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Introduction
Introduction

We study the shape differentiability of a given functional that depends on
the flow of an incompressible fluid. The fluid is contained in a bounded
domain Q := B\ S C R? which surrounds an obstacle S.

B
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Introduction
Equations of motion

Motion of the fluid is described by the following system:

Ov +div(vev) —divS(Dv) + Vp+ Cv = f in Q, (1a)
divv =0 inQ  (1b)
v=0 on X, (1¢c)
v(0,-) = vq in Q. (1d)
(0, T) xQ
(0, T) x 0Q

bounded domain in R?

traceless part of the Cauchy stress

Dv  symmetric part of Vv

C  Coriolis force (constant skew symmetric matrix)

N0 MO
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Introduction
Shape functional

The shape of the obstacle S is to be optimized subject to the drag
functional

s@) = [ ' | (6@v)— pn -2,

where d is a given unit vector.
Our aim is to

@ show that J is differentiable;
o find the shape gradient of J.
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Introduction
Deformation of the shape of S

We choose a vector field T € C?(R?,R?) vanishing in the vicinity of 9B
and define the mapping
y =x+¢eT(x),

which describes the perturbation of the boundary 3dS. For small € > 0 the
mapping x — y takes diffeomorphically the region Q onto Q. = B\ S
where S; = y(S).
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Introduction
Shape and material derivatives of solutions

On the perturbed domain we consider the problem

OV + div (Ve ® Vo) — divS(Dv.) + Vpe + Cv,. =f in Qc,
divv. =0 in Q:,
v.=0 on Y.,

v.(0,) =wvp in Q..
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Introduction
Shape and material derivatives of solutions

On the perturbed domain we consider the problem

OtV + div (Ve @ Vo) — divS(Dv.) + Vp. + Cu. = f in Qc,
divv. =0 in Q:,
v.=0 on Y.,

v.(0,) =wvp in Q..
The shape and material derivatives are formally defined as follows:

, . Ve—V . . Vcoy—vV
v = lim , v:=lim ——.
e—0 S e—0 g
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Introduction
Shape and material derivatives of solutions

On the perturbed domain we consider the problem

OtV + div (Ve @ Vo) — divS(Dv.) + Vp. + Cu. = f in Qc,
divv. =0 in Q:,
v.=0 on Y.,

v.(0,) =wvp in Q..

The shape and material derivatives are formally defined as follows:

, . Ve—V . . Vcoy—vV
v = lim , v:=lim ——.
e—0 S e—0 g

It will be usefull to work with a modified material derivative

G = lim det(IT+eVT)I+eVT) Y(v.0y) —v
o 6|—>0 € ’

which has the property divv = 0.
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Formal results
Formal results for the shape and material derivatives

The shape derivative of J has the form:

dJ(;T) = / /as (S'(Dv)DV' — pT) :d@n—(f-d)T-n
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Formal results
Formal results for the shape and material derivatives

The shape derivative of J has the form:

dJ(Q;T) :=

/ (S'(Dv)DV' — pT) :d@n—(f-d)T-n
as

where the shape derivatives (v, p’) are determined through the linearized
system

OV +div(v @ v +vev)—div(S(Dv)DV)

+Vp +Cv =0 in Q,
divv' =0 in Q,

v = —g:T ‘n onX,
v'(0,)=0 in Q.
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Formal results
Formal results involving adjoint states

To avoid the shape derivatives (which depend implicitly on the direction
T) we introduce the adjoint problem

—0:w — 2(Dw)v — div (S'(Dv) 'Dw) + Vs —Cw =0 in Q,
divw =0 in Q,

w=d on X,

w(T,)=0 in Q.
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Formal results
Formal results involving adjoint states

To avoid the shape derivatives (which depend implicitly on the direction
T) we introduce the adjoint problem

—0:w — 2(Dw)v — div (S'(Dv) 'Dw) + Vs —Cw =0 in Q,
divw =0 in Q,

w=d on X,

w(T,)=0 in Q.

