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Toy problem

Classical formulation:
—Au=FfinQ, wu=0o0n0Q
Weak formulation: V = H}(Q)

veV: a(uv)=F(v) VYveV

Notation:
» a(u,v) = (Vu,Vv)
> F(v)=(f,v)
> (p0) = /Qsowdx
» Error: e = u— up
» Energy norm: ||e]|? = a(e, e) = (Ve, Ve) = || Vel



Derivation
Divergence thm.: (divy,v)+(y,Vv) =0 Vy € H(div,Q),ve V

Friedrichs’ inequality: ||v||, < Cg|lv| Vv eV
Theorem: Let up € V be arbitrary then

lu = upll <n(up,y)
n(up,y) = Ce||f +divyllg +lly = Vuplly  Vy € H(div, Q)

Proof: ve V

a(u — Up, V) = (f’ V) - (VUh, VV) = (f + diVy, V) + (y - VUh, VV)
< [f +divyllo l[vllo + ly = Vunllo IV v
< (G lIf +divylo+ lly = Vunllo) vl

Set v =u— u. O



Derivation
Divergence thm.: (divy,v)+(y,Vv) =0 Vy € H(div,Q),ve V

Friedrichs’ inequality: ||v||, < Cg|lv| Vv eV
Theorem: Let up € V be arbitrary then

lu = upll <n(up,y)
n(up,y) = Ce||f +divyllg +lly = Vuplly  Vy € H(div, Q)

Lemma: Let u € V be the exact solution.
Then ||u — up|| = n(up, Vu).



Two options

(A) Error majorant

llu = unll <n(un,y)
n(un,y) = Cr||f +divyllg + lly = Vuplly  Vy € H(div, Q)

[S. Repin et al., 2000-]

(B) Dual finite elements

llu = unll <n(un,y)
N(un,y) = [ly = Vunllo Yy € Q(f)

Q(f) ={y € H(div,Q) : f +divy = 0}

[J. Haslinger, |. Hlavaek, M. K¥izek, 1970s-80s]



(A) Error majorant
lu— unll < n(un,y) = Ce|If +divyllo + ly = Vunlly Yy € H(div, Q)
. 1 .
lu— unll® < P (un,y, ) = (1 + ﬁ> G IIf +divyllg +(1+ ) ly — Vualg
V3 >0

Proof: (A+ B)? < <1 + ;) A2+ (1+6)B? VY3>0
Equality for 5 = A/B. O



(A) Error majorant
lu = unll < n(un,y) = Cellf +divyllo+lly = Vunlly vy € H(div, Q)

. 1 .
lu— unll® < P (un,y, ) = (1 + ﬁ> G IIf +divyllg +(1+ ) ly — Vualg

V3 >0
Notation: W = H(div, Q)
Complementary problem (equivalent formulations):
(i) Find y € W : n(up,y) < n(up,w) Ywe W
(”) Find y € W and B>0: 7/7\2(uh>yaﬁ) < ﬁz(Uh,W,B) R
YweW, 3>0
If B> 0 fixed:
(iii) Find y € W : 7%(up,y, 3) < 7?(up,w,3) Yw e W
(iv) Find y € W : (divy,divw) + fz( JW) = Cﬁz (Vup,w) — (f,divw)

Yw e W



(A) Error majorant
lu = unll < n(un,y) = Cellf +divyllo+lly = Vunlly vy € H(div, Q)

= wnl? < Puny. ) = (145 ) G I+ divylZ+(1+ 5) ly = Vol
V3 >0
Notation: W = H(div, Q)
Practical implementation:
» W, CW, dmW, < o
e.g. Raviart-Thomas elements of degree p:
WP = {wj, € H(div, Q) : wy|x € PP(K) VK € Tp}
» Set values for § and Cg
» Find y, € Wy, :
(divyn, divwg) + (ig(YhaWh) = é(VUh,Wh) — (f,divwy)
Ywy, € Wy,
» Compute 7(up, yn)



Friedrichs’ constant Cp

Ivilg < Crllv] VYveV
(a) Analytical estimate (Mikhlin, 1986): V = H3(Q)
1/1 1\ ~1/2
CF< ( + + ) , Qcalx"‘xad,

