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Preface

These proceedings resulted from two courses - Computational Mechanics I and II,
which were held at the Institute of Geonics AS CR with many participants from VSB -
Technical University of Ostrava in May and December 2010.

The first course was focused on computational plasticity and lectured by Jan
Valdman from the University of Iceland. The second course covers broader scope of
topics from computational mechanics — damage mechanics, fluid dynamics, acoustics,
contact problems, homogenization, solving problems of identification of material
parameters, preconditioning for saddle point systems and aspects of aposteriori error
computation, FEM, BEM, adaptiveness and parallel computing. The presented topics
have lot of applications, among other covering geothermal energy and other geo
engineering fields.

The courses Computational Mechanics I and II were supported by EEP/Norway funds
via the project BG FTA 4th call - EC 049-4V- Collaboration of CR and Island on
education and science: Computational mechanics, geothermal energy and other
applications.

This support and the work of all lecturers from Iceland, Sweden and the Czech

Republic is highly appreciated.

Prof. Radim Blaheta
project coordinator



COMPUTATIONAL MECHANICS | (elastoplasticity)

May 10-14, 2010
activity: 5 lectures and 3 computer exercises designed for students, PhD students and researchers given by
Jan Valdman (University of Iceland) on Mathematical modelling of elastoplasticity.
topics:

* modelling of elastoplasticity using rheological models
* introduction to theory of variational inequalities and their discretization with Finite Elelement method
* implementation details of a time-dependent two-dimentional problem in Matlab

COMPUTATIONAL MECHANICS Il
December 1 - 3, 2010

activity: 13 lectures given by 11 speakers

participants and their talks (ordered according to schedule):

* D. Luka$ (VSB-TU) - Parallel BEM-based methods

* J.Valdman (U Iceland) - Aposteriori error estimates (3 talks)

* H. Palsson (U Iceland) - Computational fluid dynamics with OpenFOAM (2 talks)
* 0. Axelsson (I Geonics) - Preconditioning for saddle point problems

* M. Neytcheva et al. (U Uppsala) - On an augmented Lagrangian-based preconditioning of Oseen type
problems

* J. Kruis (CTU Prague) - Damage mechanics analysis with arc-length solver
* Z. Dostal (VSB-TU) - T-FETI based scalable algorithms for contact problems
* 0. Vlach (VSB-TU) - Quasistatic contact problems

* T. Kozubek (VSB-TU) - Scalable algorithms for dynamics contact problems

* V. Vondrak (VSB-TU) - Efficient parallel contact shape optimization

* A. Markopoulos (VSB-TU) - MATSOL - implementation methods

* R. Blaheta et al. (I Geonics) - Computational (geo) micromechanics,
Identification of material parameters (2 talks)

» 8. Sysala (I Geonics) - Elasto-plasticity: selected topics



Original posters to both conferences (in czech and english),

slides to COMPUTATIONAL MECHANICS | (elastoplasticity)

by Jan Valdman

and

some abstracts to COMPUTATIONAL MECHANICS Il

follow.

Additional information can be found on web pages of Institute of Geonics AS CR Ostrava

http://www.ugn.cas.cz/?|1=en&a=&p=events/2010/kvp/index.php

http://www.ugn.cas.cz/?I=en&a=&p=events/2010/wcm/index.php
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g ra ﬂ 5 Srdecné zveme vSechny zajemce na tydenni kurz
norway VYPOCETNI PLASTICITA
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prednasejici dr. JAN VALDMAN z University of Iceland, Reykjavik
Kurz je podporovany fondy EHP/Norska a je uréen
pro studenty, doktorandy a dalsi zajemce.

Ucelem kurzu je popis zakladnich mechanickych modeld v elastoplasticité a jejich
matematického modelovani. Specialni diraz bude vénovan numerickym metodam
a jejich realizaci v Matlabu.

Témata prednasek zahrnuji:

- modelovani elastoplasticity pomoci reologickych model(

- Uvod do teorie varia€nich nerovnic a jejich diskretizace pomoci
metody konecnych prvkd (FEM)

- implementace feSi¢e Casoveé zavislé 2D ulohy v Matlabu

Cilem navazujiciho pocitacového praktika je:

- implementovat jednoduché ulohy linearni elasticity pomoci metody
konecnych prvk(

- rozsifit je pro pripad elastoplastického modelu véetné casové
zavislosti

Pro praci v pocitacovém praktiku se predpoklada vlastni pocitac. Vlastni MATLAB (v.

7 a vyse) je vitan. K dispozici bude WiFi pfistup k omezenému poctu licenci.

Program:
Zahajeni 10. 5. 2010, 13:00, J. Valdman, uvodni prednaska

Pokracovani kurzu 11.-14.5.2010 denné:

9:00-10:30 prednaska
10:30-11:00 diskuze, obcerstveni
11:00-12:30 pocitacové praktikum: tvorba a vyuziti SW (MATLAB)

Prednasky i pocitacové praktikum se budou konat v konferencni mistnosti
Ustavu geoniky AV CR, Studentska 1768, areal VSB TU Ostrava Poruba.