Consequently dJ has the form

dJ(Q;T) / / [ S’(]D)V)TID)w—s]I) 8—®n+f d}T n.
oS On
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Formal results
Validity of formal results

Questions

Existence and uniqueness of state variables?
— mathematical theory of non-Newtonian fluids

Existence and uniqueness of shape derivatives and adjoints?
— existence theory of generalized Stokes system
— regularity of non-Newtonian fluids

Regularity of adjoints and existence of shape gradient dJ?
— LP theory for generalized Stokes system
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Overview of mathematical theory for non-Newtonian fluids

Fluids with shear rate-dependent viscosity

Non-newtonian fluids have applications in many areas of sciences and
industry, e.g.:

@ hemodynamics, biomechanics, mechanics of geomaterials;
@ mechanical engineering, polymer chemistry, food industry. ..

Essentially, we deal with stress tensors of the type

S(Dv) ~ (1 + |Dv|""3)Dv, r > 1.

shear-thickening newtonian
2) (r=2)

IS

shear-thinning
(r<2)

D]
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Overview of mathematical theory for non-Newtonian fluids
Structural assumptions

We assume that there exist constants C;, G, CG3 > 0, and r € [2,4) s.t.
Ci(1+AI"?)[B]> <S'(4) : (BoB) < G(1+|A|"%)[BJ,

S"(A)] < G(1+]AI)
for any 0 # A, B € R?*2,
Consequently
@ S is strongly monotone;
e The mapping D+ S(DD) is continuous from L" to L™ 1;
e The mapping D ~ S/(ID) is continuous from L™ to L2,
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Overview of mathematical theory for non-Newtonian fluids

Mathematical theory for non-Newtonian fluids in 2D

Ov +div(vev) —divS(Dv) + Vp=f in Q, (3a)
divv =0 in Q, (3b)

v=0 on X, (3¢)

v(0,) =vo in 2. (3d)

Theorem (Ladyzhenskaya [1967], Lions [1969])

Forr>2, f € [2(0, T;Wy%,(Q)*) and vo € Wy, (Q) there is a unique
weak solution of (3) that satisfies the energy inequality

1 t t 1
—||v(t)||%Q—|—/ / S(Dv) : Dv = / / fvt=|vol3q, fora.a. te(0,T).
2 Jo Ja o Ja 2 ’

Remark: Existence theory has been extended also to 3D and r < 2 e.g. by
Frehse et al. [2000], Buli¢ek et al. [2007].
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Overview of mathematical theory for non-Newtonian fluids

Mathematical theory for non-Newtonian fluids in 2D

Ov +div(v®@v) —divS(Dv) + Vp = f in Q,
divv =0 in Q,

v=_0 on X,

v(0,) =vo in Q.

Theorem (Kaplicky [2005])
If r € [2,4) and additionally for some § > 2

f e L0, T;L9(Q)),d:f € L9(0, T; W 19(Q)) and vo € W??(Q)
then there exists ¢ > 2 and « > 0 such that for arbitrary ¢ > 0
v e L%, T;W29(Q)),

Vv € C%([¢, T] x Q),
dev € (0, T; L2(Q)) N L2(0, T; Wy %, ().
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Overview of mathematical theory for non-Newtonian fluids

Well-posedness of the linearized system, LP-estimates

Oru — div(AVu) + Vg =f in Q, (4a)
divu=20 in Q, (4b)

u=20 on X, (4c)

u(0,-) = ug in (4d)

Let A € L°(Q,R?") be symmetric and positive definite, f € [2(Q),
up € LgdiV(Q). Then the generalized Stokes system (4) has a unique

weak solution.
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Overview of mathematical theory for non-Newtonian fluids

Well-posedness of the linearized system, LP-estimates

Ju —div(AVu) + Vg =f in Q, (4a)
divu =20 in Q, (4b)

u=20 on X, (4c)

u(0,-) = ug in Q (4d)

Theorem (Solonnikov [2001])

Let Q € C3, A € C(Q,R?") be symmetric and positive definite, f € LP(Q),
up € W(l)’ZiV(Q) NW2=2/PP(Q). Then the generalized Stokes problem
has a unique weak solution which satisfies:

u € LP(0, T; W2P(Q)) N WHP(0, T; LP(Q)),

g € LP(0, T; WHP(Q)).
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Overview of mathematical theory for non-Newtonian fluids
Boundedness of Dv

We will require the linearized problem with A ~ S/(Dv) to have a unique
solution. For this reason we need

Dv € L*(Q),

however the result by Kaplicky yields this only starting at t = ¢ > 0.

