Compressible fluids in time-dependent domains:
Existence by a Brinkman-type penalization

Eduard Feireisl  Ji¥i Neustupa  Jan Stebel

Institute of Mathematics, Academy of Sciences of the Czech Republic

Workshop Heidelberg-Prague, 27" February 2010



Equations of motion

Navier-Stokes system for compressible fluid

Oro + div (pu) = 0,
Ot(pu) + div (ou ® u) + Vp(p) = divS + of,
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Equations of motion

Navier-Stokes system for compressible fluid

Oro + div (pu) = 0,
Ot(pu) + div (ou ® u) + Vp(p) = divS + of,

Newton's rheological law (1 > 0, n > 0)

2
S=u <Vu +(Vu)" — gdiv u]I) + ndiv ul,
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Equations of motion

Navier-Stokes system for compressible fluid

Oro + div (pu) = 0,
Ot(pu) + div (ou ® u) + Vp(p) = divS + of,

Newton's rheological law (1 > 0, n > 0)
T 2. .
S=u|Vu+(Vu)' — §d1V ul ) + ndivul,

Isentropic equation of state (a > 0, v > 1)

p(o) = ao”.
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Time-dependent domain

Let Qo C R3 be a given domain occupied by the fluid at t = 0
and a vector field v, defined in [0, T] x R3.

Qf

o - X(t,xo)

Q =
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Time-dependent domain

Let Qo C R3 be a given domain occupied by the fluid at t = 0
and a vector field v, defined in [0, T] x R3.

For t > 0 we define

Q; = {X(t,XO); Xp € Qo}

Qf
where X solves the problem
O X(t,x0) = vs(t, X(t,%0)), :
X(O, Xo) = Xp. [N —e—. "XU’“TO)

Q =
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Time-dependent domain

Let Qo C R3 be a given domain occupied by the fluid at t = 0
and a vector field v, defined in [0, T] x R3.

For t > 0 we define

Q; = {X(t,XO); Xp € Qo}

Qf
where X solves the problem
O X(t,x0) = vs(t, X(t,%0)), :
X(0, xg) = xo. o _e— "X“’“’“)

The space-time domain occupied by
the fluid is denoted

Qf = {(t,x); t€(0,T); x e Q.}. o n
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Boundary and initial conditions

On the lateral boundary of Q we assume no-slip:
u(t, ) = vs(t,-) on 0.
Initial conditions:

0(0,-) = oo,
(0u)(0, ) = (ou)o-
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Penalized problem
We fix a reference domain D containing € and such that

VS\@D =0.

Qf
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Penalized problem

We fix a reference domain D containing € and
such that

Vsjop = 0.
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Penalized problem

We fix a reference domain D containing € and
such that

Vsjap = 0.
The original system is replaced by a penalized problem IY(PE)
Oro + div (pu) = 0,
O¢(ou) + div (ou ® u) + Vp(p) = divS + of — %X(u —Vs),

considered in (0, T) x D where

_Jo if(t,x) e QF,
x(tx) = {1 if (t,x) € Q°:=((0, T) x D)\ Q".
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Penalized problem

We fix a reference domain D containing € and
such that

Vsjap = 0.
The original system is replaced by a penalized problem IY(PE)
Oro + div (pu) = 0,
O¢(ou) + div (ou ® u) + Vp(p) = divS + of — %X(u —Vs),

considered in (0, T) x D where

_Jo if(t,x) e QF,
x(tx) = {1 if (t,x) € Q°:=((0, T) x D)\ Q".

Boundary and initial conditions

upp =0, 0(0,-) = oo, (ou)(0,-) = (ou)o.c.
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Remarks

» The aim is to prove for ¢ — 0 convergence to solutions of NS
in a general time-dependent domain.

» Physical motivation: In the penalized problem, Q° represents
a porous media with permeability € (Brinkman's method).
It has been used for incompressible fluids e.g. by
Angot et al. (1999).

» Applications: Easy numerical implementation of complicated
geometries, possible extension to fluid-structure interaction
problems.

» Existence of solutions to penalized problem is covered by the
results of Lions (1998) and Feireisl (2001).
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Finite energy weak solutions

We say that (o, u) is a finite energy weak solution to (P.) if
> o€ L0, T; LY(D)), u € L(0, T; Wy?(D, R3)),
» for any ¢ € C2°([0, T) x D):

/ / )0 + b(o)u 'Vs0+(b(9)—b’(9)9)divus0)

= _/ b(QO,a)SO(Ov')
D

» for any ¢ € C([0, T) x D; R3):

-
/ / (gu-atgo—i—g(u@u) :ch—i-pdivcp)
o Jp

_ /0 ! /D (5 Vio—ofp Xumvi) o) - /D (ow)o-0(0. )
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Finite energy weak solutions Il.

