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Abstract. This contribution deals with systems of generalized linear differential equations
of the form

2 (t) = 7y, +/ d[Ag(s)] zk(s) + fr(t) — fx(a), t€la,b] KEN,

where —oo < a <b< 0o, X is a Banach space, L(X) is the Banach space of linear bounded
operators on X, Ty € X, Ay:[a,b] — L(X) have bounded variation on [a,b], fi:[a,b] — X
are regulated on [a, b] and the integrals are understood in the Kurzweil-Stieltjes sense.

Our aim is to present new results on continuous dependence of solutions to generalized
linear differential equations on the parameter k. We continue our research from [18], where
we were assuming that Ay tends uniformly to A and f; tends uniformly to f on [a,b].
Here we are interested in the cases when this assumption is violated.

Furthermore, we introduce a notion of a sequential solution to generalized linear differ-
ential equations as the limit of solutions of a properly chosen sequence of ODE’s obtained
by piecewise linear approximations of functions A and f. Theorems on the existence and
uniqueness of sequential solutions are proved and a comparison of solutions and sequential
solutions is given, as well.

The convergence effects occurring in our contribution are, in some sense, very close to
those described by Kurzweil and called by him emphatic convergence.
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1. INTRODUCTION

Generalized differential equations were introduced in 1957 by J. Kurzweil in
[14]. Since then they were studied by many authors. See e.g. the mono-
graphs by Schwabik, Tvrdy and Vejvoda [29], [25], [32] or the papers by
Ashordia [2], [3] or Frankova [7] and the references therein. Closely related
and fundamental is also the contribution by Hildebrandt [10]. Furthermore,
during the recent decades, the interest in their special cases like equations
with impulses or discrete systems increased considerably, cf. e.g. the mono-
graphs [21], [33], [4], [24] or [1].

Concerning integral equations in a general Banach space, it is worth to
highlight the monograph by Honig [11] having as a background the interior
(Dushnik) integral. On the other hand, dealing with the Kurzweil-Stieltjes
integral, the contributions by Schwabik in [27] and [28] are essential for this
paper. It is well-known that theory of generalized differential equations in
Banach spaces enables the investigation of continuous and discrete systems,
including the equations on time scales and the functional differential equa-
tions with impulses, from the common standpoint. This fact can be observed
in several papers related to special kinds of equations, such as e.g. those by
Imaz and Vorel [12], Oliva and Vorel [19], Federson and Schwabik [6].

In this paper we consider linear generalized differential equations of the
form

{L‘k(t) :%k+/t d[Ak(S)] $k(8)+fk(t) —fk(a), te[a,b], keN (11)
and

() =T+ / A[A(s)] 2(s) + F(t) — f(a), te[ab]. (1.2)

In particular, we are interested in finding further conditions ensuring the con-
vergence of the solutions zj of (L.1) to the solution = of (1.2). We continue
our research from [J] and [I8], where we supposed a.o. that A tends uni-
formly to A and fj tends uniformly to f on [a,b]. Here we will deal, similarly
to [31] and [8], with the situation when this assumption is not satisfied.

In the paper we keep the following notation:

N={1,2,...} is the set of natural numbers and R stands for the space
of real numbers. If —oco<a<b< oo, then [a,b] and (a,b) denote the cor-
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responding closed and open intervals, respectively. Furthermore, [a,b) and
(a,b] are the corresponding half-open intervals.

X is a Banach space equipped with the norm ||.|| x and L(X) is the Banach
space of linear bounded operators on X equipped with the usual operator
norm. For an arbitrary function f: [a,b] — X, we set

[ flloo = sup{|lf(#)l[x;t € [a, b} -
If fi:|a,b] — X for k€N, and f:[a,b] — X are such that

T || ic— flloe =0,

we say that fi tends to f uniformly on [a,b] and write f, = f on [a,b]. If
J C R and fy = f on [a,b] for each [a,b] C J, we say that f; tends to f
locally uniformly on J and write f, = f locally on J.

If, for each t € [a,b) and s € (a, b], the function f:[a,b] — X possesses the
limits

flt+) = lim f(r),  f(s—):= lim f(7),

we say that f is regulated on [a,b]. The set of all functions with values in X
that are regulated on [a, b] is denoted by G([a, ], X). Furthermore,

AYF(t) = f(t+) — f(t) for telab), AYF(b) =0,
A=f(s) = f(s) = f(s=) for s€(a,b], A= f(a)=0
and

Af(t) = f(t+)— f(t—) for te(a,b).

Clearly, each function regulated on [a, b] is bounded on [a, b].