J. Stebel (Academy of Sciences, Prague) Sensitivity analysis for incompressible fluids IFIP2011 15 / 24



Overview of mathematical theory for non-Newtonian fluids
Boundedness of Dv

We will require the linearized problem with A ~ S/(Dv) to have a unique
solution. For this reason we need

Dv € L*(Q),
however the result by Kaplicky yields this only starting at t = ¢ > 0.
Dv el
O ®
—€e 0 T t

To overcome this technical issue, we follow Wachsmuth and Roubitek
[2010] and assume that

@ the process has started already at some time —e < 0,

e the initial condition at t = —e and the body force satisfy assumptions
of the Theorem by Kaplicky so that Dv € C(Q),

e the initial condition at time t = 0 is vg := v(0, -).
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Justification of the material and shape derivatives

Formulation in the fixed domain

Introducing the notation
M:=1+eVT', g:=detM, N:=gM™,

Ve 1= NT(‘_,EOy)a Pe :=Pp:0Y, Vo= NT(VOOY)7
we formulate the problem for (v., p.) on the fixed domain:
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Justification of the material and shape derivatives

Formulation in the fixed domain

Introducing the notation
M:=1+eVT', g:=detM, N:=gM™,
ve :=N'(V.0y), pei=pcoy, vo.:=N'(vgoy),
we formulate the problem for (v., p.) on the fixed domain:
gN"IN"T9,v. + div(v. ® v.) — N71div (NTS(D.v.))
+Vp. +Cv. =f+ Al inQ,

diV VE = 0 in Q7
v. =0 on X,
v(0,) = voe in Q.
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Justification of the material and shape derivatives

Formulation in the fixed domain

gN"IN"T9,v, + div (v. @ v.) — N7l div (NTS(D.v.))
+Vp.+Cv. =f+Al inQ,

divv. =0 in Q,
v. =0 on X,
v:(0,-) = vo in Q.

Here Dov. == g} (NV(N~Tv.))sym, and Al € L2(0, T; Wéfﬁv(Q)*) is a
term of order ¢, defined by

Al = div(v. ®v.) — N 1div (v. ® N~ Tv,)
+(C—gN'CN"")v. + gN"(foy) —f.

Note: We do not require any additional regularity of v..
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Justification of the material and shape derivatives

Uniform estimates and convergence of v,

Using the energy inequality we find that
{Ve}eso is bounded in L°°(0, T;L2(Q)) N L7(0, T; Wy, () N L*(Q),
{N"1div (NS(D.ve)) o is bounded in L"(0, T; Wg'h, ()",

{gNT'N"T0pvc }es is bounded in L™(0, T; Wyl ().

J. Stebel (Academy of Sciences, Prague) Sensitivity analysis for incompressible fluids IFIP2011 17 / 24



Justification of the material and shape derivatives

Uniform estimates and convergence of v,

Using the energy inequality we find that
{Ve}eso is bounded in L°°(0, T;L2(Q)) N L7(0, T; Wy, () N L*(Q),
{N"1div (NS(D.ve)) o is bounded in L"(0, T; Wg'h, ()",

{gNT'N"T0pvc }es is bounded in L™(0, T; Wyl ().

Hence there is a weak limit v of the sequence {v.} in the above spaces.
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Justification of the material and shape derivatives

Uniform estimates and convergence of v,

Using the energy inequality we find that
{Ve}eso is bounded in L°°(0, T;L2(Q)) N L7(0, T; Wy, () N L*(Q),
{N"1div (NS(D.ve)) o is bounded in L"(0, T; Wg'h, ()",

{gNT'N"T0pvc }es is bounded in L™(0, T; Wyl ().