» the energy inequality holds for a.a. 7€ (0, T):

/D( oluf? + P(o)) / /S Vu
S/O/DQf'U—E(U—Vs)‘U)

+/D <2Q1(),€|(QU)0,5|2 + P(Qo,a)>
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Modified energy inequality

If vs is sufficiently regular then one can test by ¢ (t)vs, where
1 € C°[0, T). The resulting expression gives rise to the following
modified energy inequality:

/( oluf? + P(o)) / /s vU+/ /Dg\u—vs\z

< | G (00)+ (ou-vs)(r, )~ (eu)o vs(0,))

/ / of- (u Vs)+S 1 Vvs—pu-0rvs— (u®u):Vvs—pdivvs>
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Main result

Assumptions:

(A1) Qo C Qo C D are bounded domains of class C?*;
(A2) v >3/2, f e L>((0, T) x D;R3);

(A3) vs € C2H¥([0, T] x D;R3), vs|sp = 0;

(A4) the initial data satisfy

00, — 00 in L7(D), oola, >0, oolp\q, =0,

(eu)o.e — (ou)o in L'(D;R?), (QU)0|D\QO =0,

/ |(ou)ol®
00,e

where c is independent of € — 0.
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Main result Il.

Theorem

Let the assumptions (A1)—(A4) be satisfied.

Then any sequence {oe, u. }c>o of finite energy weak solutions of
problem (P.) contains a subsequence such that

0= — 0 in Cueax([0, T]; L7(D)) N L(Q),
u. — u in L(0, T; WOI’Z(D;]R3)), u=v;in Q°,

where the limit functions p, u are distributional solutions of the
equation of continuity in (0, T) x D and of the original momentum
equation in Qf.

E. Feireisl, J. Neustupa, J. Stebel: Compressible fluids in time-dependent domains 11/22



Idea of the proof

v

Uniform bounds following from the energy inequality

v

Estimates of the pressure in Qf:

> local
> up to the boundary

v

Strong convergence of g in Q°

v

Renormalized continuity equation:

» Weak continuity of effective viscous flux
» Bounds on oscillations defect measure

v

Strong convergence of o, in Qf
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Uniform bounds

From the energy inequality we obtain:

{0e}e>0 bounded in L=(0, T; L"(D));
{\/0eu: >0 bounded in L>(0, T; L*(D,R3));

2
{Vus + (Vu,)" — 3div u]I} bounded in L%(0, T; L?(D,R3*3)).
e>0

Korn's inequality yields:
{u.}.>0 bounded in L2(0, T; W, ?(D,R?))

and finally

U _VS} .20 As
bounded in L7( Q).
<{ \/@E e>0
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Uniform bounds II.

From the uniform bounds we infer that

Qe — 0O in Cweak ([0, T]; L7(D)),
u. — u weakly in L2(0, T; W,*(D,R?)),
u. — Vs strongly in L2(Q%).
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Pressure estimates

Local estimates in QF

Taking a test function

o(t,x) == p(t,x) VA [1pe!],

where v > 0 is a small positive number and 1) is a smooth cut-off
function with supp 1 C Qf, we obtain from the momentum
equation that

a/KQer” = /KP(QE)QZ < ¢(K)

for any compact K C QF.
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Pressure estimates Il.
Estimates up to the boundary

Assume that there exists a test function ¢ with the following
properties:

> O, Vo € Lq(Qf) for a given g > 1;

> o(t,-) € Wy 9(Q, R3) for any t € (0, T);

> 90(T7 ) =0

> div ¢p(t,x) — oo for x — 92 uniformly for t in compact
subsets of (0, T).
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Pressure estimates Il.
Estimates up to the boundary

Assume that there exists a test function ¢ with the following
properties:

> O, Vo € Lq(Qf) for a given g > 1;

> o(t,-) € Wy 9(Q, R3) for any t € (0, T);

> QO(T, ) =0

> div ¢p(t,x) — oo for x — 92 uniformly for t in compact
subsets of (0, T).

Then for any 7 < T,

/ p(oe)div e < c(7)
QfN([0,7]x D)

and consequently {p(0:)}e>0 is equi-integrable in L}(QF).
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Pressure estimates |lI.
Estimates up to the boundary
In order to construct the test function ¢, we denote

d(t,x) = dist (x, 0Q¢).
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Pressure estimates |lI.
Estimates up to the boundary
In order to construct the test function ¢, we denote

d(t,x) = dist (x, 0Q;).

Since the boundary of Qf is of class C2, there exists a
neighborhood U of dQf N ((r1,72) x D), 11,72 € (0, T), such that

d € C?(U).
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Pressure estimates |lI.
Estimates up to the boundary
In order to construct the test function ¢, we denote

d(t,x) = dist (x, 0Q;).

Since the boundary of Qf is of class C2, there exists a
neighborhood U of dQf N ((r1,72) x D), 11,72 € (0, T), such that

d € C?(U).
Let us choose h € C([0,00)) NC>((0,00)) s.t.
hz) = {za for z € ([0,4/2),
0 for z > 9,
1 €C(0,T), % >0, 1 =1in [r, 7], and define
p(t,x) ;= P(t)h(d(t,x))Vd(t,x).
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Pressure estimates |lI.
Estimates up to the boundary
In order to construct the test function ¢, we denote

d(t,x) = dist (x, 0Q;).

