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Motivation — complementary error estimates

Classical formulation:
—Au=FfinQ, u=0o0n09Q
Weak formulation: V = H}(Q)
veV: (Vu,Vv)=(f,v) YveV
Error bound: u, € V
llu = unll < Ce [If +divyllo + [ly = Vunlly ¥y € H(div, Q)

Notation:

» [2(Q) scalar product: (i, 1)) = /ngpdx

> L2(Q) norm: ||v[|§ = (v, v)

> Energy norm: ||e[|2 = (Ve, Ve) = | Ve|3




Motivation — complementary error estimates

Friedrich’s inequality: |[|v|lq < G [|Vv|, VveV

Divergence thm: (divy,v)+(y,Vv) =0 Vv e V,y e H(div,Q)

Weak formulation: V = H}(Q)
vueV: (Vu,Vv)=(f,v) YveV
Error bound: u, € V
Ju— upll < G [If +divyllo + ly — Vunlly ¥y € H(div, 2)

Proof: v=u—u, €V

(Vu—Vup,Vv)=(f,v) — (Vup, Vv)
= (f +divy,v)+(y — Vup, Vv)
< [If +divylg vl + ly = Vunllo Vvl
< (G lif +divyllo +lly = Vunllg) IvIl O



Relation with eigenvalues

Friedrichs’ inequality:

Ivlp < G ||Vv|, YveV = GCp=sup 1vlo
veVv HVVHO

Laplace eigenvalue problem

—Au; = Ny in Q, uy=00n 0, i=12,...

1
Theorem: CZ = ™ where A\; = min \;.
1 1




Relation with eigenvalues

Friedrichs’ inequality:

Ivlp < G ||Vv|, YveV = GCp=sup 1vlo
veVv HVVHO

Laplace eigenvalue problem

—Au; = Ny in Q, uy=00n 0, i=12,...

1
Theorem: CZ = ™ where A\; = min \;.
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Proof:
Weak formulation: u; € Vi (Vu;, Vv) = \(u;,v) YveV
Vvl 1 Ivils
A= 2 2 2
veV lvlfg 1 vev [[Vvlg



Rayleigh—Ritz approximation of \;

Weak formulation:
uieV: (Vu,Vv)=X\(u,v) VveV
Rayleigh—Ritz method: V/ c V, dim V" < o

ul e Vi (YUl Vvl = AP (b Vi) v e vh

Theorem: \; < !




Rayleigh—Ritz approximation of \;

Weak formulation:
uieV: (Vu,Vv)=X\(u,v) VveV
Rayleigh—Ritz method: V/ c V, dim V" < o
ul e Vi (YUl Vvl = AP (b Vi) v e vh
Theorem: \; < !
Proof:

V2 Vv
M= inf Vo e VYo
veV vy vhevr |lvi|g




Rayleigh—Ritz approximation of \;

Weak formulation:
uieV: (Vu,Vv)=X\(u,v) VveV
Rayleigh—Ritz method: V/ c V, dim V" < o
ul e Vi (YUl Vvl = AP (b Vi) v e vh
Theorem: \; < !
Proof:

2 2
IV e IVVIE

A = inf —
PV |2 T veve (v

Corollary: Cf < G




Lower bound on \;

Method of a priori-a posteriori inequalities.

Theorem (Kuttler and Sigillito, 1978):
A= M| vl

Ai T [l

= min

1
where
» A, € R and u, € V are arbitrary

»weV: (Vw,Vv)=(Vu,Vv)—A\(us,v) YveV




Lower bound on \;

Method of a priori-a posteriori inequalities.

Theorem (Kuttler and Sigillito, 1978):
A= M| vl
Ai [T Nl

= min

1
where
» A, € R and u, € V are arbitrary

»weV: (Vw,Vv)=(Vu,Vv)—A\(us,v) YveV

Friedrich's inequality:

Al — A
Ai

Iy _ ¢ 9wl
faallo = 7 sl

min
!




Algorithm
Al — A
Ai

[V wll

[ullo

< Cr

min
i

Theorem:
VWl < Ve — allg + Ce [ Aus + divall,

Vq € H(div, Q).




