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Introduction

Mathematical modelling:

. Mathematical Numerical Computer
Reality — — —
model model model
modelling discretization round-off error

error error algebraic error
quadrature error

> error X uncertainty

» verification x validation



Toy problem

Classical formulation:
—Au=FfinQ, wu=0o0n0Q
Weak formulation: V = H}(Q)
veV: a(uv)=F(v) VYveV
Notation:
> a(u) = (VuTv) > F) = (i) > (o) = [ puds
Finite elements: V, = {v, € V : p.w. linear on 7} C V
up € Vo a(up, vp) = F(vp) Vvp € Vy

Error: e = u — uy

Energy norm: |le||> = a(e, €) = (Ve, Ve) = ||Ve|3



Reference solution (Runge ~1900)

Idea: replace u = ui*!f and estimate ||u — up|| ~ |Jui — up||

up € Vy Vp, = {p.w. linears on a mesh 7,} C V

upet € Vet Vi, € Vit = {p.w. linears on a mesh 7'} ¢ V
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Analysis of the reference solution
Lemma (Galerkin ortho.): Let V4 C V4, a(-,-) be symmetric, and
up € V1 : a(ul, V1) = .7:(v1) Vvl S V1
u € Vo a(uQ, V2) = f(VQ) Vv, € Vs

Then
a(u2 —u, Vl) =0 Vv eV

fluz = wf|* = flu2ll® — flus|I®
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Analysis of the reference solution
Lemma (Galerkin ortho.): Let V4 C V4, a(-,-) be symmetric, and
up € V1 : a(ul, V1) = .7:(v1) Vvl S V1
u € Vo a(uQ, V2) = f(VQ) Vv, € Vs

Then
a(u2 —u, Vl) =0 Vv eV

fluz = wf|* = flu2ll® — flus|I®

Lemma (lower bound): Let V}, C Vit C V, a(-,-) be symmetric, and

up € V- a(uh, Vh) = .7-'(vh) Vv, € V
uzef e Vref : ( Zef ref) f( ref) eref Vref
ueV: a(u,v)=F(v) VveV

Then
lu = unl? = lu = ui"I1* + Jlup = usll?



Analysis of the reference solution

Lemma (Galerkin ortho.): |Juz — u1 |||2 = u2|||2 — || |||2

Lemma (lower bound): [ju — up||® = |ju — uf,efw2 + ]Huf,ef — up|?



Analysis of the reference solution

Lemma (Galerkin ortho.): |Juz — u1 |||2 = u2|||2 — || |||2
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= [l = unll < Jlu— unl



Analysis of the reference solution

Lemma (Galerkin ortho.): [lua — ur||? = |Juz2||? — [Ju]l?
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Analysis of the reference solution

Lemma (Galerkin ortho.): [lua — ur||? = |Juz2||? — [Ju]l?
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= [lup = unll < lu— ual]
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Easy to compute:
N

@1, P2, ..., PN basis Of Vh = up = ZXI.SOI'
i=1
Ax=F, Aj=alpje), Fi=F(p) = llunl®=x"Ax



Analysis of the reference solution

Lemma (Galerkin ortho.): [lua — u1]|® = Juz||* — |Jua|?
Lemma (lower bound): [lu — upl|? = lu — uE|% + |Juiet — up|?
= Nupt = unll < lu— us

= flu—upll? = flull® = funl®

= [l = unll? = N7 = flunll?

Easy to compute:
N

@1, P2, ..., PN basis Of Vh = up = ZXI.SOI'
i=1

Ax=F, Aj=alpj,¢i), F=F(pi) = |u®=x"Ax

N N N N
Proof: [Jusll? = 2 (z i, xm) = 3 3 sl ) = X Ax
i=1 j=1 i=1

=1j=1



A posteriori error estimates

A quantity 7 is a posteriori error estimate if it is
» computable (from up, T, f, etc.)