The set D ={ag,aq,...,an}t C [a,b], where m €N, is called a division
of the interval [a,b], if a=ap<a; < ... <y =0>0. The set of all divisions
of the interval [a,b] is denoted by Dla,b]. For a function f:[a,b] — X and
a division D ={ag, a1, ..., @y} € Dla,b], we put

v(D):=m, |D|=max{a;—a;_1;i=1,2,...,m},
v(f,D) =Y I1f(eg) = fle-1)lx
j=1

and
var! f :=sup {v(f,D); D € Dla,b]}
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is the variation of f over [a,b]. We say that f has a bounded variation on [a, b]
if var’ f <oo. The set of X-valued functions of bounded variation on [a, b] is
denoted by BV ([a,b], X) and || f||zv = || f(a)||x + var® f. Finally, C([a, b], X)
is the set of functions f:[a,b] — X that are continuous on [a, b]. Obviously,

BV (la, b, X) C G([a,b], X) and C([a,b], X) C G([a,b], X).

The integral which occurs in this paper is the abstract Kurzweil-Stieltjes
integral (in short the KS-integral) as defined by Schwabik in [26]. For its fur-
ther properties see also our previous paper [17]. For the reader’s convenience,
let us recall the definition of the KS-integral.

Let —co<a<b<oo, meN,
D={ag,a1,...,an} €Dla,b] and &= (&1,E, ..., &n) € [a, b]™.
Then the couple P=(D,¢) is called a partition of [a, b] if
a1 <& <o for j=1,2,...,m.

The set of all partitions of the interval [a, b] is denoted by P[a, b]. An arbitrary
function ¢ : [a, b] — (0, 00) is called a gauge on [a, b]. Given a gauge 6 on [a, b],
the partition

P=(D,¢) = ({ao, 01, ..., am}, (&,&,...,&n)) € Pla,b]
is said to be d-fine, if
[aj—1,05] € (§ —0(&5),& +0(&)) for j=1,2,....m.

The set of all ine partitions of [a, b] is denoted by A (6; [a, b]).
For functions f:[a,b] — X, G :[a,b] — L(X) and a partition P € P[a, ],

P=({ap,01,...,an}, (&1,&,---,&n)),

we define
m

S(AG f;P) = [Glay) = Glaj_1)] f(&).

J=1

We say that ¢ € X is the KS-integral of f with respect to G from a to b if
for each £ >0 there is a gauge ¢ on [a, b] such that

lg—S(AG f; P)||x <& for all P A(65;][a,b]).
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In such a case we write

q=/ d[G(t)] f(t) or, more briefly, q=/ d[G] f.

b
Analogously we define the integral / Fdlg] for F:|a,b] — L(X) and

g:la,b] — X.
The following assertion summarizes the properties of the KS-integral
needed later. For the proofs, see [26] and [17].

1.1. Theorem. Let f € G([a,b], X), Ge€G(|a,b], L(X)) and let at least one
of the functions f,G has a bounded variation on |a,b|. Then the integral

b
/d[G] f exists. Furthermore,

[ a1, <2001 (@l s) i feBvan X), 19

| / iG] 1|, < (vark G) /]l if GeBV([a,b],L(X)),  (1.4)
/ szi/ on |a, b (L5)
if G € BV ([a,b], L(X)), fx € G([a,b], X) for keN and fr=f,

-

/ Gy f:;/ on [a,b] .

if f€BV([a,b],X),GreG([a,b], L(X)) for keN and gx= g,

[[scin [ v |

if Gy, € BV ([a,b], L(X)), fi € G([a,b], X) for keN,
sup {var Gj; k €N} < oo and fr= f, Gx=G on [a,b]. )

(1.7)

1.2. Remark. An assertion analogous to that of Theorem /1.1 holds also for
the integrals

/ade[g], /akad[gL /:Fd[gk], /akad[gk], k€N,
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where F, Fy.:[a,b] — L(X) and g, f : [a,b] — X.

2. GENERALIZED DIFFERENTIAL EQUATIONS

Let Ae BV([a,b], L(X)), f € G([a,b], X) and T € X. Consider the generalized

linear differential equation (1.2). We say that a function x:[a,b] — X is
b

a solution of (1.2) on the interval [a,b] if the integral [ d[A]z has a sense

and equality (1.2) is satisfied for all ¢ € [a, b].

Obviously, generalized differential equation (1.2) is equivalent with the
equation

z(t) =7+ / d[B]z+g(t) — g(a)

whenever B — A and g — f are constant on [a, b]. Therefore, without any loss
of generality we can assume that

A(a) = Ag(a) =0 and f(a) = fr(a) =0 for keN.
For our purposes the following property is crucial:
[ —A~A@)] " € L(X) for each t € (a,b]. (2.1)

Its importance is well illustrated by the next assertion which summarizes
some of the basic properties of generalized linear differential equations in
abstract spaces. For the proof, see [I8, Lemma 3.2].

