On a posteriori error estimation

Tomas Vejchodsky

Institute of Mathematics, Academy of Sciences
Zitns 25, 11567 Praha 1
Czech Republic

September 7, 2011, University of Oxford



Outline

» Computation with prescribed accuracy
» Adaptive algorithm for PDEs
» A posteriori error estimates

» General

» Complementary estimates

» Summary



Numerical computations

Goal: Solve the problem (a) with prescribed accuracy,
(b) efficiently.



Numerical computations

Goal: Solve the problem (a) with prescribed accuracy,
(b) efficiently.

Example 1:

1
1
> /:/ ——dx  (with accuracy of 1073)
0 VX



Numerical computations

Goal: Solve the problem (a) with prescribed accuracy,
(b) efficiently.

Example 1:
> | = / —dx (with accuracy of 1073)

» Matlab: [/, =2.0106 (absolute error tolerance 10~3)



Numerical computations

Goal: Solve the problem (a) with prescribed accuracy,
(b) efficiently.
Example 1:
> | = / —dx (with accuracy of 1073)

» Matlab: [/, =2.0106 (absolute error tolerance 10~3)
» Do we have |/ —Ip| <1073 7



Numerical computations

Goal: Solve the problem (a) with prescribed accuracy,
(b) efficiently.
Example 1:
> | = / —dx (with accuracy of 1073)

» Matlab: [/, =2.0106 (absolute error tolerance 10~3)

» Do we have |/ —Ip| <1073 7
NO! |l — 1] = 0.0106



Numerical computations

Goal: Solve the problem (a) with prescribed accuracy,
(b) efficiently.

Example 1:

> | = / —dx (with accuracy of 1073)

» Matlab: [/, =2.0106 (absolute error tolerance 10~3)
» Do we have |/ —Ip| <1073 7
NO! |l — 1] = 0.0106
Example 2:

200
> I:/ e Xl dx
~100

» Matlab: /[, =7.3x 107° (absolute error tolerance 107°)
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Adaptive algorithm

Initialize: Construct the initial mesh 7.
Solve: Find up on 7.

Error indicators: Compute ng for all K € 7.

B o=

Error estimator: n2 = Y nx.
KeT,

5. Stopping criterion: If n <TOL = STOP.
6. Mark: If nx >© maxnk = mark K. 0<O<l1
KeTy

7. Refine: Refine marked elements and build the new mesh 7.
8. GO TO 2.



Video — Hermes2D (P. Solin and col.)

» Automatic hp-adaptivity in L-shape domain
mesherror.avi

|

>

error reduction
singularity in the re-entrant corner

» Automatic hp-adaptivity in a waveguide
waveguide_sol.avi

>

vy vy vYyy

square waveguide

circular load (different permittivity)
sinusoidal current in the left edge
time-harmonic Maxwell's equations
32 steps of the adaptive process
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Adaptive algorithm

el

Initialize: Construct the initial mesh 7.
Solve: Find up on 7.
Error indicators: Compute ng for all K € 7.

Error estimator: n? = 5 77%(.
KeT,

5. Stopping criterion: If n<TOL = STOP.

7.
8.

Mark: If nx >© maxnk = mark K. 0<o<l1
KeT,

Refine: Refine marked elements and build the new mesh 7.
GO TO 2.

Remark: Guaranteed upper bound: |u — upf| <n < TOL
Remark: Nonlocal error




Model Problem

Strong form.: —Au=f inQcR?
u=0 on 0Q

Weak form.: wu € Hy(Q): (Vu,Vv)=(f,v) VYve H} Q)

Notation:

> (p,q)z/Qp-qu
> v = (Vv,Vv)

Error: e=u— up



A posteriori error estimates

Definition

>

>

n=lell (orllell <n orn<llel)
n=n(up, f,,Tp,...)

Properties
» Efficiency and reliability: Gn <lle|l < Gn
» Guaranteed upper /lower bound: el <n / n<lel
» Asymptotic exactness: lim =1, lg= "/
h—0 llell
» Robustness:

v

(1 and G are independent from quantities like
coefficients in the equation, mesh aspect ratio etc.

