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Double beta decay – continuation



Once again the usual representation of the relation between the 
<mββ> and the actual neutrino mass . It shows that the <mββ> axis 
can be divided into three distinct regions as indicated. 
However, it creates the impression (false) that determining  <mββ> 
would decide between the two competing hierarchies.
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The degenerate mass region  will  be explored by the next generation of 
0νββ experiments and also probed by ways independent on Majorana 
nature of neutrinos.
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Three regions of <mββ> of interest:

i) Degenerate mass region where all mi >> |∆m31
2|. There <mββ> > 0.05 eV.

   T1/2 for 0νββ decay < 1026-27 y in this region. This region will be 
   explored during the next 3-5 years with 0νββ decay experiments 
   using ~100 kg sources . Moreover, most if not all of that mass region 
   will be explored also by study of ordinary β decay and by the 
   `observational cosmology’. These latter techniques are independent of 
   whether neutrinos are Majorana or Dirac particles.
ii) Inverted hierarchy region where m3 could be < ∆m31

2. However, 
    quasidenegerate normal hierarchy is also possible for 
    <mββ> ~ 20-100 meV. T1/2 for 0νββ decay is 1027-28 years here, and
    could be explored with ~ton size experiments. Proposals for such
    experiments, with timeline ~10 years, exist but are not funded as yet.
iii) Normal mass hierarchy, <mββ> < 20 meV. It would be necessary to
    use ~100 ton experiments. There are no realistic ideas how to
    do it.



Now lets add few general remarks regarding the 
neutrino mass determination.

The two-body decays, like π+ -> µ+ + νµ  are very simple conceptually:
 Consider pion decay in its rest frame, there

mν
2 = mπ

2 + mµ
2 - 2mπEµ ,

but the sensitivity is only to mν ~ 170 keV with little hope of a 
substantial improvement. 



The time delay, with respect to massless particle, is 
∆t(E) = 0.514 (mν/Eν)2D, 
where m is in eV, E in MeV, D in 10 kpc, and ∆t in sec.
But there are no massless particles emitted by SN at the same
time as neutrinos. Alternatively, we might look for a time delay
between the charged current signal (i.e. νe) and the neutral current
signal (dominated by νx). In addition , one might look for a
broadening of the signal, and rearrangement according to the
neutrino energy. 

(see J. Beacom and P.V., Phys. Rev. D58, 05301 (1998)).

Another conceptually simple methods of neutrino mass determination, like TOF, are 
not sensitive enough either



A necessary bit of nuclear structure theory

In double beta decay two neutrons bound in the ground state of an initial 
even-even nucleus are simultaneously transformed into two protons that 
again are  bound in the ground state of the final nucleus.
The nuclear structure problem is therefore to evaluate, with a sufficient 
accuracy, the ground state wave functions of both nuclei, and evaluate 
the matrix element of the 0νββ-decay operator connecting them. 
This cannot be done exactly; some approximation and/or truncation is 
always necessary. Moreover, there is no other analogous observable that 
can be used to judge the quality of the result. 



Can one use the 2νββ-decay matris elements for that?
What are the similarities and differences?

Both 2νββ and 0νββ operators connect the same states.
Both change two neutrons into two protons.

However, in 2νββ the momentum transfer q < few MeV
And thus eiqr ~ 1, long wavelength approximation is 
valid, only the GT operator στ need to be considered.

In 0νββ q ~ 100-200 MeV, eiqr = 1 + many terms, there
is no natural cutoff in that expansion.

Explaining 2νββ-decay rate is necessary but not sufficient



Basic procedures: Assume that the nucleus is made of interacting
protons and neutrons bound in a confining potential; this is necessary.

1) Define the valence space
2) Derive the effective hamiltonian Heff 

using the
    nucleon-nucleon interaction
    plus some empirical nuclear
    data.
3) Solve the equations of 
    motion to obtain the ground state 

wave functions 

Note: Completely full or completely
empty subshells in both the initial
and final nuclei will not participate
in the ββ decay.
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ordinary β decay and usetheconcept of quenching of theGT strength [21]. Weshall discuss that issue in moredetail
later.