2.1. Theorem. Let A€ BV (|a,b], L(X)) satisfy (2.1). Then, for each x € X
and each f € G(la,b], X) equation (1.2) has a unique solution x on [a,b] and
x € G([a,b], X). Moreover, x—f € BV (|a, b, X)

0<cy:=sup{ H[I—A’A(t)]’lHL(X) ;te(a,b]} < oo, (2.2)

lz(®)lx < ca (12 x+f (@) x+] flloo) exp (ca var, A) fort€la,b] (2.3)
and

var’ (z—f) < ca (var® A) (||Z]| x4+2 | floo) exp(ca var’ A). (2.4)

The next result was proved in [18, Theorem 3.4].
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2.2 . Theorem. Let A, Ay € BV([a,b], L(X)) f, fr €G([a,b],X), T, 7, € X
for ke N. Assume (2.1)),

o = sup{var’ A; k € N} < o0, (2.5)

A=A on a,bl, :

k=3 f on [a,b] (2.7)
and

klggo Ty =1T. (2.8)

Then equation (1.2) has a unique solution x on [a,b]. Furthermore, for each
k €N sufficiently large there exists a unique solution xy on [a,b] to the equa-
tion (L.1) and

Ty =3z on |a,bl. (2.9)

2.3. Remark. If (2.5) is not true, but (2.6) is replaced by a stronger notion
of convergence in the sense of Opial ([20, Theorem 1]) (cf. [I3, Theorem
1.4.1] for extension to functional differential equations), the conclusion of
Theorem 2.2 remains true (see [I8, Theorem 4.2]). If (2.0) or (2.7) does not
hold, the situation becomes rather more difficult, see [7], [8] and [31]. The
next section deals with such a case.

3. EMPHATIC CONVERGENCE

The proofs of the next two lemmas follow the ideas of the proof of [8, Theorem
2.2).

3.1.Lemma. Let A, A, € BV ([a,b], L(X)), f, fr € G([a,b], X), T,Tr € X for
keN. Assume (2.1)), (2.8),

[T — A~ A1) € L(X) 51)
for all te€ (a,b] and k €N sufficiently large, .

Ay =2 A and fi, = f locally on (a,b]. (3.2)

Then there exists a unique solution x of (1.2)) on |a,b] and, for each k€N
sufficiently large, there exists a unique solution xy on [a,b] to the equation

(L.1).
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Moreover, let (2.5) and

Ve >030 >0 such that ¥Vt € (a,a+0) I kg =ko(t) €N such that

|ok(t)—Zp—ATA(a) T—AT f(a)||x < e (3.3)
for all k> ko
hold. Then
klim z(t) = z(t) (3.4)

is true for t € |a,b], while x, = x locally on (a,b).

Proof. By (3.1), the solutions z;, of (I.1)) exists on [a,b] for all k sufficiently
large. Let € >0 be given and let 6 >0 and k; € N be such that

|z(t) —z(a+)||x <& forte (a,a+9) and |Tp — Z||x < e for k>ky.

We may choose 6 in such way that (3.3) holds. In view of this, for t € (a,a+¢),
let kg € N, kg > kq, be such that

|zx(t)—Zp—ATA(a) T—AT f(a)||x <& for k> k.
Then, taking into account the relations
z(a+) = z(a) + AT A(a) z(a) + AT f(a) and x(a) =17,
we get
[l () =z (1) ] x
= [[(@r(t)=2x) + (Th—7) + (T—2(at)) + (2(a+)—z()) | x
< e (t) =T —(at)+2| x + [|7=Ze[| x + [|2(t) =2 (a+)[| x

= ||z (t) =T —ATA(a) T=A7 f(a)[|x + |7—Tk|| x +[J2(t) —2(a+)]Ix
< 3e.

This means that (3.4) holds for ¢ € [a, a+0).
Now, let an arbitrary c € (a,a+ d) be given. We can use Theorem 2.2 to
show that the solutions x; to

2(t) = 2a(c) + / A[A 2+ folt) — £(1)

exists on [¢, b] and xx = x on [c, b]. The assertion of the lemma follows easily.
[
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3.2.Lemma. Let A, A, € BV ([a,b], L(X)), f, fr € G([a,b], X), T,Tr € X for
keN. Assume (2.1)), (2.8), (3.1) and

Ar= A and  fy==2f locally on [a,b). (3.5)

Then there exists a unique solution x of (1.2)) on [a,b] and, for each k€N
sufficiently large, there ezists a unique solution xy on [a,b] to the equation

(L.1).
Moreover, let (2.5) and
Ve>0,0>037€(b—46,b), ko €N such that
[ (b)—a(T) = AT A®) [[-A~A®D)] ™ x(b-)

. (3.6)
—[I=ATA@p)] ATf(O) <e

for all k> kg

hold. Then (3.4) is true, while vy =2 x locally on [a,b).

