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Motivation — adaptive algorithm

Initialize: Construct the initial mesh 7.
Solve: Find up on 7.

Error indicators: Compute ng for all K € 7).

o=

Error estimator: n2 = Y nx.
KeT,

5. Stopping criterion: If n<TOL = STOP.
6. Mark: If nx > © maxnk = mark K. 0<o<l
KeTy,

7. Refine: Refine marked elements and build the new mesh 7.
8. GO TO 2.

Remark: Guaranteed upper bound: |Ju — upf| <n < TOL



Primal Problem

Strong form.: —Au=f inQcR
u=0 on 0Q

Weak form.: wve V: B(u,v)=F(v) YveV

Notation:

> V =H}Q)

> B(u,v) = (Vu, Vv) (m@zépnw
> F(v) = (f,v) mw:Aww

> JIvii? = B(v.v)




Derivation of the estimate
Divergence theorem: v € H1(Q) y € H(div,Q)

/vdivydx%—/y‘Vvdx—/ vy -ndx =0
Q Q o0

Q(f) ={y € H(div,Q) : (y,Vv) = (f,v) VveV}

Orthogonality:

/(Vu —y)-Vvdx=0 Q) L)
g Vv e V, Vy € Q(f)
Yo
BRI Vo VV




Derivation of the estimate
Divergence theorem: v € H1(Q) y € H(div,Q)

/vdivydx%—/y‘Vvdx—/ vy -ndx =0
Q Q o0

veV, yeQ(f)={y e H(iv,Q):(y,Vv)=(f,v) VveV}

B(u— up,v)=(f,v) — (Vup, Vv)+ (v,divy) + (y, Vv)
(f +divy,v) +(y — Vup, Vv)
( Vuh,Vv)

<ly- VUh”o ||VV||0

lu—=unll <lly = Vunlly  VuneV



The estimator

Definition:  n(up,yn) = |lyn — Vus||g

Theorem:  |Ju — up|| < n(un,yn) Yupb e V. Vy, € Q(f)



The estimator

Definition:  n(up,yn) = |lyn — Vus||g

Theorem:  |Ju — up|| < n(un,yn) Yupb e V. Vy, € Q(f)

Complementary problem:
(A) Find y € Q(f) : n(un,y) < n(up,w) VYw € Q(f)

(B) Findy € Q(f) : 3 llyllg < 3 llwllg vw € Q(f)
(C) Findy € Q(f) : (y,w®) =0 vw® e Q(0)



The estimator

Definition:  n(up,yn) = |lyn — Vus||g

Theorem:  |Ju — up|| < n(un,yn) Yupb e V. Vy, € Q(f)

Complementary problem:
(A) Find y € Q(f) : n(un,y) < n(up,w) VYw € Q(f)

(B) Findy € Q(F): 3 Iyl3 < L Iwl3 vw € Q(f)

(C) Findy € Q(f) : (y,w®) =0 vw® e Q(0)

Lemma 1: (A) & (B) & (Q)

Lemma 2: y = Vu € Q(f) is the unique solution of (A)—(C)

Lemma 3:  n?(u,yn) + 0 (un,y) = n*(un, Yh) Vup € V, yn € Q(f)
lyn — i3+ [IVu — Vun|[§ = llyn — V|3



Method of hypercircle

Q(f)
y

Theorem: If

» u € V is primal solution

> up €V, y, € Q(f) arbitrary

> Gup = (yn + Vup)/2 y=Vu un VV
Then 1

[Vu—Gupllg = En(uh,Yh)-

Proof:

4(|Vu—Gupla = |[Vu—yh+ Vu— V|3
— | Vu—yul2 + | Vu— Vup|2 = [|[Vup — a2



Handelling Q(f), d = 2, Q simply connected

X1 T
a(X]_,X2) = — </ f(S,XQ) dS,O) = —divg="f
0

Q(0) = curl H(Q), curl = (9o, —01) 7T
Q(f) =q+ Q(0) = q + curl H}(Q)
(Comp) y=q+curlze Q(f): (y,w®) =0 vw®c Q(0)

(Comp) z€ HYQ) : (curlz,curlv) = —(q,curlv) Vv € HY{(Q)
~—_———
(Vz,Vv)



Numerical example

Primal problem Complementary problem
—" +KPu="f —y"+ K%y =f" in(0,1)
u(0) = u(1) =0 y'(0) =—£(0) y'(1)=—f(1)
f=1, K = const.