I V . OP ERAT OR OF T HE 0νββ DECAY

The0ν decay rateassociated with thenonvanishing valueof mν is of thegeneral form

ω0ν = 2πΣspin |R0ν |2δ(Ee1+Ee2+E f −M i )d3pe1d3pe2 , (10)

whereE f is theenergy of thefinal nucleus and R0ν is the transition amplitude including both the lepton and nuclear
parts.
After substitution for the neutrino propagator and integration over the virtual neutrino momentum, the lepton

amplitudeacquires the form

−iδj k
d4q
(2π)4

e−iq(x−y)

q2−m2
j
ē(x)γρ

1
2
(1−γ5)(qµγµ +mj )

1
2
(1−γ5)γσeC (y) . (11)

From the commutation properties of the gammamatrices it then follows that thedecay amplitude for purely left-
handed lepton currents is proportional to the neutrino Majorana mass mj . Integration over the virtual neutrino
energy leads to the replacement of thepropagator (q2−m2

j )
−1 by the residueπ/ωj with ωj = (q 2+m2

j )
1/ 2.

Finally, the integration over the space part dq leads to an expression for the ”neutrino potential” that appears in
the corresponding nuclear transition operator,

H (r,Em) =
R
2π2

dq
ω

1
ω+Am

eiq·r =
2R
πr

∞

0
dq

qsin(qr)
ω(ω+Am)

=
2R
π

∞

0
dq
j 0(qr)q
q+Am

. (12)

where the nuclear radius R = 1.2A1/ 3 fm was added as an auxiliary factor so that H becomes dimensionless. A
corresponding1/R2 compensates for this auxiliary quantity in thephasespaceformula. Theweak dependenceon the
excitation energy of thevirtual intermediateodd-odd nucleus appears in Am =Em −E i +Ee ≡ Em −(M i −M f )/ 2.
Themomentumof thevirtual neutrino is determined by theuncertainty relation q∼ 1/ r, where r ≤ R is a typical

spacing between two nucleons. Wewill show later that in fact the relevant values of r are only r ≤ 2-3 fm, so that
themomentumtransfer q∼ 100-200MeV. For the light neutrinos theneutrinomassmj can then besafely neglected
in thepotential H (r). (Obviously, for heavy neutrinos, with massesM j 1GeV a different procedure is necessary.)
Also, given the largevalueof q thedependence on thedifferenceof nuclear energies Em −E i is expected to be rather
weak and thesummation of the intermediatestates can beperformed in closurefor convenience. This approximation
H (r,Em) H (r, Ē ) is, in fact, typically used in theevaluation of theM 0ν .
It is worthwhile to test the validity of this approximation. Such test can be conveniently performed within the

QRPA, where the sum over the intermediate states can be easily explicitly carried out. In this context one can ask
two questions: How good is the closureapproximation? And what is thevalueof the corresponding averageenergy?
In Fig. 4 we illustrate the answers to thesequestions. TheQRPA matrix elements evaluated by explicitly summing
over thevirtual intermediatestates quoted in thecaption can becompared with thecurves obtained by replacingall
intermediateenergies with a constant Ē , which is varied therebetween 0 and 12MeV. One can see, first of all, that
theM 0ν changesmodestly, by less than 10%when Ē is varied as expected given the relativesizes of qand Ē and, at
the same time, that the exact results are quite close, but somewhat larger, than the closure ones. Thus, employing
theclosureapproximation is appropriatefor theevaluation of M 0ν even though it apparently slightly underestimates
theM 0ν values.

Theneutrino potential in theEq. (12) wasdefined assumingthat thenucleonsarepoint particles. That is not true,
however, and thus it is necessary to include a corresponding correction in the definition of H (r, Ē ). It is customary
to approximate this correction in the formof thedipole type form factor

f F N S =
1

1+ q2

M 2
A

2 , (13)

with MA = 1.09GeV. VaryingMA in the interval 1.0-1.2 GeV makes little difference.