> flu = unll =7

Properties and terminology:
» Efficient and reliable: Cin < ||u — up| < G
» Guaranteed upper (lower) bound: |u— up|| <n (0 < ||u— up|)
» Robust: (3, G independent of 7, coefficients, ...
» Fast: O(N) operations
» Asymptotic exactness: ’I7i£no I =1
n

> Index of effectivity: lesf = M
u— up



Usage

» For efficiency:

» error indicator

» adaptive mesh refinement

» fast, inaccurate

» efficiency and reliability = convergence of adaptive algorithm

> For reliability:

v

error estimator

two-sided error bounds or stopping criterion (in adaptivity)
slow, accurate

guaranteed upper bound

v

v

v

» Cost:

» direct
» indirect — cost for underestimation and overestimation



Types

of AEE and what they are good for

Explicit residual:
good indicators

Implicit residual — Dirichlet type:
guaranteed lower bound, good indicators

Implicit residual — Neumann:
upper bound

Hierarchic:
guaranteed lower bound, good indicators

Complementary:
guaranteed upper bound, good estimators

Postprocessing:
good indicators

Quantity of interest:
if energy norm not desirable




Good indicators

(A) Explicit residual:

1
TR DS (w I3+ > 10 llJeH%,e)

KeTy, LCOK
where r=f + Aup, Jp = (Vu;r —Vu, ) -ng

[Babuska, Rheinboldt, 1979]

(B) Postprocessing:
lu = unll = Ve = Vunllg = [[G(un) = Vunllo
where G(up) is a recovered (postprocessed) gradient Vup,

[Zienkiewicz, Zhu, 1992], [Ainsworth, Craig, 1991]



Lower bounds

(C) Hierarchic estimates

VicVifcv Vit =v,aV,

Tp € Vi - a(lin, Vi) = F(Vh) V0, € Vi
ref __  ref

€= U—Uup €, = Uy — Up ’e\h:ﬁh—uh

Saturation assumption:
3B <1 flu—uyfl < Blu— up

Strengthenned Cauchy-Schwarz inequality: R
Fy <1 fa(vh, V)| < Alvalllvall - Yvi € Vi, Vi € Vi

Theorem: )
f f
llenll < llek™ Il < llell < len™ I <

1
Ta-@i T - -
[Bank, Smith, 1993], [Bank, Weiser, 1985]

lI&xll



Lower bounds

(D) Implicit residual — Dirichlet type

Strong: —Alx = f in K, Uk = up on 0K

Weak: Uk — up € HY(K) :  ax(tk,Vk) = Fx(Vk) Yk € H}(K)
Notation: ax(u,v) = [, Vu-Vvdx, Fk(v)= [, fvdx

[Babuska, Rheinboldt, 1978]



Lower bounds

(D) Implicit residual — Dirichlet type

Strong: —Alx = f in K, Uk = up on 0K

Weak: Uk — up € HY(K) :  ax(tk,Vk) = Fx(Vk) Yk € H}(K)
Notation: ax(u,v) = [, Vu-Vvdx, Fk(v)= [, fvdx

Lemma: Let 4|k = uk. Then ||T — up| < |Ju — up|

Proof: Special case of Hierarchic estimates with
Vi={veV:vlke H{(K)VK eT,} O

[Babuska, Rheinboldt, 1978]



Lower bounds

(D) Implicit residual — Dirichlet type

Strong: —Alx = f in K, Uk = up on 0K

Weak: Uk — up € HY(K) :  ax(tk,Vk) = Fx(Vk) Yk € H}(K)
Notation: ax(u,v) = [, Vu-Vvdx, Fk(v)= [, fvdx

Lemma: Let 4|k = uk. Then ||T — up| < |Ju — up|
Proof: Special case of Hierarchic estimates with
Vi={veV:vlke H{(K)VK eT,} O

For computations:

Replace H(K) by a finite dimensional subspace, e.g. P3(K).
Vp_ = {Vh € Vh : Vh|K S P3(K) VK € 'Th} - Vh

= PRV = P -l <G - upll < lu -

[Babuska, Rheinboldt, 1978]



Upper bounds

(E) Implicit residual — Neumann:

Strong: —Atg =fin K, ng-Vik = gk ~nk - Vuon 0K

Weak: uk € Hl(K) o ak(uk,vk) = Fr(vk) + fBK gK VK dx
Yk € HY(K)

[Kelly, 1984], [Ladeveze, Leguillon, 1983]
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Weak: uk € Hl(K) o ak(uk,vk) = Fr(vk) + fBK gK VK dx
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Lemma: Let gk + gx» =0on £ = 0K NOK'.
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Upper bounds

(E) Implicit residual — Neumann:

Strong: —Atg =fin K, ng-Vik = gk ~nk - Vuon 0K
Weak: uk € Hl(K) o ak(uk,vk) = Fr(vk) + fBK gK VK dx
Yk € HY(K)