Algorithm

A — A
Ai

min
i

<G <||Vu* — 4o N CFIIA*U* +divq|!o>
el [PAT

Theorem:
IVwlly < [[Vue —qllg + Cr |\ +divall, Vg € H(div, Q).



Algorithm

A — A
Ai

min
i

<G <||Vu* —dllo | o IAxu +divq|!o>
[l [[usllo

Theorem:

IVwlly < [[Vue —qllg + Cr |\ +divall, Vg € H(div, Q).

» Compute Rayleigh—Ritz approximations )\’1’ and uf



Algorithm
Al — A
Ai

min
i

<G <||Vu* — 4o N CFIIA*U* +divq|!o>
el [PAT

Theorem:
IVwlly < [[Vue —qllg + Cr |\ +divall, Vg € H(div, Q).

» Compute Rayleigh—Ritz approximations )\’1’ and uf

> Set \. :)\’1’ and u, = u{’




Algorithm

A — b
Ai

min
i

h_ hoh 4
<G (HVU1h al, N CFH)‘lL’l td"’qu>
HUIHO HUIHO

Theorem:
IVwllg < Ve, — allo + Ce Ao, + divall, Va € H(div, Q).

» Compute Rayleigh—Ritz approximations )\i’ and uf
> Set A\, = A\ and u, = uf



Algorithm

A — b
Ai

min
i

e
HUIHO HUIHO

Theorem:
IVwllg < Ve, — allo + Ce Ao, + divall, Va € H(div, Q).

» Compute Rayleigh—Ritz approximations )\i’ and uf
> Set A\, = A\ and u, = uf

» Find approximate minimizer q; € H(div, Q)



Algorithm

A — b
Ai

min
i

o (Il ol
HUIHO ”“1”0

Theorem:
IVwllg < Ve, — allo + Ce A, + divall, Va € H(div, Q).

» Compute Rayleigh—Ritz approximations )\i’ and uf
> Set A\, = A\ and u, = uf

» Find approximate minimizer q; € H(div, Q)



Algorithm

A — b
Ai

min
i

g (1740l g bt + va)
H“l ”“1

lo lo

Theorem:
IVwllg < Ve, — allo + Ce A, + divall, Va € H(div, Q).

» Compute Rayleigh—Ritz approximations )\i’ and uf

> Set A\, = A\ and u, = uf

» Find approximate minimizer q; € H(div, Q)
Vet —anlly Aot -+ dvan]

> o =—FF, = , Ge =
letllo lerlg '

==
:



Algorithm
A — Ab
Ai

min
i

SARE

Theorem:
IVwllg < Ve, —allo + Ce Ao, + divall, Va € H(div, Q).

» Compute Rayleigh—Ritz approximations )\i’ and uf
> Set A\, = A\ and u, = uf

» Find approximate minimizer q; € H(div, Q)
IVl I+ divanl

lerfly

> « 1 CF:

==
:

H”Mo



Algorithm
A — Ab
Ai

min
i

<7 ()
VA Vi
Theorem:
[Vwlly < [Vus —allg + Cr [ Asus +divallg  Va € H(div, Q).

» Compute Rayleigh—Ritz approximations )\i’ and uf

> Set A\, = A\ and u, = uf
» Find approximate minimizer q; € H(div, Q)
V6t~ anlly . [Muf + divan],
Juf

> « 1 CF:

==
:

lg lerlg

> AMis closest to \; (i.e. i =1)




Algorithm

A’;—A1< 1 ((H 1 6)
M T VA VAL

Theorem:
IVwllg < Ve, —allo + Ce Aeu, + divall, Va € H(div, Q).

» Compute Rayleigh—Ritz approximations )\i’ and u{’

> Set A, = A\ and u, = uf
» Find approximate minimizer q; € H(div, Q)
[Vur—anly, [Nt +civanl,
=7 A=
g

. Gr =

=l
:

> « ,
lo 7]

> Ais closest to A (i.e. i =1)




Algorithm

A\ 1 1
NS m(“mﬂ) )

Theorem:
IVwllg < Ve, —allo + Ce Aeu, + divall, Va € H(div, Q).

