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Maximum principle — strong sense

» Classical formulation:

—div(AVu)+b-Vu+cu=f inQ
u=gp onlp
au+ (AVu) -n=gx only
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Maximum principle — strong sense

» Classical formulation:

—div(AVu)+b-Vu+cu=f inQ
u=gp onlp
au+ (AVu) -n=gx only

» Maximum principle (MP):

f<O0and gx <0 = maxu< r?axmax{O, u}
Q D

» Conservation of nonnegativity (CN):
f>0,gp>0,andgn >0 = wu>0

» Theorem: f c>0and « >0then MP <« CN




Maximum principle — weak sense

» Weak formulation: v = u® + u?

eVl a(lv)=F(v)-a(’v) vve VW

v
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v

a(u, v):/(AVU)-Vv+(b-Vu)v+cuvdx+/ auvds
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Maximum principle — weak sense

> Weak formulation: u = u® 4 u?
We Vvl a(lv)=F()-a(®v) YveV
» Maximum principle (MP):

f<0ae inQand gy <0ae. only

= esssupu < esssup max{0, u}
Q B>}

» Conservation of nonnegativity (CN):

f>0ae inQ, gp>0ae onlp, and gy >0 a.e. on 'y
= u>0a.e. inQ.

» Theorem: If c >0and a >0then MP <« CN



Finite element method (FEM)

» hp-FEM: up = ug + uf

up € Vip o aup,vi) = F(v) —aluy.vi) Vv €V

7Ty, triangulation of Q

pk polynomial degree on K € 7,

Xh = {Vh € Hl(Q) : Vh’K S PPK(K), K € 7;,}

Vi =Xyn Ve O A

Xp= V0@ VP
u € V2, u ~gponlp ><><><><
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Finite element method (FEM)

» hp-FEM: up = ug + uf

up € Vip o aup,vi) = F(v) —aluy.vi) Vv €V

>u,‘?€Vf?:/r(gDuﬁ)v,?ds:0 Vv e vy
D



Finite element method (FEM)

» hp-FEM: up = ug + uf

up € Vip o aup,vi) = F(v) —aluy.vi) Vv €V

>u,?€V[?:/r(gDuﬁ)v,?ds:0 Vv e vy
D
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Finite element method (FEM)

» hp-FEM: up = ug + uf

up € Vip o aup,vi) = F(v) —aluy.vi) Vv €V

» ul e V7 / (gp — uWvPds=0 W e VP
)
> Ghy e Vi a(vh GRy) = vily) Wi e VR, yeQ
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Finite element method (FEM)

» hp-FEM: up = ug + uf

up € Vip o aup,vi) = F(v) —aluy.vi) Vv €V

v

u,‘?EV[?:/(gDuﬁ)v,?ds:O Vv e vy

)

Gl eV a6l =vily) WheVP yeQ

G, e Vi - /r (5)GP, (5)ds = v (y) — a(v{. G2,)
D
Vv,‘? ceV? yeQ

v

v

v

up(y) = a(up, Gp,)



Finite element method (FEM)

» hp-FEM: up = ug + uf

eV a(d v =F)—a(ul,v?) e W

v

u,‘?EV,‘?:/(gDuﬁ)v,?ds:O Vv e vy

)

Gl eV) o a(v),Gh)=vly) WieVP yeQ

Gy e Vil [ G (s)ds = i) al. 63,
D
Vv,‘? ceV? yeQ
> () = a(uf, GD,) = F(G,) — a(uf, G,)
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Finite element method (FEM)

» hp-FEM: up = ug + uf

up € Vip o aup,vi) = F(v) —aluy.vi) Vv €V

v

u,‘?EV,‘?:/(gDuﬁ)v,?ds:O Vv e vy

)

Gl eV) o a(v),Gh)=vly) WieVP yeQ

Glye Wi+ [ oG ()ds = ) = al. 62,)
D
Vv,‘? eV?, yeQ

> up(y) = a(up, Gy ) = F(Gp,) — (UﬁaGO )
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Finite element method (FEM)

» hp-FEM: up = ug + uf

up € Vip o aup,vi) = F(v) —aluy.vi) Vv €V

v

u,?EV,?:/r(gDuﬁ)v,;dds:O v e Vf
D

v

Gl eV) o a(v),Gh)=vly) WieVP yeQ

G, e Vi - /r (5)GP, (5)ds = v (y) — a(v{. G2,)
D
Vv,‘? ceV? yeQ

> up(y) = a(up, Gp) = F(GP,) — a(uf, Gf )

= F(GB)+ [ en(9)6h,(5)ds — i)

v



Finite element method (FEM)

» hp-FEM: up = ug + uf

up € Vip o aup,vi) = F(v) —aluy.vi) Vv €V

v

u,?EV,‘?:/(gDu,‘?)v,?ds:O Vv e vy

)

