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Model problem

I Classical formulation: κ = const. > 0

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω

I Weak formulation:

V = H1
0 (Ω), B(u, v) =

∫
Ω

∇u ·∇v dx + κ2

∫
Ω

uv dx

u ∈ V : B(u, v) =

∫
Ω

fv dx ∀v ∈ V

I Linear triangular FEM:
Vh = {vh ∈ V : vh|K ∈ P1(K ),K ∈ Th}

uh ∈ Vh : B(uh, vh) =

∫
Ω

fvh dx ∀vh ∈ Vh
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Upper bound

Theorem 1.

|||u − uh|||2 ≤
∑
K∈Th

[
ηK (yK ) + oscK (f )

]2 ∀yK ∈ ΣK

where

I η2
K (yK ) = ‖yK −∇uh‖2

0,K + κ−2
∥∥ΠK f − κ2uh + div yK

∥∥2

0,K

I oscK (f ) = min
{

hK/π, κ
−1
} ‖f − ΠK f ‖0,K

I ΣK = {yK ∈ H(div,K ) : nK · yK = gK on ∂K}
I ΠK f ∈ P1(K ) :

∫
K

(f − ΠK f )ϕdx = 0 ∀ϕ ∈ P1(K )

I gK ≈ nK ·∇u . . . piecewise linear boundary flux functions

I Notation: |||v |||2 = B(v , v), ‖v‖2
0,K =

∫
K v 2 dx
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Boundary fluxes gK

Fast algorithm for gK [Ainsworth, Oden, 2000]:

Linearity:

I gK ∈ P1(γ), γ ∈ ∂Th

Consistency:

I gK + gK ′ = 0 on γ = ∂K ∩ ∂K ′

gK gK′

K

K ′

γ

Equilibration:

I BK (uh, θn)−
∫

K
f θn dx−

∫
∂K

gKθn dx = 0 ∀θn ∈ Vh

Notation: BK (u, v) =

∫
K

∇u ·∇v dx + κ2

∫
K

uv dx
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Boundary fluxes gK

Fast algorithm for gK [Ainsworth, Oden, 2000]:

Linearity:

I gK ∈ P1(γ), γ ∈ ∂Th

Consistency:

I gK + gK ′ = 0 on γ = ∂K ∩ ∂K ′

gK gK′

K

K ′

γ

Equilibration:

I BK (uh, θn)−
∫

K
f θn dx−

∫
∂K

gKθn dx = 0 ∀θn ∈ Vh

NOT ROBUST FOR κ→∞ [Babuška, Ainsworth, 1999]
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Boundary fluxes gK

Fast algorithm for gK [Ainsworth, Oden, 2000]:

Linearity:

I gK ∈ P1(γ), γ ∈ ∂Th

Consistency:

I gK + gK ′ = 0 on γ = ∂K ∩ ∂K ′

gK gK′

K

K ′

γ

Robust equilibration:

I BK (uh, θ
∗
n)−

∫
K

f θ∗n dx−
∫
∂K

gKθ
∗
n dx ≈ 0 ∀θ∗n

xP = δx1 + δx2 + (1− 2δ)x3

δ = 1
2 min(1, 1/(κρK ))

x1 x2

x3

xP
1

x1 x2

xP

θ∗n
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Flux construction #1

y
(1)
K = ∇uh|K + yL

K + yQ
K

I yL
K =

1

2|K |
(
%

(K)
1 λ1 + %

(K)
2 λ2 + %

(K)
3 λ3

)
I %

(K)
i = |γk |

(
gK − ∂uh

∂nK

)∣∣∣
γk

(xi )tj − |γj |
(

gK − ∂uh

∂nK

)∣∣∣
γj

(xi )tk

i = 1, 2, 3, j = (i mod 3) + 1, k = (j mod 3) + 1

I yQ
K =

1

3

(
β1t1tT

1 + β2t2tT
2 + β3t3tT

3

)
∇(ΠK f − κ2uh)(xK )