Proof. Due to (2.1) and (3.1), there exists a unique solution x of (1.2) on
[a, b], there exists ki € N such that (I.1) has a unique solution xj on [a, b] for
each k > k. Furthermore, by Theorem 2.2, x; = z locally on [a, b). It remains
to show that

lim x(b) = x(b) (3.7)

k—o0

is true, as well. Let € >0, § € (0,b—a) be given and let 7 € (b—4,b) and ko > k;
be such that (3.0) is true. We have
[k (b) — z(b) ]| x

= (2 (b) =2k (7)) + (24(7) —2(7)) + (2(7) —2(0=)) + (2(b—) — =(b))l|x

< Jlw(b) = (1) = (0) +2(b=) Lx + | (7) =2 (b=) | x + [Jzx(T) —2(7)||x ,
wherefrom, having in mind that z(b) = 2(b—) + A~ A(b) z(b) + A~ f(b), i.e.

v(b) = [[=A~AG)| ™ 2(b—) + [I-A-AG) A= f(b)
and
z(b)—x(b—) = ATAb) [I-A"Ab)] P 2(b—)
[+ A AD) -2 AW A S ).



3. EMPHATIC CONVERGENCE 10

we deduce that

[k (b) — (D) x
< llzx(b)—2(r)—A7A®) [[-ATA(b)] " =(b-)
—[I+ATA@D) [I-A7AWD)] ] AT f(0)]Ix
+ () =2 (b=)llx + [l (T) —2(7)||x -
We can choose 0 and kg in such a way that ||z(t)—x(b—)|x <e for each
te (b—0,b) and ||xk(7)—x(7)||x <& for k> ko, as well. Furthermore, notice
that if B € L(X) is such that [[—B| ' € L(X), then [[-B| ' =I+B[I-B]".
Thus, using (3.0), we get
[ (b) — ()| x
< llan(b)—a(r)—A"A®) [[-A7AD)] " 2(b—) — [[-A"A®)] T A f(0)]lx
+ o (m) =2 (0=) | x +[lex(r) =2 (7)] x
<3e.

It follows that (3.7) is true and this completes the proof. O

The next assertion may be deduced from Lemmas 3.1/ and 3.2

3.3. Theorem. Let A, A, € BV ([a,b], L(X)), f, fr € G(la,b], X), Z, T € X
for keN. Assume (2.1), (2.8) and (3.1). Furthermore, let there exists a di-
vision D ={sg, S2,...,Sm} of the interval [a,b] such that

A= A, fr = f locally on each (s;_1,8;),1=1,2,...,m. (3.8)

Then there exists a unique solution x of (1.2)) on [a,b] and, for each k€N
sufficiently large, there exists a unique solution xy on [a,b] to the equation

(L1).
Moreover, assume (2.5) and let
Ve>030;,€(0,8—s;_1) such that Vt € (s;_1,8;_1+0;)
dk; =k;(t) €N such that
2k () =2k (sim1) = AT A(si—1) @(si-1) = AT f(sim1)lx < e
for all k>k;

(3.9)
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and
Ve>0,0€(0,s—s,-1) 37 € (5i—6,8;), {; €N such that
2k () =2k () A7 A(s;) [[=A7A(s;)] " w(si—)

B (3.10)
—[I-A7A(s)] 7 A f(si)llx < e

for all k>Y;
hold for each i=1,2,...,m.

Then (3.4) is true for all t € [a,b], while v, = x locally on each (s;-1,;),
i=1,2.....m.

Proof. Obviously, there is a division D ={ag, a1, ...,a,} of [a,b] such that
for each subinterval [a;_1, a;], j=1,2,...,7, either the assumptions of Lem-
ma 3.1l or the assumptions of Lemma 3.2 are satisfied with with a;_; in place
of a and oy in place of b. Hence the proof follows by Lemmas (3.1 and 3.2, [

4. SEQUENTIAL SOLUTIONS

The aim of this section is to disclose the relationship between solutions of
generalized linear differential equation and limits of solutions of approximat-
ing sequences of linear ordinary differential equations generated by piecewise
linear approximations of the coefficients A, f.

Let us introduce the following notations.

4.1. Notation. For A€ BV ([a,b], L(X)), f € G([a,b], X) and
D =A{ap,01,...,an} €Dla,b],
we define
A(t) if te D,
Alo) — A1)

Qy — O

Ap(t) = § A(a;_1) + (t— 1) (4.1)

if te(ai1,q;) for some i€ {1,2,...,m},

and
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f@) if teD,
Fot) =1 flaiy) + f(og.:i@il) (t—ai) (42)

if te(a1,q;) for somei€{1,2,...,m}.
The following lemma presents some direct properties for the functions
defined in (4.1) and (4.2).

