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Discrete Green’s function (DGF)
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Model problem, p-FEM

I Classical formulation:

−∆u = f in Ω, u = 0 on ∂Ω

I p-FEM

Vh = {vh ∈ H1
0 (Ω) : vh|K ∈ Pp(K ), ∀K ∈ Th}

uh ∈ Vh : (∇uh,∇vh) = (f , vh) ∀vh ∈ Vh

I DMP

f ≥ 0 in Ω ⇒ uh ≥ 0 in Ω
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Discrete Green’s function (DGF)

I Definition: y ∈ Ω

Gh,y ∈ Vh : (∇vh,∇Gh,y ) = vh(y) ∀vh ∈ Vh

Gh(x , y) = Gh,y (x), x ∈ Ω, y ∈ Ω.

I Representation formula:

uh(y) =

∫
Ω

Gh(x , y)f (x) dx

I Expression in a basis:
ϕ1, ϕ2, . . . , ϕN — basis in Vh

Aij = (∇ϕj ,∇ϕi ) i , j = 1, 2, . . . ,N

Gh(x , y) =
N∑

i=1

N∑
j=1

ϕi (y)(A−1)ijϕj(x)
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Characterization of the DMP

Theorem

DMP ⇔ Gh ≥ 0 in Ω2
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Experiments

−∆u = f in Ω

u = 0 on ∂Ω

Ω

α β

Input parameters: α, β, p
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−∆u = f in Ω

u = 0 on ∂Ω

Ω
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Th

Input parameters: α, β, p
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−∆u = f in Ω

u = 0 on ∂Ω
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Visualization of DGF: min Gh|Ki×Kj
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Visualization of DGF: min Gh|Ki×Kj
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Visualization of DGF: min Gh|Ki×Kj
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Visualization of DGF: min Gh|Ki×Kj
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Visualization of DGF: min Gh|Ki×Kj
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Visualization of DGF: min Gh|Ki×Kj

1 8 15 22 28 34 40 52 64
1

8

15

22

28

34

40

52

64
minGh|Ki×Kj

i (indices of elements)

j
(i

nd
ic

es
of

el
em

en
ts

)

 

 

−0.02

0

0.02

0.04

0.06

α = 80◦

β = 80◦

p = 3



IN
ST
IT
U
TE

of
M
ATH

EMATICS

A
ca
d
em

y
o
f
Sc
ie
n
ce
s

C
ze
ch

R
ep
u
b
lic

Numerical experiment

−∆u = f in Ω, u = 0 on ∂Ω

I p ∈ {1, 2, . . . , 6}
I α, β ∈ {1◦, 2◦, . . . , 179◦}

Ω

α β

Th

I Boundary region ΩB = ∪{K ∈ Th : K ∩ ∂Ω 6= ∅}
I Interior region ΩI = ∪{K ∈ Th : K ∩ ∂Ω = ∅}
I Legend:

I Gh ≥ 0 in Ω2 ⇒
I Gh ≥ 0 in Ω× ΩI ⇒
I Gh ≥ 0 in Ω2

I ⇒
I Gh 6≥ 0 in Ω2

I ⇒
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Results p = 1
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Results p = 2
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Results p = 3
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Results p = 4
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Results p = 5
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Results p = 6
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Theorems about interior region

Theorem
Let Gh ≥ 0 in Ω× ΩI then

f ≥ 0 in Ω ⇒ uh ≥ 0 in ΩI .

Theorem
Let Gh ≥ 0 in Ω2

I then

f ≥ 0 in ΩI and f = 0 in ΩB ⇒ uh ≥ 0 in ΩI .
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Pathological example

−∆u = f in Ω, u = 0 on ∂Ω

Parameters: α = 40◦, β = 60◦, p = 3, f =

{
1 for x1 ≤ 0.03,
0 otherwise
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