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Maximum principle – strong sense

I Classical formulation:

− div(A∇u) + b ·∇u + cu = f in Ω

u = gD on ΓD

αu + (A∇u) · n = gN on ΓN

I Ω ⊂ Rd , ΓD ∪ ΓN = ∂Ω

I ξTA(x)ξ ≥ λmin|ξ|2 ∀ξ ∈ Rd , ∀x ∈ Ω

I c − 1

2
div b ≥ 0 in Ω and α +

1

2
b · n ≥ 0 on ΓN

I Maximum principle (MP):

f ≤ 0 and gN ≤ 0 ⇒ max
Ω

u ≤ max
ΓD

max{0, u}

I Conservation of nonnegativity (CN):

f ≥ 0, gD ≥ 0, and gN ≥ 0 ⇒ u ≥ 0

I Theorem: If c ≥ 0 and α ≥ 0 then MP ⇔ CN
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Maximum principle – weak sense

I Weak formulation: u = u0 + u∂

u0 ∈ V 0 : a(u0, v) = F (v)− a(u∂ , v) ∀v ∈ V 0

I u∂ ∈ H1(Ω), u∂ = gD on ΓD

I V 0 = {v ∈ H1(Ω) : v = 0 on ΓD}

I a(u, v) =

∫
Ω

(A∇u) ·∇v + (b ·∇u)v + cuv dx +

∫
ΓN

αuv ds

I F (v) =

∫
Ω

fv dx +

∫
ΓN

gNv ds

I Maximum principle (MP):

f ≤ 0 a.e. in Ω and gN ≤ 0 a.e. on ΓN

⇒ ess sup
Ω

u ≤ ess sup
ΓD

max{0, u}

I Conservation of nonnegativity (CN):

f ≥ 0 a.e. in Ω, gD ≥ 0 a.e. on ΓD, and gN ≥ 0 a.e. on ΓN

⇒ u ≥ 0 a.e. in Ω.

I Theorem: If c ≥ 0 and α ≥ 0 then MP ⇔ CN
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Finite element method (FEM)

I hp-FEM: uh = u0
h + u∂

h

u0
h ∈ V 0

h : a(u0
h, v

0
h ) = F (v0

h )− a(u∂
h , v

0
h ) ∀v0

h ∈ V 0
h

I Th triangulation of Ω

I pK polynomial degree on K ∈ Th
I Xh = {vh ∈ H1(Ω) : vh|K ∈ PpK (K ),K ∈ Th}
I V 0

h = Xh ∩ V 0

I Xh = V 0
h ⊕ V ∂

h

I u∂
h ∈ V ∂

h , u∂
h ≈ gD on ΓD

V 0
hV ∂

h V ∂
h

x0 x1 x2 x3 x4

I u∂
h ∈ V ∂

h :

∫
ΓD

(gD − u∂
h )v∂

h ds = 0 ∀v∂
h ∈ V ∂

h

I G 0
h,y ∈ V 0

h : a(v0
h ,G

0
h,y ) = v0

h (y) ∀v0
h ∈ V 0

h , y ∈ Ω

I G∂
h,y ∈ V ∂

h :

∫
ΓD

v∂
h (s)G∂

h,y (s) ds = v∂
h (y)− a(v∂

h ,G
0
h,y )

∀v∂
h ∈ V ∂

h , y ∈ Ω

I u0
h(y) = a(u0

h,G
0
h,y )

I uh(y) =

∫
Ω

f G 0
h,y dx +

∫
ΓN

gNG 0
h,y ds +

∫
ΓD

gDG∂
h,y ds
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Examples of G 0
h,y and G ∂

h,y

−u′′ = f in (−1, 1), u(0) = u(1) = gD

G 0
h,y (x) G∂

h,y (s)

−1 −0.6 −0.2 0.2 0.6 1
0

1

2

3

4

5

6

7

8

y

s=−1 s=1
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Examples of G 0
h,y and G ∂

h,y

−u′′ + 10u = f in (−1, 1), u(0) = u(1) = gD

G 0
h,y (x) G∂

h,y (s)