~ o \a Jad|



Friedrichs’ constant Cg

[vllp < Crllvll VveV

(b) Numerical upper bound:

2
CF = sup ”VHO o M\ = inf |||V||| CE‘ — 1/)\1

vev [IvIl veV |lvifg’

Eigenvalue problem: u; € V:  a(uj,v) = \i(u;,v) YveV

Galerkin approxim.: u;' e Vy: a(u;’, v = )\f'(u,-h, vy whe v,
V,CV

2
A= g Dl MM = 1<

e Vi || vall5

Sigillito, Kuttler (1970s): N <A1 = C2<1/x



(B) Dual finite elements

lu = unll < 7(un,y) = lly = Vunlly vy € Q(f)
Q(f) ={y € H(div,Q) : f +divy = 0}

Complementary problem:

() Find y € Q1) - (un.y) <
(i) Find y € Q(f) = L [yll3 <
(i) Find y € Q(f) : (y,w°) =

n(up,w) VYw € Q(f)
Il vw € Q(f)

n
1
2
0 vw®e Q(0)



(B) Dual finite elements

lu = unll < 7(un,y) = lly = Vunlly vy € Q(f)
Q(f) ={y € H(div,Q) : f +divy = 0}

Complementary problem:
(i) Find y € Q(f) : (Uh,y) < n(un,w) Yw € Q(f)
(i) Find y € Q(F) : 3 llyllg < 3wl vw € Q(f)
(iii) Find y € Q(f) : (y,w®) =0 vw® € Q(0)
Lemma 1: (i) < (ii) < (iii)
Proof: (i) < (ii)
ly = Vunllg < w = Vung
Iylle — 20y, Vun) +1IVunllg < llwllg —2(w, Vup) +[|Vunls



(B) Dual finite elements

lu = unll < 7(un,y) = lly = Vunlly vy € Q(f)
Q(f) ={y € H(div,Q) : f +divy = 0}

Complementary problem:

(i) Find y € Q(f) : (uh,y) < 7(up,w) Yw e Q(f)
(i) Find y € Q(F) : 3 llyllg < 3wl vw € Q(f)
(iii) Find y € Q(f) : (y,w®) =0 vw® € Q(0)

Lemma 1: (i) < (ii) < (iii)
Proof: (i) < (ii)

ly — Vupll§ < w — Vual3
Iyl —2(y, Vi) < |wllg —2(w, Vup)



(B) Dual finite elements

lu = unll < 7(un,y) = lly = Vunlly vy € Q(f)
Q(f) ={y € H(div,Q) : f +divy = 0}

Complementary problem:

(i) Find y € Q(f) : (uh,y) < 7(up,w) Yw e Q(f)
(i) Find y € Q(F) : 3 llyllg < 3wl vw € Q(f)
(iii) Find y € Q(f) : (y,w®) =0 vw® € Q(0)

Lemma 1: (i) < (ii) < (iii)
Proof: (i) < (ii)

ly = Vup|l§ < [lw = Vus|
2 2
Iyll3 — 2(f, up) < |wllg — 2(f, un)



(B) Dual finite elements

lu = unll < 7(un,y) = lly = Vunlly vy € Q(f)
Q(f) ={y € H(div,Q) : f +divy = 0}

Complementary problem:

(i) Find y € Q(f) : (uh,y) < 7(up,w) Yw e Q(f)
(i) Find y € Q(F) : 3 llyllg < 3wl vw € Q(f)
(iii) Find y € Q(f) : (y,w®) =0 vw® € Q(0)

Lemma 1: (i) < (ii) < (iii)
Proof: (i) < (ii)

ly = Vup|l§ < [lw = Vus|

2 2
I¥llo < [lwlfg




(B) Dual finite elements

lu = unll < 7(un,y) = lly = Vunlly vy € Q(f)
Q(f) ={y € H(div,Q) : f +divy = 0}

Complementary problem:
(i) Find y € Q(f) : (uh,y) <
(i) Find y € Q(f) = 3 lyllg <
(iii) Find y € Q(f) : (y,w®) =
Lemma 1: (i) < (ii) < (iii)
Proof: (ii) = (iii)

t) = Hy + twOH?), J(t) has minimum at t =0

n(up,w) VYw € Q(f)
Il vw € Q(f)

n
1
2
0 vw®e Q(0)