Locality: = Z ne
KeT,




A posteriori error estimates — types

» Explicit residual

» Implicit residual — Dirichlet type
» Implicit residual — Neumann type
» Hierarchical

» Based on postprocessing

v

Complementarity

v

Quantity of interest, 1= |J(u) — J(up)|



Estimates based on complementarity
Divergence theorem: v € HY(Q) y € H(div,Q)

/vdivydx%—/y‘Vvdx—/ vy -ndx =0
Q Q o0

Friedrichs inequality:
Ivllp < CelIVvllg Vv € Hp(Q)
Derivation: v € H}(Q), up € H3(Q), y € H(div,Q)

(Vu—Vup, Vv)=(f,v) = (Vup, Vv)+ (v,divy) + (y, Vv)
(f +divy,v)+(y — Vup, Vv)

< |If +divyllgIvlie + ly = Vunllo [V vl
< (CrlIf +divyllg+ Iy = Vunllo) Vvl

lu = unll < CrIf +divyllo + lly = Vunllo




The estimator

Definition:  n(up,yn) = Cr||f +divynllg + [lyn — Vunllg

Theorem:  [lu— upll < nlun,yn)  Vup € H3(Q) Vyn € H(div, Q)



The estimator

Definition:  n(up,yn) = Cr||f +divynllg + [lyn — Vunllg

Theorem:  [lu— upll < nlun,yn)  Vup € H3(Q) Vyn € H(div, Q)

Complementary problem:
Find y € H(div, Q) : n(un,y) < n(up,w) Vw € H(div, Q)
» I solution

> y=Vuand [u— up| = n(uny)

1/ 1 1\ 2
>CF§<+---+> ., QCax---xay
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The estimator

Definition:  n(up,yn) = Cr||f +divynllg + [lyn — Vunllg

Theorem:  [lu— upll < nlun,yn)  Vup € H3(Q) Vyn € H(div, Q)

Special case:
> |lu = unll < 7(un,yn) = llyn = Vunllp  Vyn € Q(F)

» Q(f) = {y € H(div,Q) : (y, Vv) = (f,v) VveH}Q)}

> 72(u,yn) + 72 (un,y) = 7%(un, yn)
lyn — yll5 + IV u — Vupl[§ = llyn — Vsl



The estimator

Special case:

> 72(u,yn) + 72 (un, y) = 7%(un, yn)
lyn — yll5 + IV u — Vupl[5 = llyn — Vusl3



Method of hypercircle Q) {Lg(m]d

y
Theorem: If
> u € H}(Q) is primal solution
> up € HY(RQ), yn € Q(f) arbitrary
> Gup = (yn + Vup)/2 y=Vu Vin VH;(Q)
Then 1
IVu = Gunllg = 7iun, yn).
Proof:

4(|Vu—Gupl2 = [Vu—yh+ Vu— V|3
— | Vu—yul2+ | Vu— Vup|2 = [|[Vup — a2



Recent result
M. Ainsworth and T. Vejchodsky: Fully computable robust a
posteriori error bounds for singularly perturbed reaction—diffusion
problems, accepted by Numer. Math., 2010.

—Au+r’u=f inQCR?
u=0 on 0f2
Definition
_ . 2
mk(Yk)* = llyk = Vunllgx + 572 [Nk f — w2up + divyx g

Y) given by an explicit formula

Theorem
2
el < > [me(yic) + min(hi/m, 572 I = Micf o i |
KeTy,
m(yic) < C [Nellg + min(hic, 570 |If = NF & |




Summary

» Adaptive algorithm efficiency
guaranteed error bounds guaranteed accuracy

» Complementary technique =- guaranteed error bounds
» Guaranteed error bounds are often complicated and expensive

» But, it is possible to find an error bound that is

efficient
guaranteed
robust

local (fast)

fully computable

vV vV v VY

v
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