Since the boundary of Qf is of class C2, there exists a
neighborhood U of dQf N ((r1,72) x D), 11,72 € (0, T), such that

d € C?(U).
Let us choose h € C([0,00)) NC>((0,00)) s.t.
(67
hz) = z*  for z €([0,0/2),
0 for z > 6,
€ C2(0,T), ¥ >0, =1in [r, 7], and define
p(t,x) :=P(t)h(d(t,x))Vd(t,x).
For 6 > 0 and a € (0, 1) small enough, ¢ meets the requirements:
div o = ' (d)|Vd|? + ¥h(d)Ad.
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Convergence of p. in Q°

The available convergence information allows to check that
Oro + div (pu) =0

in the sense of distributions in (0, T) x D and, since u = v in Q°,
also in (0, T) x R3.
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Convergence of p. in Q°

The available convergence information allows to check that
Oro + div (pu) =0

in the sense of distributions in (0, T) x D and, since u = v in Q°,
also in (0, T) x R3.

From the fact that the motion of 0Q; is
governed by vs and that gp = 0 outside Qg

we conclude that

0=0 in Q°.

Consequently, for any g € [1,7),

0e — o0 in LI(Q%).

18/22
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Renormalized continuity equation

Effective viscous flux

We are able to pass in the momentum equation:
d¢(ou) + div (pu @ u) + Vp(p) = divS in QF

in the sense of distributions.
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Renormalized continuity equation

Effective viscous flux

We are able to pass in the momentum equation:
d¢(ou) + div (pu @ u) + Vp(p) = divS in QF

in the sense of distributions.
Next, introducing the operator Ty(f) := min{f, k}, it is possible
to show that the identity

(4/3u + 1) <Tk(g)div u— Tx(o)div u) = p(0) Tk(e) — p(0) Tk(o)

holds locally in Q. In particular, as p is a monotone function of o,
the expression on the left is non-negative.
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Renormalized continuity equation

Oscillations defect measure

Using the property of the effective viscous flux we can prove that

oscs1lge — 0)(0) := sup limsup / I Te(oe)— T(o) ™+ < (0]
k>1 e—0 o

for every compact O C (0, T) x D
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Renormalized continuity equation

Oscillations defect measure

Using the property of the effective viscous flux we can prove that

0scy41ee — 0](0) = iirilimsgp/o | Ti(0e) = T(@)"* < c(IO])

for every compact O C (0, T) x D, and consequently
osct1[o: — 0]((0, T) x D) < c.

This, together with the uniform bounds, implies that g, u satisfy
the renormalized equation of continuity in (0, T) x D.
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Convergence of o. in QF
From the renormalized equation of continuity we can derive that

/D<Lk(@)— Lk(Q))(T)-i-/OT/D (Tk(g)divu— Tk(g)diVU>

_/D<I_k(g0)—Lk(g0)> + /OT/D<T,((g)divu—Tk(g)divu),

for any 7 € (0, T), where

Lk(o) == Q/lg Tl2) 4,

Z2
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Convergence of o. in QF
From the renormalized equation of continuity we can derive that

/D<Lk(@)—Lk(@ (7) +/T/ Ti(o)divu — Tk(g)divu>
/(Lk(QO ) — Li( Qo / / Ti(o)divu — Ti(o )dlvu)

for any 7 € (0, T), where

Li(o) = Q/lg Tk(zz)dz

V4
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Convergence of o. in QF
From the renormalized equation of continuity we can derive that

/D<LI<(Q)—LI<(Q (7) +/T/ T gdivu—Tk(Q)divu>
/D<Lk( )—Lk 00) // Tk )divu — Tx(o )dlvu)

for any 7 € (0, T), where

Li(o) := Q/lg Tk(z)dz.

22
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Convergence of o, in Qf
From the renormalized equation of continuity we can derive that

/(Lk(g)—Lk // Te(o dlvu—Tk( )d1vu>
:/D(Lk(g)—ugo // (Tilo)divu — Te(e)divu).

—0

for any 7 € (0, T), where
¢ Tu(z
Le)i=e [ da)y,
1

22
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Convergence of o, in Qf
From the renormalized equation of continuity we can derive that

/(Lk(g)—Lk // Te(o dlvu—Tk( )d1vu>
:/D(Lk(g)—ugo // (Tilo)divu — Te(e)divu).

—0

for any 7 € (0, T), where

Li(o) := g/lg T(2) g,

22

Letting k — oo we conclude that

/D(Qlog@— ologo) (1) =0
for any 7 > 0, which implies for any g € [1,7):

0e — 0in L9((0, T) x D).
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Conclusion

» We proved:

» Convergence of the Brinkman penalization for compressible
isentropic fluids
» Existence of solutions to NSE in time-dependent domains

» The limit passage requires only local pressure estimates

» The assumptions on smoothness of v were not optimal
and can be possibly relaxed
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