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A posteriori error estimates

» GOAL: Solve the problem with prescribed accuracy.

» Adaptive algorithm
1. Initialize: Construct the initial mesh 7.
Solve: Find up on 7j,.

Estimate error: Compute 7k for all K € 7. n* = Y. n%.
KeT
Stopping criterion: If n <TOL = STOP.

Mark: If nx > © maxnkx = mark K. 0<oex<l
KeT,

Refine: Refine marked elements and build the new mesh 7.
GO TO 2.
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A posteriori error estimates

» GOAL: Solve the problem with prescribed accuracy.

» Adaptive algorithm
1. Initialize: Construct the initial mesh 7.

Refine: Refine marked elements and build the new mesh 7.
GO TO 2.

2. Solve: Find up on 7.

3. Estimate error: Compute nk for all K € Tp. 2 = > n2.
KeT,

4. Stopping criterion: If n <TOL = STOP. '

5. Mark: If nx > © maxnk = mark K. 0<o<«l1

KeT,
6.
7.

» Guaranteed upper bound: [ju—u| <n < TOL

» Verification
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Primal Problem

—div(AVu)+ Cu=f inQ

u=0 onoQ
ut vul y! divy!
u= Vu= y= : divy =
ul vuN yN divyN
ALl AN i cIN £l
AN]' ANN CN1 CNN fN

_ 11
Assumptions: A = A2A? is uniformly s.p.d. C=KTK iss.p.d.



Weak formulation

Strong form.: —div(AVu)+ Cu=f inQ
u=0 on 02

Weak form.: uweV: B(u,v)=F(v) WeV
Notation:
> V= [H@)]"
> B(u,v) = (AV4, V) + (Cu,v) (p,q):/p-qu
Q

> F(v) = (f,v)
> [lv]|> = B(v,v)
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Derivation of the estimate
Divergence theorem: v € H(Q) y € H(div,Q)

/vdivydx—l—/y-Vvdx—/ vy -ndx =0
Q Q a0

B(

u—upv)=
= (f,v) — (AVup, Vv) — (Cup,v) + (divy,v) + (¥, Vv)




Derivation of the estimate
Divergence theorem: v € H}(Q) y € H(div,Q)

/vdivydx—l—/y-Vvdx—/ vy -ndx =0
Q Q a0

B(u —up,v) =
= (f,v) — (AVup, Vv) — (Cup,v) + (divy,v) + (¥, Vv)
= ([f— Cup+divy],v)+ ([y = AVu],Vv)




Derivation of the estimate

Divergence theorem: v € H}(Q) y € H(div,Q)
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u
v) — (AVup, Vv) — (Cup,v) + (divy,v) + (¥, Vv)

u
(.
= (KT 1F ~ Cup +divy] . Kv) + (ﬁ y - AV ,A5VV>



Derivation of the estimate

Divergence theorem: v € H}(Q) y € H(div,Q)
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B(u—up,v) =
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Derivation of the estimate
Divergence theorem: v € H}(Q) y € H(div,Q)

/vdivydx+/y-Vvdx—/ vy -ndx =0
Q Q a0

B(u—up,v) =
= (f,v) — (AVup, Vv) — (Cup,v) + (divy,v) + (¥, Vv)
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Derivation of the estimate

Divergence theorem: v € H}(Q) y € H(div,Q)

/vdivydx+/y-Vvdx—/ vy -ndx =0
Q Q a0

B(u—up,v) =
= (f,v) — (AVup, Vv) — (Cup,v) + (divy,v) + (¥, Vv)

— (K*T[f— Cup, +divy],Kv) + <A‘é [y — AVup) ,Aéw)

1
2

gHK—T[f—Cuh+divy]Hoy|Kv|yo+HA [y - AVu, vy

0

0

1
< (IIF = Cup + divy|g-s + ||y = AV Z1) " Ivi

n(up,y)
lu—upll <n(up,y)  VYu, €V Yy e W = [H(div, Q)"



The estimator

Definition:  7%(up,y,) = |If — Cuyp, + divy||2C,1 + |y —ZVU;,H%A
Theorem:  [Jlu — up|| < n(up,¥y) Yup,b eV Vy,eW

Complementary problem:
(A) Find ye W : n(uh7Y) = an U(Uhyw)
weWw

(B) Findy € W : B*(y,w) = F*(w) VYweW
» W = [H(div, Q)N
> B*(y,w) = (Ctdivy,divw) + <ﬂ_1y, W)
> FH(W) = — (C'f, divw)

> W2 = B*(w, w)



The estimator

Definition:  7%(up,y,) = |If — Cuyp, + divy||2C,1 + |y —ZVU;,H%A
Theorem:  [Jlu — up|| < n(up,¥y) Yup,b eV Vy,eW

Complementary problem:
(A) Find ye W : U("haY) = an U(Uhyw)
weWw

(B) Findy e W: B*(y,w) = F*(w) VweW
Lemma 1: (A) & (B)
Lemma 2: y=.AVué& W is the unique solution of (A)—(B)

Lemma 3: 7%(up,y) +7%(u,¥p) = °(un¥p)  Vup €V, ¥, €W
llu = unll® + 194 = ¥IZ = n*(un, ¥4)



Method of hypercircle

Theorem: If
» u € V is primal solution
> u, €V, y, € W arbitrary
> up = [CHF +divyy) + up)/2
> Giip = (3 + AVup) /2
Then

— 1 .12 ~ (2 1 2 _
HVU—A guth+||u—uh||C =27 (un, ¥p)-



Other variants (good for C singular)

