Discrete maximum principles

Tomas Vejchodsky

Institute of Mathematics, Academy of Sciences
Zitns 25, 11567 Praha 1
Czech Republic

Defence of habilitation thesis
Faculty of Mathematics and Physics
Charles University in Prague

March 7, 2012




Habilitation thesis

Setting:
» linear elliptic second-order PDE
> finite element method (FEM)

» linear (lowest-order)
» higher-order

» discrete maximum principles (DMP)

Goals:
» General theory of DMP
» Unified survey of known results
» New results (higher-order FEM)
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Introduction
Example 1: —u” =fin (0,2), wu(0)=u(2)=0

Conservation of nonnegativity: f >0 = u>0
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Model problem

—div(AVu)+b-Vu+cu=Ff inQ
u=gp onlp
au+ (AVu)-n=gx only

Maximum Principle:

f<0and gy <0 = maxu< rr;axmax{O7 u}
Q D

Minimum Principle:

f>0andgyn >0 = minu> nr1in min{0, u}
Q D

Conservation of Nonnegativity:

f>0,gp=>0,andgn >0 = wuv>0

Comparison Principle:
f2f7gDZ§DvandgNZ§N = UEU



Finite element method

Weak form.: u—gp e V: a(u,v)=F(v) YveV

FEM form.: up *ED,h e Vy: a(uh, Vh) = .7:(Vh) Vv, € Vp
\//-,CV,dith<OO

Discrete Maximum Principle (DMP):
f<0and gy <0 = maxu, < max max{0, up}
Q D

Discrete Minimum Principle:
f>0andgy >0 = minuy > rrrlin min{0, up}
Q D

Discrete Conservation of Nonnegativity:
f>0, gpp>0,andgn >0 = up >0

Discrete Comparison Principle:
f>f, goh>8ph and gn >N = up > Up



Discrete Green's function

Definition: y € Q,  Gpy € Vi : a(vh, Ghy) = va(y) Vvh € Vi
Notation: Gp(x,y) = Ghy(x) V(x,y) € Q2

Theorem: DMP &
(i) Gh(x,y) >0 V(x,y) € Q
(i) gn.aly) — (Mgpa)(y) >0 Vepr€ VY, gpp>0inQ yeQ

Theorem: For linear FEM:
(i) & Al>0
(i) & —-AlA9>0



Results for linear FEM

Systematic overview of known results.

—(AdY +bd +cu=f inQ=(ab)
u(a) = gp
au(b) + Ad'(b) = gn

Original contributions:
» Complete characterization in 1D
» New general sufficient conditions for
» simplicial FEM, arbitrary dimension
» block FEM, arbitrary dimension [A2]
» Right triangular prismatic FEM [A1]




Results for linear FEM

Systematic overview of known results.

—div(A\Vu)+cu=Ff inQcR?
u=gp onlp
au+ (AVu)-n=gx only

Original contributions:
» Complete characterization in 1D

» New general sufficient conditions for

» simplicial FEM, arbitrary dimension
» block FEM, arbitrary dimension [A2]
» Right triangular prismatic FEM [A1]




Results for linear FEM

Systematic overview of known results.

—div(A\Vu)+cu=Ff inQcR?
u=gp onlp
au+ (AVu)-n=gx only

Original contributions:
» Complete characterization in 1D

» New general sufficient conditions for

» simplicial FEM, arbitrary dimension
» block FEM, arbitrary dimension [A2]
» Right triangular prismatic FEM [A1]




Results for linear FEM

Systematic overview of known results.

~Au+cu=Ff inQcR3
u=0 on 9N

Original contributions:
» Complete characterization in 1D
» New general sufficient conditions for
» simplicial FEM, arbitrary dimension
» block FEM, arbitrary dimension [A2]
» Right triangular prismatic FEM [A1]




Results for higher-order FEM

Mostly original results.

—(AdY =f inQ=(a,b)
u(a) = gp
Au'(b) = gn

» 1D diffusion equation [A3]-[A5]

» 1D diffusion-reaction equation [A6]

» 2D numerical tests — negative conclusions [A7]
» 1D weaker concept [A8]
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1D diffusion equation

Problem: —u” = fin (a,b), wu(a) =u(b)=0
FEM: upp € Vip = {vip € Gola, b] : vip € PPH(K), K € T}

Theorem: hx < H;

e

(pr)(b—a) VK €T, = up, satisfies DMP
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Conclusions

Setting:
» linear elliptic second-order PDE
» finite element method (FEM)

» linear
» higher-order

» discrete maximum principles (DMP)

Output:

v

general theory

unified presentation

general overview of DMP results

original contributions (higher-order FEM)

8 original papers
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Parabolic problems

)
a—:—div(AVu)+b-Vu+cu:f in Q

u=gp onlp
au+ (AVu) -n =gy on 'y
u(x,t) = ug(x) fort=0

Conservation of Nonnegativity:
f207gDZO,gNZO,andUOZO = UZO



Parabolic problems

g;l—Au—O in Q

u=0 on 0RQ2
u(x,t) = ug(x) fort=0

Conservation of Nonnegativity: wp >0 = wu>0

Method of lines:

N ] B
mixt) =Y (g = MHOTA =D
i=1 z(0) = zg

» Semidiscretization: DMP fails on any mesh. [Vejchodsky, 2004]
» Full-discretization: DMP satisfied for At > 7 [Faragd]

» Mass-lumping, FDM: DMP satisfied under the same
conditions as in the elliptic case.