Lemma: Let gk + gx» =0on £ = 0K NOK'.
Then Jlu — upll® < X xe, ik — unllk

Proof: v e V
a(u—up,v) =F(v) — a(up,v) = Z (fK(v) + / gk v dx — ak(up, v))
Ker oK
3
= > ak(tk — unv) < Y Nk — uallclvlik < | Y- Ik — uallic | vl
KeT, KeTh KET,
Set v =u— u. C

[Kelly, 1984], [Ladeveze, Leguillon, 1983]



Upper bounds

(E) Implicit residual — Neumann:

Strong: —Atg =fin K, ng-Vik = gk ~nk - Vuon 0K

Weak: uk € Hl(K) o ak(uk,vk) = Fr(vk) + fBK gK VK dx
Yk € HY(K)

Lemma: Let gk + gx» =0on £ = 0K NOK'.
Then Jlu — upll® < X xe, ik — unllk

Technical details:
g = 0on INNIK
Solvability: fK fdx+ faK gkdx =0 = Equilibration cond. on gk

For computations:
Replace H'(K) by a finite dimensional subspace, e.g. P?(K).
= U PEPAK) = [[iP — upllk < ik — unllk

7 lu—upl®> < 3 7P — unll

KeT,

[Kelly, 1984], [Ladeveze, Leguillon, 1983]



Upper bounds

(F) Complementary
Divergence thm.: (divy,v)+(y,Vv) =0 Vy € H(div,Q),v € H}(Q)
Friedrichs' inequality: [[v|, < Crllv] Vv € H3(Q)

Theorem: Let up € V be arbitrary. Then

lu = unll < Ce [If +divyllo +lly = Vunlly vy € H(div, Q)

[Aubin, Burchard, 1971], [Hlavé&ek et al. 1970s|, [Repin 2000-]



Upper bounds
(F) Complementary

Divergence thm.: (divy,v)+(y,Vv) =0 Vy € H(div,Q),v € H}(Q)
Friedrichs' inequality: [[v|, < Crllv] Vv € H3(Q)
Theorem: Let up € V be arbitrary. Then
llu = unll < G [If +divyllg + [ly = Vunlly ¥y € H(div, Q)
Proof: v e V

a(u — up,v) = (f,v) = (Vun, Vv) = (f +divy,v) + (y = Vup, Vv)
< If +divyllg [[vlig + ly = Vunllo Vvl
< (Cr[If +divyllg+lly = Vunlio) IVl

Set v =u— u. O

[Aubin, Burchard, 1971], [Hlavé&ek et al. 1970s|, [Repin 2000-]



Upper bounds

(F) Complementary
Divergence thm.: (divy,v)+(y,Vv) =0 Vy € H(div,Q),v € H}(Q)
Friedrichs' inequality: [[v|, < Crllv] Vv € H3(Q)

Theorem: Let up € V be arbitrary. Then
llu = unll < G [If +divyllg + [ly = Vunlly ¥y € H(div, Q)

Remarks:
» y = Vu gives exact estimate
» Complementary problem < optimal y
» Unknown value of Cg:
» avoid by exact equilibration: y € H(div,Q) : f +divy =0
» compute upper bound on Cg

[Aubin, Burchard, 1971], [Hlavé&ek et al. 1970s|, [Repin 2000-]



(G) Quantity of interest

Quantity of interest: € V*
Adjoint problem: z€ V: a(v,z) =®(v) VYveV
Approx. adjoint prob.: zy € Vi, : a(vp, zp) = P(v) Vv, € Vy

Error representation formula:
S(u—up) =alu—upz)=R(z) =R(z—zp) = a(u — up, z — zp)
where  » R(v) = F(v) — a(up, v)
> R(Vh) =0 VvyeV,
Error estimate: |®(u — up)| < [|u — up||||z — z4|| < nPrind

= o up) — prinadj < Pd(u < ) up, +nprinadj
n

[Bangerth, Rannacher, 2003]



Adaptive algorithm

1. Initialize: Construct the initial mesh 7.

2. Solve: Find up on 7p.

3. Error indicator: Compute ng for all K € 7.

4. Error estimator: E.g. n? = Y KeT, -

5. Stopping criterion: If n<TOL = STOP.

6. Mark: If nx > © maxnk = mark K. 0<o<l
KeTy

7. Refine: Refine marked elements and build the new mesh 7.

8. Go to 2.
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