4.2 . Lemma. Assume that A€ BV ([a,b], L(X)), f€G(la,b],X). Further-
more, let D € Dla,b], D={agy,1,...,an}, and let Ap and fp be defined
by (4.1) and (4.2), respectively. Then Ap and fp are strongly absolutely
continuous on |a,b| and

VarZAD < VargA and || follee < || fllo -

Proof. 1t is clear that Ap and fp are strongly absolutely continuous on

(i1, ), foreach ¢ = 1,...,m. Since both functions are continuous on |[a, b|,
the absolute continuity holds on the closed intervals [o; 1,05], 7 = 1,...,m
(cf. [30, Theorem 7.1.10]).
Let € > 0 be given. For each ¢ = 1,...,m, there exists 7; > 0 such that
P . p

Z 14p(b;) = Ap(ag)llexo) <, whenever Z(bj — aj) <,

Jj=1 j=1
where [a;,b;], j =1,...,p, are non-overlapping subintervals of [a;_1, o]

Let n <min{n;; ¢ =1,...,m}. Consider F = {[¢;,d;]; 7 =1,...,p}, a
colection of non-overlapping subintervals of [a, b], such that

p

> (dj—c¢) <n.
j=1
Without loss of generality we may assume that, for each j = 1,...,p,

[¢;,d;] C [ow,—1, ], for some k; € {1,...,m}. Thus,

F = U}",-, with F; = {[c,d] e F; e, d Moy, ) # @},
i=1
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and > (d—c¢)<m,i=1,...,m. In view of this, we get
[c,d]eF;

p
3 4old)) — An(e)lin €30 3D 1dn(d) ~ Ap(@)llcn < 30 = ==,
j=1

i=1 [c,d]€F; i=1

which shows that Ap is strongly absolutely continuous on [a, b]. Similarly we
prove for fp.

Furthermore, for each £ =1,2,...,m and each t € [ay_1, o] we have

varg! | Ap = [[A(ae) — A1) x) < varg! | A

04[ 1

and
()l = ) + L) )
= [ 2+ e | < e
Cp—Cp—1 -1 11X
Therefore,

m m
var? Ap :ZVargﬁil Ap < Zvargf_;ilA:varZA and || /plleo < | f oo -
- - O

4.3. Remark. Notice that the functions Ap, fp, defined in (4.1) and (4.2),
respectively, are differentiable on (a;_1,;), i = 1,...,m, and their deriva-
tives are given by

A(Oé,) — A(Oéi_l)

Ap(t) = if t € (;_1, ;) for some i € {1,2,...,m},
A — Q-1

fpt) = flow) = (i) if t € (;_1, ;) for some i€ {1,2,...,m}.
Qp — Q1

Recalling that, by Lemma 4.2, Ap and fp are strongly absolutely continuous

n [a,b], the Bochner integral (cf. [30), Definition 7.4.16]) exist and hence
also the strong McShane and the strong Kurzweil-Henstock integrals (cf.
[30, Theorem 5.1.4] and [30, Proposition 3.6.3]). Moreover,

Aplt) = /QA’U , /fD ds for tefab]
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(cf. [30, Theorem 7.3.10]). Consequently,

[ dtan)at) = [ A0t as

holds for each = € G([a, b], X') and t € [a, b]. Hence, the generalized differential
equation

£(t) =T+ / A[Ap(s)] 2(s) + fo(t) — fp(a)

is equivalent to the initial value problem for the ordinary differential equation
(in a Banach space X)

a'(t) = Ap(t) o+ fp(t), x(a)=1T.
4.4 . Theorem. Let A€ BV ([a,b], L(X))NC([a,b], L(X)), fe€C(la,b],X)

and T € X. Furthermore, let {Dy} be a sequence of divisions of the interval
la,b] such that

D1 D Dy for keN and klim |Dx| =0. (4.3)

Finally, let the sequences {Ax} and {fr} be given by
Ap =Ap, and fi = fp, for KeEN, (4.4)

where Ap, and fp, are defined as in (4.1) and (1.2).
Then equation (1.2) has a unique solution x on [a,b]. Furthermore, for
each k € N, equation (1.1) has a solution x;, on [a,b] and (2.9) holds.

Proof. Step 1. Since A is uniformly continuous on [a, b], we have:
for each € >0 there is a > 0 such that
JA®) = A(s)llox) < 5 (4.5)
holds for all ¢,s€[a,b] such that |t—s|<d.

By (4.3), we can choose kg € N in such way that |Dy| <9, for every k > k.

