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Model problem

» Classical formulation: x = const. > 0

~Au+r2u=Ff inQCR?
u=0 onof

» Weak formulation:
V = H}(Q), B(u,v)—/Vu~Vvdx+n2/uvdx
Q Q

ueV: B(u,v)—/fvdx YVveV
Q

» Linear triangular FEM:
Vi ={v, € V:vlk € PY(K), K €Ty}

up € Vi : B(Uh7 Vh) —/ fvpdx Vv, € Vp
Q




Upper bound

Theorem 1.

2
lu—unll® < > [nk(y) + osck(F)]” Vyk € Ex
KeT,

where

_ : 2
> 77;2<(YK) = |lyk — VuhH&K + k72 HI'IKf— K2up, +d'VYKHo,K

v

osck(f) = min { hx /T, nfl} If = Mkfllox
Y ={yk € H(div,K) : ng - yx = gk on 0K}

v

» MNif e PYK): / (f —Nkf)edx =0 Ve e PYK)

K
> gk ~ng-Vu ... piecewise linear boundary flux functions
> Notation: |v||* = B(v,v),  [Iv[§x = [, v?dx




Boundary fluxes gk

Fast algorithm for gk [Ainsworth, Oden, 2000]:
Linearity:
> gk € P(7), v €Ty

Consistency:
> gk + gk =0ony=0KNOoK'

Equilibration:
> BK(uh,H,,) —/ 6, dx —/ gKen dx=0 V6,¢eV,
K oK

Notation: Bk(u,v) —/

Vu-Vvdx—i—mz/ uv dx
K

K



Boundary fluxes gk

Fast algorithm for gk [Ainsworth, Oden, 2000]:
Linearity:
> gk € P(7), v €Ty

Consistency:
> gk + gk =0ony=0KNOoK'

Equilibration:
> BK(Uh,(gn) —/ 6, dx —/ gKH,, dx=0 V6,¢eV,
K oK

NOT ROBUST FOR x — oo [Babugka, Ainsworth, 1999]



Boundary fluxes gk

Fast algorithm for gk [Ainsworth, Oden, 2000]:
Linearity:
> gk € PY(7), €Ty

Consistency:
> gK—i—gK/:Oon'y:ﬁKﬂ@K’

Robust equilibration:

> BK(uh,Hﬁ)—/ fﬁj‘;dx—/ gktlidx~0 Vo
K oK

X3

xp = 0x1 + 0xa + (1 — 20)x3
Sopnd = 5 min(1,1/(kpk))

X2



Flux construction #1

1
Y&) = Vup|k +yk +y2

1 K
> yk = 72|K‘ ( (K )/\1+Qg ))\z—i—gg )/\3)

! = Pl = )| et = bl — )| (e

i=1,2,3, j=(imod3)+1, k= (mod3)+1

1 _
> y,? = § (ﬂltltir + ﬂQtth— -+ ,83t3t:;’r) V(an — /€2Uh)(XK)

> f1=XA3, [2=A3\1, (3= A1k
XK ... centroid of K
A1, A2, A3 ... barycentric coordinates in K
ti,ty, t3 ... edge vectors of K



Flux construction #2
¥ = Vunlk +yg

o) o)
> nk Yk =Rk =gk —nk - Vuplk = ng- -y =gk

1 A T PK
WL o) 2WR T1
TL Tk v .
XL XA 9 XB XR
l t
\ n




Flux construction #2

2
¥\ = Vunlk +y2

2
nK'y,?:R;?:gK—nK-Vuh]K = nK-y&):gK

1
3200 = R (xe)(x) (ot ju ) + REL (xalraom.
xe T,

v

v

YR(X) = RRl(xa + xt)(1 = ky)n, x€Q

1
4200 = R (xR)(x) -+ tcot S ) + R () g (.
X € TR

v

v

» yi(x)=0, xe Ty



Final estimator

Mk = min {nx(y&l)), 77K(Y§<2))}
Theorem 1. (Upper bound)

lu— uall? < 3 [k + oscx(£)]?
KeT,

Theorem 2. (Local efficiency)

Tk < € [lu = upllg + oscg ()]

where
> oscx(f) = min{hi, k2} Y |If = kI3«
KCK
» K=U{LeT,: LNK # 0} ... patch of elements around K



Example 1

—Au+rK?u=Ff inQ

> Q= (-1/2,1/2)2
> f = cos(mxy) cos(mx2)

cos(7mxq) cos(mxz)
u =

272 + K2

u=0 onof
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Example 2

—Au+r’u=Ff inQ
u=0 onoQ

> Q= {(x1,x):r <1}

» f=1 r=/x2+x3

1 /
> u:<1— 0(m)> fork >0

0.5




Example 1
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Example 2
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Example 1, uniform refinement, x = 100
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Example 2, adaptive refinement, x = 100

o Y el adupi. by el

0 i (y&)) adapt. by 1 (yy)

& |lel| adapt. by n (yy)

o nK(y§?>) adapt. by ZK(L@)
< |lef| adapt. by n (y'e)

* 1Nk (yf) adapt. by nx(yi)
—[lell adapt. by nx (y%)
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Convergence. Estimators (dotted lines) and true errors (solid lines).



Example 2, adaptive refinement, x = 100

1| llell adapt. by [e]

o UK(Q%)) adapt. by nK(y%))
O nr(ys)) adapt. by ni(y%)
* Nk (yy;) adapt. by nk(y5)
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Example 2, adaptivity driven by T]K(TS))
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Example 2, adaptivity driven by nx(75)
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Conclusions

» Guaranteed upper bound

v

Local efficiency
» Robustness

» No constants
>

Fast algorithm

Outlook
» 3D
» Higher-order

For details see:

M. Ainsworth, T.V.: Fully computable robust a posteriori error

bounds for singularly perturbed reaction—diffusion problems,

accepted by Numer. Math. 2011.

Preprint available at:
http://www.math.cas.cz/preprints/pre-208.pdf
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