— . _ J— 2
(1) 772(Uh=Yh) = Hf — Cup +div YhHZC*I + Hyh — AVUhHZ—l
(2) 7(un¥n) = |[¥n = AV s[5+ ¥ € Q(F, un)
Q(f,un) = {y € W : f — Cup + divy = 0}
(3) 7iun,yn) = 'VTF If — Cup + divallo + [[55 — A Vun
Friedrichs ineq.: |[v]l, <vF [|Vv]ly Vv € HA(RQ)
Ellipticity: (ZW, W) > \2 ”an Vw € W

Lemma: [lu — ug|l < min{n(un,¥,), 7(un, yn), 7(un,yn)}
Yup eV Vy, e W Vy, € Q(f,u;) Vy,eW



Numerical example

Primal problem

— (Au) + Cu=Ff
u(0)=u(l)=0

ut . . 1

5 1 sinh k(1 — x) + sinh rkx
u=|uv | =—(1- , 1
3 K2 sinh k 1



Numerical example

Primal problem

— (7lu')l +Cu=f
u(0)=u(l)=0

4 2 =2

A= 2 2 0
-2 0 6

Complementary problem

—(CyY + Ay =(Cc7) in(0,1)
y'(0) = —£(0) y'(1) =—f(1)
4 1 -1 4
C=r?|1 2 1 f=|4
Jee(iiy)

_sinh k(1 — x) + sinh rx
sinh k

()



Numerical example

Primal problem Complementary problem
— (Au) + Cu=f —(CyY + Ay =(Cc7) in(0,1)
u(0) =u(1)=0 y'(0) = —£(0) y'(1) =—f(1)
FEM mesh

O=xp<x1<---<xy=1 K;:[X,'_l,X,'], i=12,....M

Primal FEM
Vh = {Vh (S H&(O, ].) : Vh‘K,- S Pl(K,') VK,‘}?’

u, € Vy ! (Xu’h,v’h) + (Cuh,vh) = (f,Vh) Yvp € Vy,

Complementary FEM
W), = {w, € H}(0,1) : wy|k, € PY(K;) YK;}3

_ ——1 _
yh €Wy (CTly, wh)+H(A “ynwp) = —(CTH,w)) Yw, € W,



Primal and complementary solutions

Primal solution Complementary sol.
‘ ‘ ‘ 2
—exact y1
—approx. y;
0.1t 1 1
0,
0.05¢ k= 0.001
_1,
—exact u!
0 —approx. uj, X k = 0.001
0 0.2 04 - 0.6 0.8 1 0 0.2 04 - 0.6 0.8 1
T R
flusll flusll
lu=uil 94400 " _0440% 1y —1.000

[lul [lul



Primal and

complementary solutions

Primal solution Complementary sol.

—exact y1
—approx. y;
0.1t 1
0,
0.05¢ k=0.1
_1,
—exact u!
0 —approx. uj, X k=0.1
0 0.2 04 - 0.6 0.8 1 0 0.2 04 - 0.6 0.8
lu w0y e
flusll flusll
lu=unl 94369 " _094390% 1y = 1.0003
flull flull



Primal and complementary solutions

Primal solution Complementary sol.
‘ ‘ ‘ 2
—exact y1
—approx. y;
0.1 : I
0,
0.05¢ k=1
1 -1
—exact u
0 ‘ —:‘approx.‘ u}L ‘ 5 ‘ ‘ ‘ ‘
0 02 04 . 06 08 1 0 02 04 - 06 08 1
lu—wil - 0 g0
flusll llunll
lu=uil 91559 1 _o9487% 1y —1.036

[lul [lul



Primal and complementary solutions

Primal solution

Complementary sol.

—exact y1
—approx. y;

k=10

0.4
0.01 02
0
0.005 k=10
! -0.2
——exact u
0 ~ |[——approx. u}l ‘ 0.4
0 02 04 06 08 1 0
u—wll 0 gy
flusll llusll
llu = unll 9.617% I 13.30%
flull flull

02 04 06 08
X

lofr = 1.392

1



Primal and complementary solutions

-4 Primal solution Complementary sol.
x 10
‘ ‘ ‘ ‘ 0.04 :
—exact y
_ 1
A /\\/ \/\ | OIOZK SPPIOE i
(0] g “Q 1
0.5 k=100 N
- -0.02;
—exact u
—approx. uj, x =100
0 : : : : -0.04 : : : :
0 02 04 . 06 08 1 0 02 04 - 06 08 1
lu—uil = 0y oeon
flusll llusl
lo=unl _ 15489 T _2199% Ly = 1.420

[lul [lul



Primal and complementary solutions

-3Complementary sol.

xlO_G‘ Primal solgtion | X 10
—exact y1
A A ot
1 (> ~7
0
0.5 x = 1000
T -2
—exact u
0 —approx. uj, A x = 1000
0 0.2 04 . 06 0.8 1 0 0.2 04 . 06 0.8 1
T R
flua]| ([
lo=unl _ 1986% T —2100% Iy —1.103

[lul [lul



Method of hypercircle

Hypercircle approx. of values Hypercircle approx. of cogradient
0.01 0.4 —
—exact (AVU)
0.008; 0.2 —approx. (gah)lf
0.006¢
0,
0.004¢
k=10
_0.2’
0.002 —exact u! —10
—approx. uj k=
0O 02 04 - 06 08 1 _0'40 0.2 04 - 06 08 1

u — Up, Vu — Gup]|lhe _1n _ 6.72%
o] 2 ]




Effectivity index

Effectivity vs. k




Conclusions

llu = unll < n(un,y5)

v

Computable guaranteed upper bounds

v

Optimal y solves a complementary problem

v

Postprocessing of AV uy,
= fast algorithms for y, (many open problems)

v

u, € V arbitrary
= including algebraic errors, human errors

v

Exist generalizations to other classes of problems
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