Hence there is a weak limit v of the sequence {v.} in the above spaces.
Using the strong monotonicity of S we obtain:

Dv. — Dv strongly in L"(Q),
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Justification of the material and shape derivatives

Uniform estimates and convergence of v,

Using the energy inequality we find that
{Ve}eso is bounded in L°°(0, T;L2(Q)) N L7(0, T; Wy, () N L*(Q),
{N"1div (NS(D.ve)) o is bounded in L"(0, T; Wg'h, ()",

{gNT'N"T0pvc }es is bounded in L™(0, T; Wyl ().

Hence there is a weak limit v of the sequence {v.} in the above spaces.
Using the strong monotonicity of S we obtain:

Dv. — Dv strongly in L"(Q),
which implies
N~ div (NTS(D.v.)) — divS(DV) in L"(0, T; Wg i, ()

and thus v = v is the solution to (1).
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Justification of the material and shape derivatives

System for the differences

We are going to estimate the differences

(u..q.) = ("s—"j’s—P) .

9 9
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Justification of the material and shape derivatives
System for the differences

We are going to estimate the differences

(usaqs) = (VE — V’ Ps—P) .

9 9

which solve the problem:

aN"IN"Tdu, + div (v. @ u; + u. @ v) + Vg. + Cu,

—N"1div (NTS(DEV&) _S(DE")> = EAE in Q,
€ €

divu. =0 in Q,

u.=0 on X,

u:(0,-) = g in Q.
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Justification of the material and shape derivatives

System for the differences

We are going to estimate the differences

(usaqs) = (VE — V’ Ps—P) .

9 9

which solve the problem:

aN"IN"Tdu, + div (v. @ u; + u. @ v) + Vg. + Cu,

—N"1div (NTS(DEV&) _S(DE")> = EAE in Q,
€ €

diV u€ - O in Q7

u.=0 on X,

u-(0,-) = Vo: “Vo . o

The term A, on the r.h.s. is given by
A. = Al + (I - gN"IN"T)d,v + divS(Dv) — N~ ldiv (NTS(DEV)) .
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Justification of the material and shape derivatives

Uniform estimates of the differences u.

Due to the regularity of v, we have that

1
{EAg} is bounded in L2(0, T; W%, (Q)7).
e>0
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Justification of the material and shape derivatives

Uniform estimates of the differences u.

Due to the regularity of v, we have that

1
{EAg} is bounded in L2(0, T; W%, (Q)7).
e>0

Testing the momentum equation by u. we obtain:

t T T
1
Ju(©1+ | 1D < €[ 19 Lol Vulalc B+ lvol+ [ 14.1?)

fora.a. t € (0, T).
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Justification of the material and shape derivatives

Uniform estimates of the differences u.

Due to the regularity of v, we have that

1
{EAg} is bounded in L2(0, T; W%, (Q)7).
e>0

Testing the momentum equation by u. we obtain:

t T T
1
Ju(©1+ | 1D < €[ 19 Lol Vulalc B+ lvol+ [ 14.1?)

for a.a. t € (0, T). The Gronwall inequality then yields:
{u.}es0 is bounded in L°°(0, T; L3(Q)) N L%(0, T; W(l):i,-v(Q))-
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Justification of the material and shape derivatives

Uniform estimates of the differences u.

Due to the regularity of v, we have that
1
{Aa} is bounded in L2(0, T; W2, (Q)*).
€ e>0 ’

Testing the momentum equation by u. we obtain:

t T T
Ju(©1+ | 1D < €[ 19 Lol Vulalc B+ lvol+ [ 14.1?)
for a.a. t € (0, T). The Gronwall inequality then yields:
{uc}eso is bounded in L(0, T; L3(Q)) N L2(0, T; Wg'%, ().
Since Dv; is uniformly bounded only in L", we obtain weaker estimates:

{S(Dava) -

- S(ng)} is bounded in L%(Q%

e>0

, 2
{gN"IN"Td,u.}.~0 is bounded in Lﬁ(O, T, Wé:;;(ﬂ))*.
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Justification of the material and shape derivatives

Convergence to the material derivatives

Anyway, with help of the strong convergence of Dv. and the above
estimates we can show that

u. — ¥,

—A. — Aj, in some weak sense,
€
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Justification of the material and shape derivatives