0= 7(0) — fim 1Y 2%lo = vl
a -0 t




(B) Dual finite elements

lu = unll < 7(un,y) = lly = Vunlly vy € Q(f)
Q(f) ={y € H(div,Q) : f +divy = 0}

Complementary problem:

(i) Find y € Q(f) : (Uh,y)

< 7(up,w)  Yw € Q(f)
(i) Findy € Q(f) = 5 llyllg < 5|
0

wl5  Yw e Q(f)

(iii) Find y € Q(f) : (y,w®) =0 vw® € Q(0)
Lemma 1: (i) < (ii) < (iii)
Proof: (ii) = (iii)
t) = Hy + twOH?), J(t) has minimum at t =0
o 7(0) — i W20 W) W VIR

t—0 t



(B) Dual finite elements

lu = unll < 7(un,y) = lly = Vunlly vy € Q(f)
Q(f) ={y € H(div,Q) : f +divy = 0}

Complementary problem:

(i) Find y € Q(f) : (uh,y) < 7(up,w) Yw e Q(f)
(i) Find y € Q(F) : 3 llyllg < 3wl vw € Q(f)
(iii) Find y € Q(f) : (y,w®) =0 vw® € Q(0)

Lemma 1: (i) < (ii) < (iii)
Proof: (iii) = (ii)
weQ(f), MCeQ(0):w=y+w, (yw)=]yl

2 2 2 2 2
0 < lw—yllg = llwllg — 2(y,w) + llyllo = llwllg — llyllg




(B) Dual finite elements

lu = unll < 1un.y) = lly = Vunllp vy € Q(f)
Q(f) ={y € H(div,Q) : f + divy = 0}

Complementary problem:

(i) Find y € Q(f) : n(up,y) <
(i) Find y € Q(f) = 3 [lyllg < 3 lIwllg  ¥w € Q(f)
(iii) Find y € Q(f) : (y,w®) vw® € Q(0)
)

Lemma 2: y = Vu € Q(f) is the unique solution of (i)—(iii)
Proof:

If y1 € Q(f) and yo € Q(f) satisfy (iii):
= y2 —y1 € Q(0) and (y2 —y1,w’) =0

= lly2—yilg=0 = y2=y1

(up,w)  Yw € Q(f)
3|
0



(B) Dual finite elements (L) §

lu = unll < 9(un,y) = [ly — Vusl,
Q(f) ={y € H(div,Q) : f + divy = 0}

y=Vu Vu, VV

Complementary problem:

(i) Find y € Q(f) : 7(un,y) <
(i) Find y € Q(f) : 3 lyllg <
(iii) Find y € Q(f) : (y,w°) =

Lemma 3:  72(u,yn) + 7%(un, y) = 7%(un, yn) Yup € V, yp € Q(F)
lys = yll5 + IVu = Vunllg = llys — Vullg

Proof:

lyn = Vu+ Vu = Vusllg = lys = Vullg + Ve = V|

(yh — Vu,Vu—Vu)=0

n(up,w) VYw € Q(f)
Il vw € Q(f)

n
1
2
0 vw® e Q(0)



(B) Dual finite elements

Practical implementation: d = 2, Q simply connected

X1 T
> q(xl,x2):—(/ f(s,xz)ds,O) = —divg="f
0

» Q(f) =q+ Q(0) = q + curl HY(Q) curl = (92, —01) "

» Complementary problem:
(i) y=q+curdzeQ(f): (y,w®) =0 vw’e Q(0)
(iv) ze€ HY(Q): (curl z,curlv) = —(q, curlv) Vv € HY(Q)
(v) ze HYQ): (Vz,Vv) = —(q,curlv) Vv e HY(Q)

» Galerkin approximation:
zn€Zy, C HY Q) :  (Vzy,Vv) = —(q,curlv)) Vv, € Z,

> yp =q+ curl z,

» Compute 77(un, yn)



Energy minimization

a(u,v) = (Vu,Vv), F(v)=(f,v), a*(y,w) = (y,w)

Primal problem:

veV: a(uv)=F(v) VveV

ueV: Ju)= ‘r/réi\r}J(v), J(v) = Zza(v,v) — F(v)