−1 −0.6 −0.2 0.2 0.6 1
0

1

2

3

4

5

6

7

8

y

s=−1 s=1
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Maximum principle

I Discrete maximum principle (DMP):

f ≤ 0 a.e. in Ω and gN ≤ 0 a.e. on ΓN

⇒ max
Ω

uh ≤ max
ΓD

max{0, uh}

I Discrete conservatin of nonnegativity (DCN):

f ≥ 0 a.e. in Ω, gD ≥ 0 a.e. on ΓD, and gN ≥ 0 a.e. on ΓN

⇒ uh ≥ 0 in Ω

Theorem (main)

DCN ⇔ (a) G 0
h,y (x) ≥ 0 ∀(x , y) ∈ Ω2

(b) G∂
h,y (s) ≥ 0 ∀(s, y) ∈ ΓD × Ω

Proof:

uh(y) =

∫
Ω

f G 0
h,y dx +

∫
ΓN

gNG 0
h,y ds +

∫
ΓD

gDG∂
h,y ds
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Maximum principle

I Discrete maximum principle (DMP):

f ≤ 0 a.e. in Ω and gN ≤ 0 a.e. on ΓN

⇒ max
Ω

uh ≤ max
ΓD

max{0, uh}

I Discrete conservatin of nonnegativity (DCN):

f ≥ 0 a.e. in Ω, gD ≥ 0 a.e. on ΓD, and gN ≥ 0 a.e. on ΓN

⇒ uh ≥ 0 in Ω

Theorem (main)

DCN ⇔ (a) G 0
h,y (x) ≥ 0 ∀(x , y) ∈ Ω2

(b) G∂
h,y (s) ≥ 0 ∀(s, y) ∈ ΓD × Ω

But:
(i) (DCN) 6⇔ (DMP)

(ii) G∂
h,y 6≥ 0 up to exceptional cases
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Expressions for the DGF

I ϕ0
1, ϕ

0
2, . . . , ϕ

0
N0 basis in V 0

h

I ϕ∂
1 , ϕ

∂
2 , . . . , ϕ

∂
N∂ basis in V ∂

h

I A ∈ RN0×N0
, Aij = a(ϕ0

j , ϕ
0
i ) i , j = 1, 2, . . . ,N0

I A∂ ∈ RN0×N∂
, A∂

ik = a(ϕ∂
k , ϕ

0
i ) i = 1, . . . ,N0, k = 1, . . . ,N∂

I M∂ ∈ RN∂×N∂
, M∂

k` =
∫

ΓD
ϕ∂

`ϕ
∂
k ds k, ` = 1, 2, . . . ,N∂

I G 0
h,y (x) =

N0∑
i=1

N0∑
j=1

ϕ0
i (y)(A−1)ijϕ

0
j (x)

I G∂
h,y (s) =

N∂∑
k=1

N∂∑
`=1

ϕ∂
k (s)(M∂)−1

k`

ϕ∂
` (y)−

N0∑
i=1

N0∑
j=1

ϕ0
i (y)(A−1)ijA

∂
j`


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Maximum principle – remedy

I Discrete maximum principle (DMP):

f ≤ 0 a.e. in Ω and gN ≤ 0 a.e. on ΓN

⇒ max
Ω

uh ≤ max
ΓD

max{0, uh}

I Discrete conservatin of nonnegativity (DCN):

f ≥ 0 a.e. in Ω, u∂
h ≥ 0 on ΓD, and gN ≥ 0 a.e. on ΓN

⇒ uh ≥ 0 in Ω

Theorem (main)

DCN ⇔ (a) G 0
h,y (x) ≥ 0 ∀(x , y) ∈ Ω2

(b) (I − Π0
h)u∂

h ≥ 0 ∀u∂
h ∈ V ∂

h , u∂
h ≥ 0 in Ω

Elliptic projection: Π0
h : Xh 7→ V 0

h

Π0
hwh ∈ V 0

h : a(wh − Π0
hwh, v

0
h ) = 0 ∀v0

h ∈ V 0
h
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⇒ max
Ω

uh ≤ max
ΓD

max{0, uh}

I Discrete conservatin of nonnegativity (DCN):

f ≥ 0 a.e. in Ω, u∂
h ≥ 0 on ΓD, and gN ≥ 0 a.e. on ΓN

⇒ uh ≥ 0 in Ω

Theorem (main)