I β1 = λ2λ3, β2 = λ3λ1, β3 = λ1λ2

xK . . . centroid of K
λ1, λ2, λ3 . . . barycentric coordinates in K
t1, t2, t3 . . . edge vectors of K
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Flux construction #2

y
(2)
K = ∇uh|K + yO

K

I nK · yO
K = RO

K = gK − nK ·∇uh|K ⇒ nK · y(2)
K = gK

xK

ρK
1
κ

t
n

1
2ωL

1
2ωR

TU

TL TR
Q

xL xA xB xRγ

xK

I yO
K (x) = RO

K |γ(xL)λL(x)

(
n− t cot

1

2
ωL

)
+ RO

K |γ(xA)λA(x)n,

x ∈ TL

I yO
K (x) = RO

K |γ(xA + xt)(1− κy)n, x ∈ Q

I yO
K (x) = RO

K |γ(xR)λR(x)

(
n + t cot

1

2
ωR

)
+RO

K |γ(xB)λB(x)n,

x ∈ TR

I yO
K (x) = 0, x ∈ TU
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Flux construction #2

y
(2)
K = ∇uh|K + yO

K

I nK · yO
K = RO

K = gK − nK ·∇uh|K ⇒ nK · y(2)
K = gK

I yO
K (x) = RO

K |γ(xL)λL(x)

(
n− t cot

1

2
ωL

)
+ RO

K |γ(xA)λA(x)n,

x ∈ TL

I yO
K (x) = RO

K |γ(xA + xt)(1− κy)n, x ∈ Q

I yO
K (x) = RO

K |γ(xR)λR(x)

(
n + t cot

1

2
ωR

)
+RO

K |γ(xB)λB(x)n,

x ∈ TR

I yO
K (x) = 0, x ∈ TU
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Final estimator

ηK = min
{
ηK

(
y

(1)
K

)
, ηK

(
y

(2)
K

)}
Theorem 1. (Upper bound)

|||u − uh|||2 ≤
∑
K∈Th

[
ηK + oscK (f )

]2
Theorem 2. (Local efficiency)

ηK ≤ C
[|||u − uh|||eK + osceK (f )

]
where

I osc2eK (f ) = min{h2
K , κ

−2}
∑
K⊂eK

‖f − ΠK f ‖2
0,K

I K̃ = ∪{L ∈ Th : L ∩ K 6= ∅} . . . patch of elements around K
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Example 1

−∆u + κ2u = f in Ω

u = 0 on ∂Ω

I Ω = (−1/2, 1/2)2

I f = cos(πx1) cos(πx2)

I u =
cos(πx1) cos(πx2)

2π2 + κ2

−0.5 0 0.5
−0.5
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Example 2

−∆u + κ2u = f in Ω

u = 0 on ∂Ω

I Ω = {(x1, x2) : r < 1}

I f = 1 r =
√

x2
1 + x2

2

I u =
1

κ2

(
1− I0(κr)

I0(κ)

)
for κ > 0

u =
1− r 2

4
for κ = 0

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1
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Example 1
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Ieff =
η

|||u − uh|||
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Example 2
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Example 1, uniform refinement, κ = 100

11 57 257 1089 4481
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Example 2, adaptive refinement, κ = 100
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 |||e||| adapt. by |||e|||
ηK(y(1)

K ) adapt. by ηK(y(1)
K )

|||e||| adapt. by ηK(y(1)
K )

ηK(y(2)
K ) adapt. by ηK(y(2)

K )
|||e||| adapt. by ηK(y(2)

K )
ηK(y∗K) adapt. by ηK(y∗K)
|||e||| adapt. by ηK(y∗K)

Convergence. Estimators (dotted lines) and true errors (solid lines).
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Example 2, adaptive refinement, κ = 100
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Effectivity indices.
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Example 2, adaptivity driven by true error

κ = 100

Step 3 Step 7

Step 5
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Example 2, adaptivity driven by ηK (τ
(1)
K )

κ = 100

Step 3 Step 7

Step 5
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Example 2, adaptivity driven by ηK (τ ∗K )

κ = 100

Step 3 Step 7

Step 5
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I Guaranteed upper bound

I Local efficiency

I Robustness

I No constants

I Fast algorithm

Outlook
I 3D

I Higher-order

For details see:
M. Ainsworth, T.V.: Fully computable robust a posteriori error
bounds for singularly perturbed reaction–diffusion problems,
accepted by Numer. Math. 2011.
Preprint available at:
http://www.math.cas.cz/preprints/pre-208.pdf
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