Complementary problem:

yeQ(f): a*(y,w?)=0 vw®c Q(0)

yeQ(f): J(y)= min J(w), J(w)= %a*(w,w)

Complementarity of energies:

J(u)+ J*(y) = —%a(u, u) + %3*(VU, Vu)=0



Method of hypercircle

Q(f)
y

Theorem: If

» u € V is primal solution

> up €V, y, € Q(f) arbitrary

> Gup = (yn + Vup)/2 y=Vu un VV
Then )

[Vu—Guallg = Eﬁ(uh7Yh)'

Proof:

4(|Vu— Gupllz = |[Vu — yh + Vu — V|3
= |Vu—yulls + [|[Vu— Vup|ld = || Vup — yall



Numerical illustration of hypercircle

—u"(x) =2 —12x+12x%in (0,1), w(0)=u(l)=0

u(x) = x3(1 — x)?

Primal solution

0.07
0.067
0.057
0.047
0.037

0.02¢
0.01} —u(z)
A i1 €2 1
0O 0.1 0.20304 01.;5 06 0.70809 1




Numerical illustration of hypercircle

—u"(x) =2 —12x+12x%in (0,1), w(0)=u(l)=0
yn(x) = v'(x) = 2x(2x — 1)(x — 1)
Gup(x) = (yn(x) + u)/2

FEM approximation

0.2

0.1}

02— T
%% 01020304 0506070809 1
€T



Numerical illustration of hypercircle

—u"(x) =2 —12x+12x%in (0,1), w(0)=u(l)=0
yn(x) = v'(x) = 2x(2x — 1)(x — 1)

Gun(x) = (ya(x) + up)/2
Hypercircle approximation

0.2
0.1r
u
hllo 0
-0.1
-0

0 010.20304050607 0809 1
€T



Example 1

I'n

—Au=fin (0,2) x (0,1)

u=0onTlp

n'Vu=0on N I'p
52
f=>
16
X1 . TX2

= sin — sin —
u I 4 I 2



Example 1

—Au=fin(0,2) x (0,1) t
u=0onTlp
n"Vu=0on N I'p
572 Friedrichs’ constant — Example 1
f=—u 1 ‘ ‘
16
u = sin ™ sin e
4 2 0.8
Cr— — ~os604 O
CES |
G = 0.5693 ' —*-Upper bound p=1

Gx" = 0.6004 o2l - Upper bound p=2||

’ ——Exact value

-©-Lower bound

10° 10" 10° 10° 10
Number of elements




Example 1

—Au=fin(0,2) x

u=0onTlp

n"Vu=0on N

Lower bound:
reference solution

Upper bound:
error majorant

(0,1)

I'n

T'p

Error bounds — Example 1

107 f

;><—Upper Bound p=1
—¥-Upper bound p=2
-©-Lower bound

10

10" 10> 10° 10
Number of elements




Example 2

—Au="fin(0,2) x (0,1)
u=0onTp

n"Vu=0on N

I'p

I'n




Example 2

—Au="fin(0,2) x (0,1)
u=0onTlp I'p Tn

n"Vu=0on N

F— ﬁ sin X1 sin X2 Friedrichs’ constant — Example 2
16 4 2 15

CF ) 1.25¢

Clow = 0.7750 1

G’ =0.8712

0.75 O/e/H——e—e

0.5¢

-Upper bound p=1
0.25} - Upper bound p=2]|
-©-Lower bound

10° 10" 10° 10° 10*
Number of elements



Example 2

—Au="fin(0,2) x (0,1)
u=0onTp

n"Vu=0on N

I'p I'n

Error bounds — Example 2

Lower bound:
reference solution 10 |

Upper bound:
error majorant

107

-©-Lower bound

;><—Upper Bound p=1
—¥-Upper bound p=2

10" 10> 10°
Number of elements

10



Conclusions

» Guaranteed upper bounds

» if exact arithmetic
» if exact quadrature

» Arbitrary numerical method for u, € V

» solving complementary problem is expensive

» Particular numerical method for u, € V
» postprocessing of Vu, = fastyy

» Total error
» including quadrature and algebraic errors

» Technical difficulties

» Friedrichs’ constant
» handling of Q(f)
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