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Poisson problem

» Classical formulation: find u € C3(Q) N C(Q) :
—Au=f inQ u=0 on 0N

» Weak formulation: V = H}(Q)

ueV B(u,v) = F(v) VveV
—— ——
/ Vu-Vvdx / fv dx
Q Q
» Galerkin method Vi, CV dimV, < oo

up € Vi B(uh, V/-,) = ]:(Vh) VvpeVp, & Ay=F

N N
un(x) =Y yiei(x) Dy Blyj o) = Flei)
J=1 j=1 A F:
ij i



Finite element method (FEM)

» FEM Vh:{VhEV:Vh‘KEPI(K) VKE'Th}
©1,...,¢n -..FEM basis functions  ¢;(x;) = 6




Motivation — adaptive algorithm

1. Initialize: Construct the initial mesh 7.
2. Solve: Find up on 7p.
3. Estimate error: Compute ng for all K € 7.

4. Stopping criterion: If Z 77%( <TOL? = STOP.
KeT,

5. Mark: If nx > © maxnk = mark K. 0<Oo<l1
KeT,

6. Refine: Refine marked elements and build the new mesh 7.

7. GOTO 2.



Motivation — example

—Au=0 inQ
u=gp on Q2
2 . 20—
u=r3sin
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Adaptive algorithm

Mesh 1
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Adaptive algorithm

FEM solution 1




Adaptive algorithm

Err indicator 1
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Adaptive algorithm

Marked elements 1
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Adaptive algorithm

Refined mesh 1
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Adaptive algorithm

FEM solution 2




Adaptive algorithm

Err indicator 2
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Adaptive algorithm

Marked elements 2
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Adaptive algorithm

Refined mesh 2
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Adaptive algorithm

FEM solution 3




Adaptive algorithm

Err indicator 3
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Adaptive algorithm

Marked elements 3







Adaptive algorithm

FEM solution 4




Adaptive algorithm

Err indicator 4
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Adaptive algorithm

Marked elements 4
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Adaptive algorithm

Refined mesh 4
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Adaptive algorithm

FEM solution 5
1 N




Adaptive algorithm

Err indicator 5
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A priori error estimates

» Discretization error: e = u — up
> Energy norm: |[u]|® = B(u, u) = ]uﬁ_,l(ﬂ)

» Céa's lemma: |le|| = im\‘/ |lu— vp|| = dist(u, V3)
vRE V)

» h = maxdiam(K)
KeT,

» Lagrange interpolation: Tr,I;ag : C(Q) — V,
Theorem: B
veEHXQNCQ) = |lv—72v]m@) < Chlvimeg

> Corollary (a priori estimate):
ue HX(Q)NCQ) = el < Chlulpeq



A posteriori error estimates |

Definition
» Estimates the error: |le|]| =7 (or |le]| <n, orn < |el)
» Computable: n =n(up, f,Q,Tp,...)

Desirable properties
» Local: 0 = Z 77%(

KeTy,
» Guaranteed upper (lower) bound: llell <n (mn<|lell)
» Asymptotic exactness: limleg =1, = s
h—0 llell
» Efficient and reliable: Gn <l|le| < Gn
» Robust: (1 and G are independent from quantities like

coefficients in the equation, mesh aspect ratio etc.



A posteriori error estimates |l

Remarks:

» Locality
= fast evaluation of n

» Guaranteed upper bound
= adaptive algorithm guarantees ||e|| < TOL

» Efficiency and reliability
= convergence of adaptive algorithm

» Assymptotic exactness
= efficiency and reliability (for sufficiently small h)
Proof:

Ve>030>0Vh<d:loc< -1 <14¢

lell —




Residual estimates

ueV: B(u,v)=F(v) VveV
up € V- B(uh, Vh) = ]—'(vh) Yv, € V,

v

Residual: R(v) = F(v) — B(up,v) VveV

v

Residual equation: e V: B(e,v)=R(v) VveV
[B(u, V)—B(up, v) = F(v)—B(up, v) Vv eV

v

Galerkin orthogonality: B(e,vy) =0 Vv, € Vy

B ’B(e, v)’ B |’R(v)|
el = sup it =
ozvev V]| ozvev V]|

v

= Rlly-




Explicit residual estimates |

» Residual splitting: R(v Z / rvdx—l—Z/ngds

KeT,
r=Ff+Au, Jp= (Vuh Vu,)-ve (£ are edges in Tj,

Proof:
R(v) = F(v) — B(up,v) = Z </ fvdx—/ Vuh-Vvdx>
ket \VK K
= Z (/ fvdx+/ Aupvdx — Vuh-l/des>
K oK

KeT,

Z / rvdx+Z/Vuh —Vuh -ypvds

KeTy




Explicit residual estimates |l
» Clément inter.: 71 Vi V, Hv — T VHOK < G|K|Y? || Vv 0.0k
v — VHoz < G2 1V vllo.w,

lel|* = Ble, &) = R(e) = R(e — n4'e)

Z/ r(e —mile dx+Z/Jge7rhe

KeTy

< D Glirllox IKIY2 Vel +ZC2HJeHoe!f\mHVeHow
KeT,

(Z KT rllox + Z 4] Jeoe) +ellell?

KeTy

lell* < Ca (Z KL Ir H0K+Z\€! Jeoe) = G

KeT,

( 77expl )2



Implicit residual estimates — Dirichlet |

Construction:

» Local Dirichlet problems:
eR" € HY(K): Bk(eR",v) =Ri(v) Vv e Hi(K)
> Approximate local problems: Vg 4(K) € Hi(K)
e}%'?, € Von(K): BK(eK b Vh) = Ri(vh) Yvi € Vo a(K)

> 77}I%lr _ ”eDlr ”K (nDir)Z — Z (nEir)2

KeT,
» Notation:  Byk(u, v) :/ Vu-Vvdx

RK(V):/ fvdx/Vuh-Vvdx
) K K
Ivilk = Bk(v,v)




Implicit residual estimates — Dirichlet |l

Guaranteed lower bound:

> Pk =eR" VK eTy Vo={veV:vlkeHy(K)}cCV

> eEir’K = eE:Z VK € 1p; VO,h = {V e V. V‘K S Vo}h(K)} c W

» Theorem: [ePr|| < ||ePr|| < |le|]
Proof:

> €] < [le]|:
eDII’ c VO v E \/0
Ble— P, v) = R(v) — R(v) = 0
= B(e,eP") = || P2
= Jle—eP"|2 = [le]* — 2B(e, €P) + || P2

= [lel> — P> = 0

> Jlep|| < [leP]):
B(eP" — e vi) = R(vi) — R(vi) =0 Vi € Vop
Similarly.



Implicit residual estimates — Neumann |
Construction:

> Weak f.: et € HL(K) = {v € HY(K) : v =0 on 9K N 0Q}:
Bi(ef, v) = / fvdx—Bk (up, v)+/ gkvds Vv e HE(K)
K oK
» Classical f.: —A(eg Neu 4 up)=1Ff inK
V(eN + up) - vk = gk on OK \ R
Ne”+uh—0 on 0K N oQ

> gile € PH{), ¢ COK, K € Th, gk =~ Vu|k vk on OK
» Compatibility condition: gk|s + gk+|¢ = 0 for £ = OK N OK™*
» p-order equilibration condition (p =0, 1):
| fodx=Bulun )+ [ exods=0 o€ Po(K)
K oK
>R = [leR e (V)P =D (k)

KeT,



Implicit residual estimates — Neumann ||

Guaranteed upper bound:

» Theorem: Compatibility cond. = |e]| < nNe
Proof: veV

B(e,v) =R(v) = Z </K fv dx—Bk (up, v)+/aKgdes>

KeT,

1
2
N N N
= > Br(ek™ ) < Y llek®llk vl < (Z H@f“ll%) v

KeTy, KeTy, KeTy

» Remark: Approximate Neumann problems:
ey e VI CHLK) = (= 3 el < oMy
KeTy,
> In general: |le]| £ nNev