Convergence to the material derivatives

Anyway, with help of the strong convergence of Dv. and the above
estimates we can show that

u. — v,
1 ;o
—A. — Ay, in some weak sense,
€
where V is a solution of the linearized problem

8ev + div (V@ v + v @ ¥) — div (S'(Dv)D¥) + Vp + Ci = A} in Q,

divv

1l
o O
)
S
™M

— ]2
Il

<2

o

5

kel

¥(0, -

where Vg := N'Tvgy + (Vvq)T.
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Justification of the material and shape derivatives

Convergence to the material derivatives

Anyway, with help of the strong convergence of Dv. and the above
estimates we can show that

u. — Vv,
—A. — Aj, in some weak sense,
€

where V is a solution of the linearized problem

8ev + div (V@ v + v @ ¥) — div (S'(Dv)D¥) + Vp + Ci = A} in Q,

divi =0 in Q,
v=0 onZ,
\7(0, ) == \70 in Q,

where ¥ := N'Tvgy 4+ (Vvg)T. Since this problem has a unique weak
solution, we have justified the shape differentiability of the state equation.
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Justification of the material and shape derivatives
Shape derivative of J

The original definition

J(Q) = /OT/BS(S(DV) —phn-d

is not suitable for weak solutions, hence we rewrite it integrating by parts
and using the state equation:
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Justification of the material and shape derivatives
Shape derivative of J

The original definition of J is not suitable for weak solutions, hence we
rewrite it integrating by parts and using the state equation:

J(Q):/Q(V(T)—vo)-£+/(\)[((Cv—f)-£+(S(Dv)—v®v)]:V&.

Here & € C>°(Q,R?) is arbitrary function supported in the vicinity of S
such that §5s = d and div{ = 0.
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Justification of the material and shape derivatives
Shape derivative of J

The original definition of J is not suitable for weak solutions, hence we
rewrite it integrating by parts and using the state equation:

J(Q):/Q(V(T)—vo)-£+/(\)[((Cv—f)-£+(S(Dv)—v®v)]:V&.

Here & € C>°(Q,R?) is arbitrary function supported in the vicinity of S
such that §5s = d and div{ = 0. Similarly, we obtain:

)(Q.) = /Q NN (ve(T) —vor) - €

" /Q o (NN T N (foy)) ¢

+ (NTS(]D)EVE) v (N_Tvs)) : V(N_Tg)}.
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Justification of the material and shape derivatives
Shape derivative of J

Using the available convergence of u. we can show that

dJ

E = (@, p) + Je(T
de D(V7p)+ G( )7

e=0

where Jp and Jg are linear functions of v, p and T, respectively. Since the
pair (V, p) depends continuously on the C2 norm of T, we conclude that

the map
T—dJ(;T)

is a bounded linear functional on C?(R? R?).
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Justification of the material and shape derivatives

Shape gradient of J

The initial and boundary condition for the adjoint problem

— 0w — 2(Dw)v — div (S'(Dv) 'Dw) + Vs —Cw =0  in Q,
divw =0 in Q,
w=d on X,

w(T,)=0 in .

are incompatible, hence we cannot expect Dw, s € L}(X).
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Justification of the material and shape derivatives

Shape gradient of J

The initial and boundary condition for the adjoint problem

— 0w — 2(Dw)v — div (S'(Dv) 'Dw) + Vs —Cw =0  in Q,
divw =0 in Q,
w=d on X,
w(T,)=0 in .
are incompatible, hence we cannot expect Dw, s € L}(X).

Nevertheless, on the time interval (0, T — §) with any small § we can
apply the LP theory for the linearized system and obtain

T—6 ov
dJ(Q;T):—gi\mo/O /85 [(SI(DV)TDW—SH) :8n®n+f-d]T-n.
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Conclusion
Conclusion

@ Under appropriate regularity assumptions we have shown the existence
of material derivatives and differentiability of the shape functional.

@ Recent results in the regularity theory indicate that the differentiability
might be expected for r > 4 (Beirdo da Veiga et al. [2010]).

@ Unfortunately, the cases r < 2 as well as higher space dimensions
remain open as long as Vv ¢ L.
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