UGN AV CR a KAM FEI VSB TU Odborny garant: Prof. Radim Blaheta
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gran (S You are invited to participate at the course

NOrway COMPUTATIONAL MECHANICSII
grants_@n

held under the project ,Educational and scientific collaboration CR-Iceland: computational
mechanics, geothermal energy and further applications” (supported by EEP/Norway funds).

The course is a free continuation of the course Computational Mechanics |
(plasticity) and is designed for students, PhD students and researchers.

Program

1.12. 2010 from 14.00
Opening
D. Lukd$ (VSB-TU) Parallel BEM-based methods
J. Valdman (U Iceland) Aposteriori error estimates (1)
H. Palsson (U Iceland) Computational fluid dynamics with OpenFOAM(1)

2.12. 2010 from 9.00
J. Valdman (U Iceland) Aposteriori error estimates (2)
H. Palsson (U Iceland) Computational fluid dynamics with OpenFOAM(2)
O. Axelsson (I Geonics) Preconditioning for saddle point problems
M. Neytcheva (U Uppsala) Augmented Lagrangian preconditioning
from 13.00
J. Kruis (CTU Prague) Damage mechanics analysis with arc-length solver
Z. Dostél (VSB-TU) T-FETI based scalable algorithms for contact problems
0. Vlach (VSB-TU) Quasistatic contact problems
T. Kozubek (VSB-TU) Scalable algorithms for dynamics contact problems
V. Vondrak (VSB-TU) Efficient parallel contact shape optimization
A. Markopoulos (VSB-TU) MATSOL - implementation methods

3.12. 2010 from 9.00
J. Valdman (U Iceland) Aposteriori error estimates (3)
R. Blaheta et al. (I Geonics) Computational (geo) micromechanics
S. Sysala (I Geonics) Elasto-plasticity: selected topics
R. Blaheta et al. (I Geonics) Identification of material parameters

Lectures of the length of 30 or 45 minutes will be held in the conference room
of the Institute Geonics AS CR, Studentska 1768, Ostrava Poruba.

Details: www.ugn.cas.cz. On behalf of the organizers: R. Blaheta, T. Kozubek.




COMPUTATIONAL MECHANICS |

Jan Valdman

* modelling of elastoplasticity using rheological models
* introduction to theory of variational inequalities and their discretization with Finite Elelement method
* implementation details of a time-dependent two-dimentional problem in Matlab



Mathematical modelling of elastoplasticity

Jan Valdman

School of Engineering and Natural Sciences
University of Iceland, Reykjavik
email: jan.valdman©@gmail.com

Ostrava, May 10-14, 2010

Jan Valdman Computational elastoplasticity

© Rheological models
© Variational inequalities
© Existence

@ FE Discretization

© Basics of Implementation

Jan Valdman Computational elastoplasticity



Explaining papers to theory and numerics:

@ Carsten Carstensen, Martin Brokate, Jan Valdman, A quasi-static
boundary value problem in multi-surface elastoplasticity. I: Analysis.
Math. Methods Appl. Sci. 27, No.14, 1697-1710 (2004), web link

@ Carsten Carstensen, Martin Brokate, Jan Valdman, A quasi-static
boundary value problem in multi-surface elastoplasticity. Il: Numerical
solution. Math. Methods Appl. Sci. 28, No.8, 881-901 (2005), web link

@ Andreas Hofinger, Jan Valdman, Numerical solution of the two-yield
elastoplastic minimization problem. Computing 81, No. 1, 35-52 (2007),
web link

@ Peter Gruber, Jan Valdman, Solution of one-time-step problems in
elastoplasticity by a Slant Newton Method. SIAM J. Scientific Computing
31, No. 2, 1558-1580 (2009), web link.

Elastoplasticity solver can be downloaded at
http://www.mathworks.com/matlabcentral/fileexchange/authors /37756
as a package called 'Two-yield elastoplasticity solver’

Jan Valdman Computational elastoplasticity

Further papers on a posteriori error estimates in elastoplasticity:

@ Antonio Orlando, Carsten Carstensen, Jan Valdman, A convergent
adaptive finite element method for the primal problem of elastoplasticity.
International Journal for Numerical Methods in Engineering 67, No. 13,
1851-1887 (2006), web link

@ Sergey Repin, Jan Valdman, Functional a posteriori error estimates for
problems with nonlinear boundary conditions. Journal of Numerical
Mathematics 16, No. 1, 51-81 (2008), web link

Jan Valdman Computational elastoplasticity



Rheological models
The tensile test

P

Figure: The tensile test: an increasing stress c = P/A is applied to the
specimen.

Jan Valdman Computational elastoplasticity

Rheological models

The tensile test: stress-strain relation

II
111

0) €

Figure: The tensile test: the resulting stress-strain relation.

