mvlime) < Chlvinee

6. Refine: Refine marked elements and build the new mesh 7.

v

ue HA(Q)NC@) = el < Chlulwg
7. GO TO 2.

A posteriori error estimates |l

A posteriori error estimates |

Definition

> llell~n (o [le[f <n, orn<el)

> n=n(up, £,Q,Tp,...) Remarks:

» Locality

Properties = fast evaluation of n

» Local: 2 = 2

g Z K » Guaranteed upper bound
KeT, . .
= adaptive algorithm guarantees ||e|]| < TOL
» Guaranteed upper (lower) bound: llel <n (n <€)
» Asymptotic exactness: lim lgg =1, g = e > Efficiency and reliability
h—0 €]l =- convergence of adaptive algorithm
» Efficient and reliable: Gn <lle| < Gn
» Robust: C; and (; are independent from quantities like

coefficients in the equation, mesh aspect ratio etc.



Residual estimates Explicit residual estimates |

ueV: B(u,v)=F(v) VveV

up € Vi B(up,vp) = F(vn) Vvy € Vi » Residual splitting: R(v Z / rvdx—l—Z/ngds

KeTy
r=Ff+Au, J= (Vuh —Vu, ) v, [ areedgesin Ty

> Residual: R(v) = F(v) — B(up,v) VveV
> Residual equation: ee V: B(e,v)=R(v) VveV R(v) = F(v) = B(up,v) = Z </K fv dx —/KVuh : Vvdx>
KeTy,
[B(u, V)—B(up, v) = F(v)—Blup,v) YveV
/fvdx+/ Auhvdx—/ Vuh-Vdes)
K K oK
» Galerkin orthogonality: B(e,vy) =0 Vvye Vy

N KeT, (
Z/rvdx+Z/Vuh —Vuh -vypvds
\B(e, V)| ‘R(V)’ KeT,
lle] = sup ~——— = sup
ozvev v o£vev V]l

v

= [[Rllv-

Explicit residual estimates Il

> Clément inter.: 71 Vi V, Hv—7r VHOK<C1|K|1/2|

Implicit residual estimates — Dirichlet |

HV VHOK < C2|€|1/2 HVVHOWZ COHStI’UCtiOI’]Z
» Local Dirichlet problems:
lel> = B(e, €) = R(e) = R(e — w'e) el € HY(K): Bk(eR", v) = Rk(v) Vv e Hi(K)

= Z / e—m'e)dx + Z/Je(e — 5 > Approximate local problems: Vg 5(K) C Hy(K)

KeT, Dir Dir

€K.h € Vo,h(K) : BK(eK h Vh) RK(Vh) Vv, € Vo’h(K)

<Y Glirllow KM [Vellg., +ZC2 1 ellg (16172 1 Vellg,,, _ _

ke, >R = el (PP = S (R

KeTy,
<G| Y IK ||fH0K+Z|€| 1 ello,e | +<llell®

KET, » Notation:  Bg(u, v):/ Vu-Vvdx

le]? < Gy (Z K i+ 14 m%,e) = G (™)’ Ri() = [ #s— [ VuyTvax
L

QNET y Ivlik = Br (v, v)

-~

(nexpl )2



Implicit residual estimates — Dirichlet Il

Guaranteed lower bound:

PeDirlK_eE" VK € Tp; VOZ{VE V:V|K€H6(K)}CV

> e[k = eRl, VKE€Th Von={veV: v|ke Von(K)}C Vo
> Theorem: ||eP™|| < [l€Pr|| < |le]
Proof:
> HeD”H < |lell:
Dir € V() Vv € Vo
B(e ePir, v) =R(v) —R(v) =0
- B(e, eDur) — HeDurH2
= fle— P2 = |le]|? — 2B(e, &) + [P 2
= [le[l* = [le®"][> >0
> Jlep || < [leP:
B(eDlr e,',)"7 h) R(Vh)
Similarly.

