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Abstract

Grzegorczyk’s modal logic (Grz) corresponds to the class of upwards
well-founded partially ordered Kripke frames, however all known proofs of
this fact utilize some form of the Axiom of Choice; G. Boolos asked in [1],
whether it is provable in plain ZF. We answer his question negatively:
Grz corresponds (in ZF) to a class of frames, which does not provably
coincide with upwards well-founded posets in ZF' alone.

Definition 1 Grzegorczyk’s logic (Grz) [2] is a normal modal logic axiomatized
by the schema

O@(e — Oe) = ¢) — ¢
We denote by K1 the class of upwards well-founded posets, s the class of posets

without any strictly increasing infinite chain, and ICy the class of posets (W, <)
satisfying

VXCW(X#AD—>TreXVy>zVe>yze X - ye X)). (1)

Recall that the Principle of Dependent Choices (DC') is the following weak
version of the Axiom of Choice: let R be a binary relation on a nonempty
set A such that Vo € A3y € A(x,y) € R, then there is an infinite sequence
{an; n € w} € A% such that {a,,an+1) € R for every n € w.

Lemma 2 ZF proves K1 C Ky C K3.

Proof: If (W, <) € K1, and X C W nonempty, then any <-maximal element
x € X witnesses that (1) holds, hence (W, <) € K. Assume that there is
(W, <) € K2 \ K3. Fix an infinite increasing chain xp < 21 < 29 < -+- in W,
and put X = {x,; n odd }. Then for any = € X there are z > y > x such that
z € X and y ¢ X, contradicting (1). O

Proposition 3 (ZF +:) A frame W = (W, <) is a model of Grz under all
valuations if and only if W € Ks.



Proof: (“if”) Let I be a valuation in W, w € W, and w ¥ ¢. Define X =
{v;w <v&wvlF @}, and let € X be asin (1). If y > z, and y IF @, then
y IF Op by (1), hence z I- O(p — Oy), and w ¥ O(0(p — Op) — ¢).

(“only if”) It is well-known that Grz contains S4, hence all Grz-frames are
reflexive and transitive (i.e., preorderings). Assume that X C W is a counterex-
ample to (1), and put w IF p iff w ¢ X, where p is an atom. Let x € W, and
x I O(p — Op). This means Vy > xVz > y(y € X — 2z ¢ X), hence x € X (by
our assumption on X), thus z I p. In other words, J(O(p — Op) — p) is valid
in all nodes of W, however p is not, because X is nonempty. This contradicts
W I Grz.

Finally, notice that any preordering satisfying (1) is a partial ordering: tak-
ing X ={z}, (1) yleldsz >y >2x -z =y. O

Lemma 4 The following are equivalent over ZF':

(i) DC,
(i) Ky = Ks,
(iii) Ky = K3

Proof: The implication DC — K; = K3 follows directly from the definition,
and KC; = K3 implies Ko = K3 by Lemma 2, it remains to show Ky = K3 — DC.
Assume K3 C Ko, let R C A? be a relation without a maximal element, and
let ag € A. Define U as the set of all finite sequences (ag, . ..,a,) € A<¥ such
that (a;,a;41) € R for all i < n, ordered by inclusion (i.e., s < ¢ iff ¢ extends s).
By taking X = {s € U; lh(s) odd } we see that U & Ky, hence (by assumption)
U ¢ K3. Consequently U contains an infinite strictly increasing chain, and the
union of such a chain is clearly an infinite sequence {a,; n < w} € A“ such that
(ai,ai+1) € R for all i € w. O

Proposition 5 There is a model of ZF', in which K1 # Ka # K3 (unless ZF' is
inconsistent).

Proof: By Lemma 4, it suffices to find a model of 1 # Ks.

The following property holds in the Ordered Mostowski Model [7]: there
is a dense linear ordering W = (W, <) such that any subset of W is a finite
union of intervals. (Mostowski’s permutation model is a model of ZFA, the set
theory with atoms, but it is possible to transfer this result into ZF', using e.g.
the Jech-Sochor Embedding Theorem [5], [6].) Clearly W & K;, we claim that
W € Ks: let X be a nonempty subset of W, we may write X as a disjoint
union X = I; U---U I, of nonempty intervals (possibly degenerate) such that
I <--- < 1I,. Then any = € I,, witnesses (1).

Note: Halpern [3] has shown that the Boolean Prime Ideal Theorem (BPI)
holds in Ordered Mostowski’s Model (cf. also [4]), hence even ZF + BPI doesn’t
prove K1 = Ko V Ko = K3. O

Corollary 6 It is relatively consistent with ZF that there is a Grz-frame which
s not upwards well-founded. O
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