Hierarchic (residual) estimates

» Vi=Vha@ Y, YoCV, VinY,={0}

/l]h € /\7;, : B(/L?h,/\;h) = f(/\;h) V/\7h € Vh

v

v

lefl = [[tn — unll = [[e]]

v

en€ Yn: B(enyn) =R(yn) Yyn€ Yh

Hie

v

lell = [[enll =7

v

Saturation assumption:
A6 <1 |lu—Tp|| < B|lu— up

v

Strengthenned Cauchy-Schwarz inequality:
Fy <L (B(vhyw)l < vlvallllyall Yvh € Vi, yh € Yh

_ ~ 1 ~ 1 _
[enll < l[enll < llefl < ——— l[enll < r [[enl

(1-32) (1-B2)3(1—2)z

v



Complementary estimates

> Friedrichs inequality: [lv]jpq < Ca|[VVvlgq VYveV = H (Q)

> |le]| < Callf +divyllgq+Ily —Vunlloq Yy € H(div,Q)

Proof:
veV yeH(div,Q)

B(e,v)zR(v)—F/y-Vvdx+/divyvdx—/ y-vvds
Q Q o

:/(f—i—divy)vdx—i—/(y—VUh)-Vvdx
Q Q

< |[If +divyllgq lIvllon + Iy = Vunlloa IVViioa
0a) Vv

< (Callf +divyligq + ly — Vun 00

Put v = e.

» Orthogonality: /(Vu —y)-Vvdx=0 VveV, VyeQ(f)
Q



Complementary estimates

> Friedrichs inequality: [lv]jpq < Ca|[VVvlgq VYveV = H (Q)

> llell < Callf +divylloq + lly — Venlog  Vy € H(div, Q)

ﬁ(uh7y)

> Q(f):{yEH(div,Q):/y-VvdX:/fvdx Vv € V}
Q Q

> |lefl <lly = Vunlloo  Vy € Q(f)
————
n(uhvy)

» Orthogonality: /(Vu —y)-Vvdx=0 VveV, VyeQ(f)
Q



Method of hypercircle

Q(f)
y

Theorem: If

» u € V is primal solution

> up € V, y, € Q(f) arbitrary

> Gup = (yn + Vup)/2 y=Vu up  VV
Then )

IVu = Gupllo = 5n(un, yn).

Proof:

4||Vu—Guplls = |[Vu —yp + Vu — Vug
= |[Vu —yull5 + [[Vu = Vup|lg = |Vun — yally



Postprocessing

> Recovered gradient: Vu, — G(up)
> [lell ~ nPo = [1G(un) — Vunlloq
> Superconvergence: [[Vu —G(up)llgq < Cihtte

» Assumption: |e| > Coh

post
» Theorem (asymptotic exactness): iI)imO el =1

Proof:
1

P VeVl [Vu- Gy _ |, QI

lell el el Coh

post o o 1+e

PR [V Vully Ve -Gy, GRC

lell el el B Goh



Quantity of interest

» Quantity of interest: € V*
» Adjoint problem: z€ V:  B(v,z) =®d(v) VYveV
» Approx. adjoint prob.: z, € Vi : B(vh,zp) = ®(v) Yvp €V
» Error representation formula:
®(e) =B(e,z) =R(z) = R(z — zp) = B(u — up, z — zp)

[®(e)| < [lu— unll |z — za]]
< nprinadj



Summary

A posteriori error estimators

» Explicit residual — fast, simple, reliable, (efficient)

v

Implicit residual

» Dirichlet type — guaranteed lower bound, (reliable)
» Neumann type — upper bound (not guaranteed), (efficient)

v

Hierarchic (residual) — efficient and reliable

v

Complementary — guaranteed upper bound, demanding

v

Postprocessing — fast, simple, superconvergence = asympt. exact

v

Quantity of interest — if energy norm is not the goal
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