— 'R(Vh) =0 Vv, € VO,h

Implicit residual estimates — Neumann |l

Guaranteed upper bound:

» Theorem: Compatibility cond. = |le|| < nNe“
Proof: veV
B(e,v) = R(v) = Z (/ fv dx—Bk (up, v)+/ g;wds)
ket \/K oK
3
= > Br(eR™,v) < D [leR™[lk vk < <Z He%e”Hﬁ> vl
KeT, KeTy, KeT,

» Remark: Approximate Neumann problems
e,'ge;,‘ e VNeu c HL(K Z lex’h
KeTy

< (nNeU)

> In general: |le|| £ nNe

Implicit residual estimates — Neumann |
Construction:

> Weak f.: efe" € HL(K) = {v € H}(K) : v =10 on 0K N 9Q}:

Bi(eke, v) = /fvdx—lS’K(uh,v)+/8 gkvds Vv e HE(K)
K K

» Classical f.: —A(ef +u)=f inK
V(eN + up) - vk = gk on 0K \ 0Q
Ne”+uh—0 on 0K N O

> gkle € Pl(ﬁ), ¢ C OK, K €T,
» Compatibility condition: gk|¢ + gk+|¢ = 0 for £ = OK N OK™

gk = Vul|k - vk on OK

» p-order equilibration condition (p = 0,1):
/ fodx — Br(up, p) + gkpds =0 Ve PP(K)
oK

Neu Z ( Neu

> Neu HK Neu)2
KeTy,

= |lex

Hierarchic (residual) estimates

> Vy=V,aaY, YoCV VinY,={0}

v

ﬁh € /\7;, : B(/L]h,/\;h) = ]—"(Vh) V/\}h € /\7;,

v

lell = [[dn — unll = [[en]|
B(en, yn) = R(yn)

lell ~ [en|l = n™e

v

€h € Yy Vyn € Yh

v

v

Saturation assumption:
B <L u—1un|| < Bllu—

v

Strengthenned Cauchy-Schwarz inequality:

Iy <1 [B(vh,yn)|l < vllvall llyall  Yvi € Vi, yn € Ya

Jenll < 8l < llell < —— 1@l < —
(1—p2)2(1—~?)2

- (1-p2):

v

[€nll



Error majorants Postprocessing

> Friedrichs inequality: |[v]oq < CallVVvlpq Vv €V =Hj(Q) > Recovered gradient: Vup — G(up)
> |le| < Calf +divyllgq+ Ily = Vunllgq Vy € H(div,Q) > lell = nPot = [G(un) — Vunllg o
Proof:

» Superconvergence: [|[Vu — G(up)|oq < Cih'™e
veV yeH(div,Q) ’
» Assumption: |le]| > Coh

B(e,v) =R(v —I—/ -Vvdx—i—/div vdx+/ -vvds post
(&) V) Qy Q d aQy » Theorem (asymptotic exactness): Iljim() 77” H =1
— e

= /Q(f+ divy)vdx + /Q(y — Vup) - Vvdx Proof:

< |If +divylgqllviioe + Iy = Vunloa IVvloa 7Post < [Vu—=Vuly  1Vu—=G(un)lly <1+ Cyhte .

< (cQ If +divyllo.q + ly — th”O’Q) 1Vv]lo.0 lell — el el - Coh

nPost > [Vu—Vupll _ [Vu —G(un)llo >1— Cih'te 1
Put v = e el = el el = Gh
Quantity of interest Summary

> Quantity of interest: ® € V/* A posteriori error estimators
uantity of interest:

» Explicit residual — fast, simple, reliable, (efficient)
» Adjoint problem: V: B = v %4
joint problem: z € (v.2) (v) vve » Implicit residual
» Approx. adjoint prob.: z, € Vi, : B(vp,zp) = ®(v) VYvp € Vj » Dirichlet type — guaranteed lower bound, (reliable)

» Neumann type — upper bound (not guaranteed), (efficient)
» Error representation formula:

v

Hierarchic (residual) — efficient and reliable
d(e)=DB(e,z) =R(z) =R(z—zp) =B(u —up,z—z
(e) (e.2) (2) ( h) ( h h) » Error majorants — guaranteed upper bound, demanding
[®(e)| < llu— unl[lz — zal|

- » Postprocessing — fast, simple, superconvergence = asympt. exact
< 77prlnadJ

v

Quantity of interest — if energy norm is not the goal
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