Given t € [a,b] and k > ko, let ay_1, a0 € Dy be such that ¢ € [ap_1, ) .
Notice that |ay — ap—1| < 0. So, according to (4.1)), (4.4) and (4.5), we get

t—ay_q

1A —AD e < 1 A(r)—Alar) loco [ } Al AW oo

Qp—0y_1

<-4+ =-=c.

DO ™
Do ™
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As ko was chosen independently of ¢, we can conclude that (2.0) is true.
Step 2. Analogously we can show that (2.7) is true, as well.

Step 3. By Lemma 4.2 (2.5) holds. Moreover, as A and A, k€N, are
continuous, the equations (1.2) and (1.1) have unique solutions by Theorem
2.1land we can complete the proof using Theorem 2.2. O

4.5.Notation. For given f € G([a,b], X) and k€N, we denote

}s

| =

U (f) =A{telabAT (1) x = % b U (F) = {tela, bEIATF(B)]x =

Up(f) =UE()) WU (f) and U (f) = [JU(f)-

(Thus, U (f) is the set of points of discontinuity of the function f in [a,].)
Analogous symbols are used also for operator valued function.

4.6 . Definition. Let A€ BV ([a,b], L(X)), f € G([a,b],X) and let {P} be
a sequence of divisions of [a, b] such that

|P.| = (1/2)F for keN. (4.6)

We say that the sequence {Ay, fr} is a piecewise linear approximation (PL-
approximation) of (A, f) if there exists a sequence { Dy} C Dla, b] of divisions
of the interval [a, b] such that

DkDPkUZ/{k(A)Uuk(f) for keN (47)
and Ay, fx are for k € N defined by (4.1), (4.2) and (4.4).

4.7. Remark. Consider the case that dim X < oo and let {Ag, fx} be a PL-
approximation of (A4, f). Then, by Lemma 4.2

VarZAk < VarZA and || felloo < |If oo -

Furthermore, as Ay are continuous, due to (2.2), we have ¢4, =1 for all k € N.
Hence, (2.4) yields

var’ (zp—f) < var? A (||Z)|x +2 || f|loc) exp(var’ A) < oo for all k€N
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and, by Helly’s Theorem, there is a subsequence {k;} of N and w € G(]a, b], X)
and such that

Zlirgo(xke (t) — fi,(t) = w(t)— f(t) for t€]a,b].
In particular, zh—{?o xy, (t) = w(t) for all t € [a, b] such that KILI& T, (t) = f(2).
In this context, it is worth mentioning that if the set U (f) has at most
a finite number of elements, then
kh—>Holo f(t) = f(t) forall tela,b.
4.8 . Definition. Let A€ BV ([a,b], L(X)), f€G([a,b],X) and T€ X. We

say that x*: [a,b] — X is a sequential solution to equation (1.2) on the interval
la, b] if there is a PL-approximation {Ay, fr} of (A, f) such that

kh_)rgo xi(t) =2*(t) for te]a,b (4.8)

holds for solutions xy, k € N, of the corresponding approximating initial value
problems

z), = A(t) . + f1.(t), xp(a) =7, keN, (4.9)

4.9. Remark. Notice that, using the language of Definitions 4.6/ and 4.8, we
can translate Theorem 4.4/ into the following form:

Let A€ BV ([a,b], L(X)) N C(la,b], L(X)), f€C([a,b],X) andx € X. Then,
equation (1.2) has a unique sequential solution x* on |a,b] and z* coincides
on [a,b] with the solution of (1.2)).

In the rest of this paper we consider the case when the set U (A) UU (f)
of discontinuities of A, f is non empty. We will start with the simplest case

U (A) VU () = {b}.

The next natural assertion will be useful for our purposes and, in our
opinion, it is not available in literature.

4.10.Lemma. Let A€ BV ([a,b], L(X)). Then

i ([ (a0 - a0 £2) o)

1 (4.10)
_ /0 exp (A"A(t) (1-0)) do if t€ (a,b]

and
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tin L ([ e (1460 - 0] 27 ) o)

- / exp (ATA(t) (1= 0)) do if tefab).

(4.11)

where the integrals are the Bochner one.

Proof. (i) Let t € (a,b] and €€ (0,1) be given. Then there is a § >0 such
that
|A(t—=) — A(s)||(x) <& whenever t—0<s<t.

Now, taking into account that
lexp(C 7)—exp(D 7)) < IC=Dllrixy exp ((IC]leeo+HI D) 7)

holds for all C, D € L(X), 7 € R, (cf. [22, Corollary 3.1.3]), we get

=) e (8740 0|

t_ JAG—)—AS)] 0 / exp (e +2 [ A~ A1)l ) dr

= [|A(t=) =A(s)l|zex) exp (e +2[[A7A(D) | 1x))
<eexp(1+2[|ATA®)|1x)) for t—d<s<t.

