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Method of a priori-a posteriori inequalities

Theorem (Kuttler and Sigillito, 1978):
» H a separable Hilbert space
» A: H+— H symmetric with pure point spectrum
» Au; = A\ju;, {u;} ON basis of H
> A\ € R, u, € H arbitrary, ||u.|lg =1
» w € H such that Aw = Au, — A\ u,

Then

Ai

< [lwlln

min
i




Proof

> AU,‘ = A,‘U,’, )\* S R. Uy € H arbitl’ary, ||U*HH =1
»weH: Aw = Au, — AUy

> 1=l =35 s, uiul?

)\ 2

rH<Z]

= Z 2 | (s, Aiti) H — (A, u,->H|2

U*,U, H

1
= 37 5 e A = (A, i)+ Aw, )l
1 2 1 2
:ZFKAW, ui) Hl :ZFKW’AU»H’
—Z}\2|W>\U, Z’WU:H’—HWHH

E]
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Computing g € H(div, Q)

Approximately minimize: 1(q) ~ a4+ Cr8  Cr ~ Crp = (\))71/2
CGr~ Grp

2
n*(q) = (HVU{’ —qllo,o + Cr,pll divalloo + Crpllg - n — )\’foHo,rN)

~~ ~~ ~~

A B C
<A+ YA+ HA2+ 1+ 0 H1+0)B>+ (14 0)C?
7°(0,0,q) Yo>0,0>0

Minimize 7j(o, o, q)? over W), C H(div,Q): Find q; € W:

2, \h 1

F.h (dlvqh,dlvwh)g—i-f(qh,'ll)h)rz-i-ﬁ(% n, - nry
)\h
Q (vulad)h) 140 < lulall/)h n>r V¢€ Wh

Solve by standard Raviart-Thomas finite elements.
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r r
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1

cw —o571154 0
Cr ~ 0.564188

Clow — 0.564 017 O/e/‘f ©
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0.2t —*-Upper bound p=2||
— Exact value
-©-Lower bound
1 2 103 104 10
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Example 2

Q=(0,2) x (0,1)

M ={(x,y) € 0Q:x <1} I'p
v ={(x,y) € 0Q:x>1}

Ivilo,ry < CrllVvion Vv € HE (Q)
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Example 2

Q=(0,2) x(0,1)
M ={(x,y) €02 :x <1} o .
I~y ={(x,y) €0Q:x>1}

Ivllory < CrllVvloa Vv e HL(Q)
Cr =7 Trace constant — Example 2
3 ‘ ‘ ‘
CiP = 150698
cir=1sw0s R — S,
1.5’ O'/_e—’e A A=y
1r |
-¢Upper bound p=1
0.5y - Upper bound p=2]|
0 -©-Lower bound
10° 10° 10° 10* 10°
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Conclusions

Practical method
Upper bound
General: trace, Friedrichs’, Poincaré, Korn's, ... constants

Computationally demanding
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Exact representation of the domain Q
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