Ghy € VA 2, GR,) = vily) YR EVD yen
Gy e Vil [ G (s)ds = i) al. 63,
D
Vv,‘? ceV? yeQ
> ul?(y) (uh7 Gh y) F(Gl?d/) (uh’ Gh y)

— F(G,) + /r en(s)G7, () ds — u(y)
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u(1) = gp

u(0)

in (—1,1),

o

—u"+10u="f
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Maximum principle

» Discrete maximum principle (DMP):

f<0ae inQand gy <0a.e. only
= maxu, < maxmax{0, up}
Q )

» Discrete conservatin of nonnegativity (DCN):

f>0ae in€, gp>0ae onlp, and gy >0 a.e. on 'y
= u,>0inQ

Theorem (main)
DCN < (a) G,?J(x) >0 V(x,y)eQ?

(b) G,?y(s) >0 VY(s,y)elpxQ
Proof:

uh(y):/fG,?7ydx~|—/gNG,S’,yds%—/gDG;?,de
I'N rD



Maximum principle

» Discrete maximum principle (DMP):

f<0ae inQand gy <0a.e. only
= maxu, < maxmax{0, up}
Q B}
» Discrete conservatin of nonnegativity (DCN):

f>0ae in€, gp>0ae onlp, and gy >0 a.e. on 'y
= u,>0inQ

Theorem (main)
DCN < (a) G,?J(x) >0 V(x,y)eQ?
(b) G,?y(s) >0 VY(s,y)elpxQ
But:
(i) (DCN) ¢ (DMP)

(ii) G,‘?y 7 0 up to exceptional cases



Expressions for the DGF
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Maximum principle — remedy

» Discrete maximum principle (DMP):

f<0ae inQand gy <0a.e. only
= maxu, < maxmax{0, up}
Q )

» Discrete conservatin of nonnegativity (DCN):

f>0a.e. inQ, uf >0onlp, and gy >0ae only
= u,>0inQ
Theorem (main)
DCN & (a) Gp (x) >0 V(x,y)eQ
(b) (1 —NYuf >0 vule V2, u >0inQ

Elliptic projection: I'I% Xy Vf?

Mw, € VP = a(wp, — Mwp,vi) =0 W € VP



Maximum principle — remedy

» Discrete maximum principle (DMP):

f<0ae inQand gy <0a.e. only
= maxu, < maxmax{0, up}
Q )

» Discrete conservatin of nonnegativity (DCN):
f>0a.e. inQ, uf >0onlp, and gy >0ae only
= u,>0inQ
Theorem (main)
DCN & (a) Gp (x) >0 V(x,y)eQ
(b) (1 —NYuf >0 vule V2, u >0inQ
Proof:

)= [ 1068, ax + [ ax()68,(5)ds + (1~ ML)
Q BN



Maximum principle — remedy

» Discrete maximum principle (DMP):

f<0ae inQand gy <0a.e. only
= maxu, < maxmax{0, up}
Q )

» Discrete conservatin of nonnegativity (DCN):

f>0a.e. inQ, uf >0onlp, and gy >0ae only
= u,>0inQ
Theorem (main)
DCN & (a) Gp (x) >0 V(x,y)eQ
(b) (1 —NYuf >0 vule V2, u >0inQ
Now:
(i) DCN < DMP

(ii) Condition (b) can be satisfied in nontrivial cases.



Linear FEM

Theorem
Let the basis functions be such that

SV O0(x) >0 ¥xeQ o >0 Vi=12,..., N
Zé\flc?go?(x)zo VxeQ & >0 v=1,2,..., N
Then DCN holds true if and only if

(a) A1>0 and (b)) —AA?>0.

Proof:
NO O

a Ghy ZZSDI USO'[ (X) = (Ail)lj >0

i=1 j=1



Linear FEM

Theorem
Let the basis functions be such that

SV O0(x) >0 ¥xeQ o >0 Vi=12,..., N

Zé\flc?go?(x) >0 VxeQ & >0 W=12,... N
Then DCN holds true if and only if

(a) A1>0 and (b)) —AA?>0.
Proof:

Na
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Linear FEM

Theorem
Let the basis functions be such that

SV O0(x) >0 ¥xeQ o >0 Vi=12,..., N
Zé\flc?go?(x)zo VxeQ & >0 v=1,2,..., N
Then DCN holds true if and only if

(a) A1>0 and (b)) —AA?>0.

Remarks:

» Conditions (a) and (b) for finite differences
are due to P.G. Ciarlet, 1970.

> If a(;, p;) <0 for i # j then A=t >0 and A% <0
(A is M-matrix).



Another remark

» Further modification of the definition of the DCN f +— f;
8N — &Nh

> 7, fixed (VP fixed) and want f >0, ...= u, >0
In the language of matrices:
Want x = A"1b > 0 for all b> 0 (i.e. want A~1 >0)
» f > 0 fixed and want 7} such that u, >0

In the language of matrices:
Given b > 0 construct A such that x = A=1b >0
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