=) )

) dr) for t€(a,b].

~
‘ =

H [exp (140-A0e)

~+
~

»

X

=+ O

Therefore,
1 t
i ([ e (1) - ae)

: 1 !
:SILI?E(/S exp(A A()

Now, it is easy to see that the substitution o0 = 1 —
yields (4.10).

(ii) Similarly we would justify the relation (4.11). [

H‘H

»

H~
CIJ

t—r

.—- in the second integral

4.11.Lemma. Let A€ BV ([a,b], L(X)) and f € G([a,b], X) be continuous
on la,b). Let T € X and let x be a solution of (1.2) on |a,b)
Then equation (1.2) has a unique sequential solution x* on [a,b].
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Moreover, x* is continuous on [a,b), x* =z on [a,b) and x*(b)=v(1),

where v is a solution on [0,1] of the initial value problem
—[AAB) v+ [AFB), 0(0) = 2(b-). (1.12)

Proof. Let { A, fr} be an arbitrary PL-approximation of (A, f) and let { Dy}
be the corresponding sequence of divisions of [a, b] fulfilling (4.6) and (4.7).
Notice that, under our assumptions, D, = P, for k€ N. For k£ €N, put

e = max{t € P;t < b}.
By (4.3) we have b— %% <7, <b for k €N, and hence

lim 7, = b. (4.13)

k—o0

Now, for k€N and ¢ € [a, b], let us define

(Ai(t) if t€la,m,
Ag(t) = Al
\A(Tk)—FW(t—Tk) if tE(Tk,b],
N (fk(t) if te[a,rk],
Jilt) = e
k | /() i o)) b)—%: T () it te(mot).
Furthermore, let
~ A(t) if tela,b), - f(t) if tela,b),
At) = = )
@ A(b—) if t=b, £ f(b—) if t=0b. 414)

It is easy to see that, for k€N, gk ﬁ are strongly absolutely continuous
and differentiable a.e. on [a,b], A€ BV ([a,b], L(X))NC([a,b], L(X)) and
feC([a,b], X).

Step 1. Consider problems

Ui = Ay + 1), wla) =7, keN, (4.15)

and
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vy =7+ [ alily+ 0 - o). (4.16)

Taking into account Theorem 4.4/ and Remark 4.9, we get that the equation
(4.106)) possesses a unique solution y on [a, b] and

Jim g, = ylle = 0. (4.17)

where, for each k €N, yj is the solution on [a, b] of (4.17).

Note that y is continuous on [a,b] and y==x on [a,b). Let {z}} be the
sequence of solutions of problems (4.9) on [a, b]. We can see that x; = yi on
la, 7| for each k €N, and, due to (4.13), we have

) =

lim z(t) = kh_)rgo ye(t) = y(t) = x(t) for t€(a,b). (4.18)

k—o0

Step 2. Next we will prove that

lim @ (1) = y(b) . (4.19)

k—o0

Indeed, let € >0 be given and let § >0 be such that
ly(t) —y(®)|x < g for te[b—3,b].
Further, by (4.17), there is a ko € N such that
Tk € [b—0,b0) and ||yx — Y|leo < g whenever k> k.

Consequently,

k(i) = y(0)|x < [k (i) — y(7) [ x + ly(7) —w(b)llx

= llue(m) = ()l + ly(m) —y(B)llx < 5 +5 =<

holds for k& > k. This completes the proof of (4.19).

Step 3. On the intervals [7y,b], the equations from (4.9) reduce to the
equations with constant coefficients

where
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—A(b)_A(Tk> and e, =

B, —
b — Tk b—Tk

Their solutions zj, are on [7y, b] given by

x(t) = exp (By (t—71)) xr(T1) + (/t exp (B (t—r)) dr) ek ,

Tk

(cf. [5, Chapter II]). In particular,
l’k(b) = exXp (A(b)—A(Tk)) l’k(Tk)

—_ / exp (1A0)-A(m)] = ) ar) 1) el

b—Tk

By Lemma 4.10, we have

([ e (1a0-a0m1 =2 ) ) ()= 1(m

— ( / b exp (A‘A(b) bb__;) dr) (0~ f ()

To summarize,

k—o0

lim z,(b) = exp (AT A(b)) y(b)+ (/0 exp (ATA(b) (1-s)) ds) AT f(b),

a lim a(b) = v(1), (4.21)

k—o0

where v is a solution to (4.12) on [0, 1].

y(t) if t€fa,b),
() = { |
v(l) if t=b.