1 (1_sinh/1(1—.x)+sinh/@x>’ y= i
sinh k




Numerical example

Primal problem Complementary problem
—" +KPu="f —y"+ K%y =f" in(0,1)
u(0) = u(1) =0 y'(0) =—£(0) y'(1)=—f(1)
FEM mesh

O=xp<x1<---<xy=1 K;:[X,'_l,X,'], iZl,Q,...,M
Primal FEM
Vi = {vy, € H}(0,1) : vp|k, € PH(Ki) VK;}

up € Vi (up, vi) + (K2up, vi) = (F,ve) Vv € V4
Complementary FEM
Wi, = {wp, € H}(0,1) : wy|k, € PY(K;) VK;}

yh € Wy (vh, wp) + (szh, wp) = —(f,wy,) Yw, € W,



Primal and complementary solutions

Primal solution Complementary sol.
‘ ‘ ‘ 2
—exact y1
—approx. y;
0.1t 1 1
0,
0.05¢ k= 0.001
_1,
—exact u!
0 —approx. uj, X k = 0.001
0 0.2 04 - 0.6 0.8 1 0 0.2 04 - 0.6 0.8 1
o=l 1 g yeen
llunll llunll
lo=unll _ 94400 " _9440% 1y —1.000

[l [l



Primal and

complementary solutions

Primal solution Complementary sol.

—exact y1
—approx. y;
0.1t 1
0,
0.05¢ k=0.1
_1,
—exact u!
0 —approx. uj, X k=0.1
0 0.2 04 - 0.6 0.8 1 0 0.2 04 - 0.6 0.8
5=l 1 g e
llunll llunll
W —0.436% ﬁ —0439% I = 1.0003
u u



Primal and complementary solutions

Primal solution Complementary sol.
‘ ‘ ‘ 2
—exact y1
—approx. y;
0.1 : I
0,
0.05¢ k=1
1 -1
—exact u
0 ‘ —:‘approx.‘ u}L ‘ 5 ‘ ‘ ‘ ‘
0 02 04 . 06 08 1 0 02 04 - 06 08 1
lu—wll o 0 _ g
llunll llunll
lu=unll _ 91580 1 _o9a87% 1y —1036

[l [l



Primal and complementary solutions

Primal solution

Complementary sol.

—exact y1
—approx. y;

k=10

0.4
0.01 02
0
0.005 k=10
! -0.2
——exact u
0 ~ |[——approx. u}l ‘ 0.4
0 02 04 06 08 1 0
o=l 1 ggee,
llunl llunll
llu = unll _ 9.617% N 13.30%
llull llull

02 04 06 08
X

lofr = 1.392

1



Primal and complementary solutions

Complementary sol.

-4 Primal solution
x10 ~ ‘ ‘ 0.04 1
—exact y
_ 1
A /\\/ \/\ | OIOZK SPPIOE i
O = Q|
0.5 xk =100 N
. -0.02|
—exact u
—approx. uj, x =100
O0 0.2 04 . 0.6 0.8 1 _0'040 0.2 04 . 06 0.8
lo—wnll _ 1y oee,
luall lluall
lu=unl _ 15480 7 _2100% Ly —1420
llull flull

1



Primal and complementary solutions

-3Complementary sol.

xlO_G‘ Prmal solgtlon | X 10
—exact y1
/\ /\ —approx. y;
1 (> ~7 2
0
0.5 x = 1000
T -2
—exact u
0 —approx. uj, A x = 1000
0 0.2 04 . 06 0.8 1 0 0.2 04 . 06 0.8 1
o=l _ 1 _ o,
luall lluall
lu=unll _ 198605 T _2100% Iy = 1.103

[l [l



Method of hypercircle

Hypercircle approx. of values Hypercircle approx. of cogradient
0.01 0.4 —
—exact (AVU)
0.008| 0.2 —approx. (Gup)'|l
0.006¢
0,
0.004¢
k=10
_0.2’
0.002 —exact u! —10
—approx. uj k=
OO 02 04 - 06 08 1 _0'40 02 04 - 06 08 1

Mu — Tp, Vu — Gup]|l he _1n 6.72%
o] am




Generalizations

> General elliptic problem (nonsymmetric)

» Elasticity

» Stokes problem (incompressible viscous fluids)
» Variational inequalities

» Nonlinear problems (special)

» Differential equations of higher order

» Equations with curl

» Linear evolutionary problems

» Optimal control



Conclusions

llu = unll < n(un, yn)

v

Guaranteed upper bounds

v

Optimal y solves a complementary problem

v

Postprocessing of Vuy
= fast algorithms for y, (many open problems)

v

up € V arbitrary
= including algebraic errors, quadrature errors, human errors
=- any conforming numerical method

including Splines and IsoGeometric Analysis
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