DCN ⇔ (a) G 0
h,y (x) ≥ 0 ∀(x , y) ∈ Ω2

(b) (I − Π0
h)u∂

h ≥ 0 ∀u∂
h ∈ V ∂

h , u∂
h ≥ 0 in Ω

Proof:

uh(y) =

∫
Ω

f (x)G 0
h,y (x) dx +

∫
ΓN

gN(s)G 0
h,y (s) ds + (I − Π0

h)u∂
h (y)
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Maximum principle – remedy

I Discrete maximum principle (DMP):

f ≤ 0 a.e. in Ω and gN ≤ 0 a.e. on ΓN

⇒ max
Ω

uh ≤ max
ΓD

max{0, uh}

I Discrete conservatin of nonnegativity (DCN):

f ≥ 0 a.e. in Ω, u∂
h ≥ 0 on ΓD, and gN ≥ 0 a.e. on ΓN

⇒ uh ≥ 0 in Ω

Theorem (main)

DCN ⇔ (a) G 0
h,y (x) ≥ 0 ∀(x , y) ∈ Ω2

(b) (I − Π0
h)u∂

h ≥ 0 ∀u∂
h ∈ V ∂

h , u∂
h ≥ 0 in Ω

Now:
(i) DCN ⇔ DMP

(ii) Condition (b) can be satisfied in nontrivial cases.
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Linear FEM

Theorem
Let the basis functions be such that∑N0

i=1 c0
i ϕ

0
i (x) ≥ 0 ∀x ∈ Ω ⇔ c0

i ≥ 0 ∀i = 1, 2, . . . ,N0,∑N∂

`=1 c∂
` ϕ

∂
` (x) ≥ 0 ∀x ∈ Ω ⇔ c∂

` ≥ 0 ∀` = 1, 2, . . . ,N∂ .

Then DCN holds true if and only if

(a) A−1 ≥ 0 and (b) − A−1A∂ ≥ 0.

Proof:

(a) G 0
h,y (x) =

N0∑
i=1

N0∑
j=1

ϕ0
i (y)(A−1)ijϕ

0
j (x) ≥ 0 ⇔ (A−1)ij ≥ 0
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Linear FEM

Theorem
Let the basis functions be such that∑N0

i=1 c0
i ϕ

0
i (x) ≥ 0 ∀x ∈ Ω ⇔ c0

i ≥ 0 ∀i = 1, 2, . . . ,N0,∑N∂

`=1 c∂
` ϕ

∂
` (x) ≥ 0 ∀x ∈ Ω ⇔ c∂

` ≥ 0 ∀` = 1, 2, . . . ,N∂ .

Then DCN holds true if and only if

(a) A−1 ≥ 0 and (b) − A−1A∂ ≥ 0.

Proof:

(b) u∂
h (y) =

N∂∑
k=1

c∂
k ϕ

∂
k (y)

(I − Π0
h)u∂

h (y) =
N∂∑
`=1

c∂
`

ϕ∂
` (y)−

N0∑
i=1

N0∑
j=1

ϕ0
i (y)(A−1)ijA

∂
j`


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Linear FEM

Theorem
Let the basis functions be such that∑N0

i=1 c0
i ϕ

0
i (x) ≥ 0 ∀x ∈ Ω ⇔ c0

i ≥ 0 ∀i = 1, 2, . . . ,N0,∑N∂

`=1 c∂
` ϕ

∂
` (x) ≥ 0 ∀x ∈ Ω ⇔ c∂

` ≥ 0 ∀` = 1, 2, . . . ,N∂ .

Then DCN holds true if and only if

(a) A−1 ≥ 0 and (b) − A−1A∂ ≥ 0.

Remarks:

I Conditions (a) and (b) for finite differences
are due to P.G. Ciarlet, 1970.

I If a(ϕi , ϕj) ≤ 0 for i 6= j then A−1 ≥ 0 and A∂ ≤ 0
(A is M-matrix).
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Another remark

I Further modification of the definition of the DCN f 7→ fh
gN 7→ gNh

I Th fixed (V 0
h fixed) and want f ≥ 0, . . .⇒ uh ≥ 0

In the language of matrices:
Want x = A−1b ≥ 0 for all b ≥ 0 (i.e. want A−1 ≥ 0)

I f ≥ 0 fixed and want Th such that uh ≥ 0

In the language of matrices:
Given b ≥ 0 construct A such that x = A−1b ≥ 0
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