Then z*(t) = klim xy(t) for t € [a,b] due to (4.19) and (4.21). Therefore, z*

is a sequential solution of (1.2). Since it does not depend on the choice of
the approximating sequence { Ay, fx}, we can see that x* is also the unique
sequential solution of (1.2). This completes the proof. Il

Step 4. Define
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The following assertion concerns a situation symmetric to that treated by
Lemma 4.11. Similarly, to the proof of Lemma [4.11] we will deal with the
modified equation

o) =7+ [ dldly+ o) - Fla), (4.22)
where y€ X and
e) = Ala+) if t=a, and  F(t) = fla+) if t=a, (4.23)
A(t) if te(a,b] f(@) if te(a,b].

4.12.Lemma. Let A€ BV ([a,b], L(X)) and f € G(|a,b],X) be continuous
on (a,b]. Then, for each T € X, equation (1.2) has a unique sequential solution
x* on [a,b] and this sequential solution is continuous on (a,bl.

Furthermore, let w be a solution of the initial value problem
w = [ATA(@)]w+ A f(@), w(0) =7 (4.24)

and let y be a solution on [a,b] of equation (4.22), where y=w(1). Then z*
coincides with y on (a,b].

Proof. Let { A, fr} be an arbitrary PL-approximation of (A, f) and let { Dy}
be the corresponding sequence of divisions of [a, b] fulfilling (4.1) and (4.2).
As in the previous proof, Dy = P, for k € N.
For k €N, put
Ty = min{t € Py:t > a}.

By (4.3) we have a + 52 > 7, > a for k€N, and hence

lim T = Q.
k—o00

Let {x;} be a sequence of solutions of the approximating initial value prob-
lems (4.9) on [a, b].

Step 1. On the intervals [a, 73], the equations from (4.9) reduce to equations
(4.20)) with the coefficients

po= A=A =)
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Their solutions zj are on [a, 7| given by

x(t) = exp(Bg (t—a)) T+ (/at exp (By (t—r)) dr) €k
(cf. [5, Chapter TI]). In particular,
xp(1) = exp (A(1x) — A(a)) T
b ([ o (10— 225 ) ar) =)

TL—a Tr—aQ

By Lemma 4.10, we have

(/ exp ([A(rk)—A(a)] Tk"”) dr) [F(r)— f(a)

TL—a

lim
k—oo Tp—a

1
_ < / exp(A* A(a) (1-5)) ds) A* f(a).
0
Thus, klim zy(1,) =w(1), where w is the solution of (4.24) on [0, 1].

Step 2. Consider equation (4.22) with y = w(1). By Theorem 2.1, it has
a unique solution y on [a,b], y is continuous on [a,b] and, by an argument
analogous to that used in Step 1 of the proof of Lemma [4.11, we can show
that the relation

lim x4 (t) = y(t) for te(a,b]

k—o0

1s true.

Step 3. Analogously to Step 4 of the proof of lemma 4.11, we can complete
the proof by showing that the function

T if t=a,
¥ (t) =
y(t) if te(a,b],
is the unique sequential solution of (1.2). O

4.13 . Remark. Let us notice that if a <c<b and the functions x] and x3
are respectively sequential solutions to

x(t):§1+/ d[A]z + f(t) - fa), telad

and
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t
ot) =Fat [ Ao+ 50 - 10), teled],
where Ty = x7(c), then the function

o (f) = {xz(t) ?f tela,c,
xy(t) if te (e,

is a sequential solution to (1.2).
4.14. Theorem. Assume that A€ BV (|a,b], L(X)), f € G([a,b],X) and
U<A)Uu(f):{517827"'73m} - [CL?b] :
Then, for each T € X, there is exactly one sequential solution x* of equation
(L2) on [a,b].
Moreover,

2*(t) = we(1) + /td[}x}] T+ fo(t) — fo(se) for t € [se,5041), LENN[0,m],

S¢

z*(t) = ve(1) for t=sp, LeNN[1,m+1],

where sg=a, Smr1 = b, wo(1) =T and, for L€ NN[0,m],

~ A(set) if t=sy, ~ f(set) if t=s¢,
A = —
0 {A(t) if te(se,s041], o {f(t) if te(se,s041]

and vy and wy respectively denote the solutions on [0, 1] of initial value prob-
lems

vy = [ATA(sg) ve + [A7 f(s0)],  ve(0) = 2™ (s0—)
and
wy = [ATA(se)]we + [AT f(s0)],  we(0) = 2% (sg) .

Proof. Having in mind Remark 4.13, we deduce the assertion of Theorem 4.14
by a successive use of Lemmas 4.11/ and 4.12. To this aim it is sufficient to
choose a division D = {ag, aq, ..., .} of [a,b] such that for each subinter-
val [ag_1, 4], k=1,2,...,r, either the assumptions of Lemma [4.11] or the
assumptions of Lemma 4.12 are satisfied with aj_; in place of a and a4 in
place of b. n
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