» Compute Rayleigh—Ritz approximations )\i’ and u{’

> Set A, = A\ and u, = uf
» Find approximate minimizer q; € H(div, Q)
[Vur—anly, [Nt +civanl,
=7 A=
g

v

o . =

=l
:

lg lerlg

/\’1’ is closest to A1 (i.e. i =1)
(¥) & 0<X2+aX+p—-N, where X =/

v
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Theorem:
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Algorithm

A\ 1 1
NS m(“mﬂ) )

Theorem:
IVwllg < Ve, —allo + Ce Aeu, + divall, Va € H(div, Q).

» Compute Rayleigh—Ritz approximations )\i’ and u{’

> Set A, = A\ and u, = uf
» Find approximate minimizer q; € H(div, Q)
[Vur—anly, [Nt +civanl,
=7 A=
g

v

o . =

=l
:

lg lerlg

/\’1’ is closest to A1 (i.e. i =1)
(¥) & 0<X2+aX+p—-N, where X =/

v

v

v

= X <AL whereXzz( a2+4(>\’1’—5)—a>/2

> = G <1/X



Computing g, € H(div, Q)

2
(V6. = allg + Ce A u + divally)

2
~ (IVaf = allo + (A1) 2 \fuf + divalo)

1+Q

<1+ YIVey —allf + ——IA{uf —divallg, Vo>0

Minimize over W), C H(div, Q):
Find q, € Wh:

h
A(Vumbh) (Afuf, divapy)
V'(#h € Wh

(div qp, divap,) M (qh, Yp) =

Solve by standard Raviart-Thomas finite elements.



Generalizations

Linear elliptic problem:
—div(AVu) +cu="finQ I'p
u=0onTp
n" AVu=0on Iy

Friedrich's inequality:

Ivllp < Gelivll vveV

» V={veHYQ):v=00nTp}
> VI = (AVY, Vi) + (cu, u)



Example 1

I'n

—Au=fin (0,2) x (0,1)

u=0onTlp

n'Vu=0on N I'p
52
f=>
16
X1 . TX2

= sin — sin —
u I 4 I 2



Example 1

—Au=fin(0,2) x (0,1) t
u=0onTlp
n"Vu=0on N I'p
572 Friedrichs’ constant — Example 1
f=—u 1 ‘ ‘
16
u = sin ™ sin e
4 2 0.8
Cr— — ~os604 O
CES |
G = 0.5693 ' —*-Upper bound p=1

Gx" = 0.6004 o2l - Upper bound p=2||

’ ——Exact value

-©-Lower bound

10° 10" 10° 10° 10
Number of elements




Example 1

—Au=fin (0,2) x (0,1)

u=0onTlp

n"Vu=0on N

Lower bound:
ref

lup™ = unll < llu — uall
Upper bound:
llu — unll
< Gp [|f +divyl|y
+ [ly = Vunllo
Yy € H(div,Q)

10 ¢

I'n

T'p

Error bounds — Example 1

> Upper bound p=1|
—%-Upper bound p=2
-©-Lower bound

10 10 10 10° 10
Number of elements



Example 2

—Au="fin(0,2) x (0,1)
u=0onTp

n"Vu=0on N

I'p

I'n




Example 2

—Au="fin(0,2) x (0,1)
u=0onTlp I'p Tn

n"Vu=0on N

F— ﬁ sin X1 sin X2 Friedrichs’ constant — Example 2
16 4 2 15

CF ) 1.25¢

Clow = 0.7750 1

G’ =0.8712

0.75 O/e/H——e—e

0.5¢

-Upper bound p=1
0.25} - Upper bound p=2]|
-©-Lower bound

10° 10" 10° 10° 10*
Number of elements



Example 2

—Au="fin(0,2) x (0,1)
u=0onTlp I'p Tn

n"Vu=0on N

Error bounds — Example 2

;)<—Upper Bound p=1
—%-Upper bound p=2
-©-Lower bound

Lower bound:

it = unll < llu = upll 20"

Upper bound:

llu— uall
< Ge |If +divyll
+ly — V||
Yy € H(div,Q) 10" : : :
y ( ) 10° 10" 10° 10° 10*

Number of elements



Conclusions

Practical method
Guaranteed upper bound on Friedrichs' constant
Easy to generalize to similar inequalities

Computationally demanding

vV v v v Y

Exact representation of the domain Q
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