Transition operator contains τ+
1τ+

2  that change neutrons into protons and 
in part σ1σ2 and the tensor operator S12. Each of these parts in mutiplied
by the `neutrino potential’ (Fourier transform of the propagator) that
introduces dependence on the radial distance between the nucleons.

Various small additions
to H(r,E) will be explained
later.



Two complementary procedures are commonly used:
a) Nuclear shell model (NSM)
b) Quasiparticle random phase approximation (QRPA)

In NSM a limited valence space is used but all 
configurations of valence nucleons are included.
Describes well properties of low-lying nuclear states.
Technically difficult, thus only few 0νββ calculations.

In QRPA a large valence space is used, but only a class
of configurations is included. Describes collective
states, but not details of dominantly few-particle states.
Rather simple, thus many 0νββ calculations.
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Why it is difficult to calculate
the matrix elements accurately?

Contributions of different
angular momenta J  of the
neutron pair that is transformed 
in the decay into the proton pair 
with the same J.

Note the opposite signs, and thus 
tendency to cancel, between the 
J = 0 (pairing) and the J≠ 0
(ground state correlations) parts.

The same restricted s.p. space 
is used for QRPA and NSM. 
There is a reasonable agreement 
between the two methods



Dependence of the M0ν on the distance r between the 
two neutrons that are transformed into the two protons.

The “neutrino potential”  is H(r)= R/r Φ(ωr) where 
Φ(ωr) is rather slowly varying function. This is a long
range potential, more or less like a Coulomb potential.
Thus, naively, one expect that the matrix element
will get its main contribution from r ~ R, i.e. the
mean distance between the nucleons in a nucleus.

This is not so. Due to the “pairing” and “broken pairs”
competition, only distances r < 2-3 fm contribute, 
i.e., only nearest neighbors.



Full matrix element

The radial dependence of 
M0ν for the three indicated
nuclei. The contributions
summed over all components
is shown in the upper panel.
The `pairing’ J = 0 and
`broken pairs’ J ≠ 0 parts
are shown separately below.
Note that these two parts
essentially cancel each other
for r > 2-3 fm. This is a
generic behavior. Hence
the treatment of small 
values of r or large values
of q are quite important. 

C(r)

CJ(r)

M0ν = ∫C(r)dr

pairing part

broken pairs part

total



The radial dependence of  M0ν for the indicated nuclei, evaluated in 
the nuclear shell model. (Menendes et al, arXiv:0801.3760).
Note the similarity to the QRPA evaluation of the same function.



Conclusions so far:
• Various physics effects that influence the magnitude of the 0νββ
   nuclear matrix elements have been identified.
• The corresponding corrections, within QRPA, were estimated.
•  In particular, the competition between the `pairing’, J = 0, and
   the `broken pairs’, J ≠ 0, contributions causes almost complete
   cancellation for the internucleon distance r ≥ 2-3 fm, hence
   making the short range behavior important.
•  Thus the treatment of the nucleon finite size, induced weak currents
    and the short range nucleon-nucleon repulsion causes visible changes
    in the nuclear matrix elements.
•  There is little independent information about such effects (for
    analogous charge-changing operators). Thus, the prudent approach
    is to include them in the corresponding systematic error.
•   The total range, assuming the basic validity of QRPA, is reasonable,
    and the qualitative agreement with the ISM is encouraging.



Nuclear matrix elements M0ν for various methods: IBM-2 is Interactiong Boson Model -2,
PHFB is Projected Hartree-Fock-Bogolyubov and EDF (or GCM) is Energy Density Functional
or Generator Coordinate Method. 
Note the relatively smooth dependence on A,Z in each method, but differences by the factor ~2
between the different methods. In particular, NSM is typically smaller and other methods agree
with each other a bit better.





Auger et al. PRL109,032505(2012)

T1/2 in 76Ge versus
T1/2 in 136Xe. The
experimental limits
are the horizontal
and vertical lines.
The theoretical 
results are 
represented by the
diagonal lines. Their
offset depends on
matrix element
ratio, and each point
corresponds to a
different <mββ>.
The grey horizontal
band represents
the as yet unconfirmed 
claim of actual 
observation of the
0νββ decay in 76Ge.
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