@ elasticity in the region O — |
@ plasticity with hardening after the elastic limit (point /)
@ softening after necking (point /) untill fractures occur (point //l)

Jan Valdman Computational elastoplasticity



Rheological models

Time dependent 2D problem in Matlab

elastoplastic zones hysteresis: displacement versus surface force
- T 15 T

_10, 4

1 1 _15 1
0 0.5 1 -0.05 0 0.05

Jan Valdman Computational elastoplasticity

Rheological models

Rheological elements

W -

Figure: The elastic, kinematic and rigid-plastic element.

Jan Valdman Computational elastoplasticity



Rheological models
Rheological elements

Every element is characterized by its (internal) stress and strain tensors.
We denote the stress by ¢ and the strain by e.

The elastic element

The kinematic element

o= He,

where H is a positive definite matrix, for instance H = hll, where h > 0 is
a hardening coefficient and I represents the identical matrix.

Jan Valdman Computational elastoplasticity

Rheological models
Rheological elements

The rigid-plastic element

ce”Z
(é,g—0) <0 forall g e Z

with a convex set Z C RZx¢.

Example: 1D

Jan Valdman Computational elastoplasticity



Rheological models
Kinematic hardening model

G,e
c',p

eE=e+p

o=0°+0oP

o =Hp

oc=Ce

oPeZ

(p,q—0cP) <0 forall ge Z.

Jan Valdman Computational elastoplasticity

Hysteresis property of the kinematic hardening model

/ A

Figure: Stress-strain relation in case of linear kinematic hardening model and
the cyclic stress o = Asin(t).

Jan Valdman Computational elastoplasticity



Rheological models Variational inequalities Existence FE Discretization

Motivation for the multi-yield model

Figure: single-yield (left), multi-yield (middle) and realistic model (right) -
stress-strain relation.

Jan Valdman Computational elastoplasticity

Rheological models Variational inequalities Existence FE Discretization

The M-yield hardening model

G],p1 GMﬁpM
°.¢ | = — =
p P
Gl’pl GM’I)M
M
e=e+p, p=) pr
r=1
oc=o0f+oP forallr=1,...., M,
of € Z,,
(prrar —0P) <0 forall g, € Z,,r=1,.... M,
o =Ce,

ot =H,p,, r=1...,M.

Jan Valdman Computational elastoplasticity



Hysteresis property of the 2-yield hardening model

c
A
v
o

Figure: Stress-strain relation in case of two-yield model and cyclic stress
o = Asin(t).

Jan Valdman Computational elastoplasticity

Rheological models
Books on hysteresis

@ Visintin, A., Differential models of hysteresis, Springer, 1994

@ Brokate, M. and Sprekels, J., Hysteresis and Phase Transitions,
Springer-Verlag New York, 1996

o Krejéi, P., Hysteresis, Convexity and Dissipation in Hyperbolic
Equations, GAKUTO International Series, Mathematical Sciences
and Applications, 1996

Jan Valdman Computational elastoplasticity



Variational inequalities
Yield criterion

von Mises criterion

Z={0 R ||devo||r < o},

sym
where || - || denotes the Frobenius matrix norm ||a||2 = a:a = z?jzl ag,
devo = o — L tr(o)l is the deviatoric operator (deviator),

tro = o:1 is the trace operator.

Jan Valdman Computational elastoplasticity

Variational inequalities

Dissipation functional

Lemma

Let (p,0P) € RIxd x RIxd. Then
oPeZ, p:(r—0oP)<0 forallTeZ (x)
together with tr p = 0 hold if and only if
oP:(q—p) <D(q) —D(p) VYqeRL, (x¢)
where D : RZXd — R U {00},

sym
_J ollql| iftrq=0,
D(q) = { +00 otherwise.

Proof: together only implication (*) = ().

Jan Valdman Computational elastoplasticity



Variational inequalities
Some convex analysis

Definition (indicator function)

For any set Z C X, the indicator function I7 of Z is defined by

=, 272 m

v

Definition (subdifferential)

Let f be a convex function on X. For any x € X the subdifferential
Of (x) of x is the possibly empty subset of X* defined by

Of(x) ={x" e X*: (x",y —x) < f(y) — f(x) Vye X} (2)4

It means that
p € Olz(aP).

Jan Valdman Computational elastoplasticity

Variational inequalities

Some convex analysis

Definition (conjugate function)
For a function f : X — [—o0, o] we define the conjugate function
f*: X* — [—o0, 0] by

Fr(x") = sup({x", x) = f(x)). 3)

xeX

Lemma

| \

Let X be a Banach space, f : X — [—00, 0] be a proper, convex, lower
semicontinuous function. Then

x* € Of(x) & x € OF(x*). (4)

o

Therefore,
p € 9lz(oP) & of € Ol7(p)

and

Jan Valdman Computational elastoplasticity



Variational inequalities

Equilibrium and its weak formulation

The equilibrium between external and internal forces is given by
divo(x,t)+ f(x,t) =0, xe€Q, te(0,T). (5)
With the assumption of small deformations

1 0vi Oy
(V) = 5(5 + )

the variational formulation of (14) becomes (why?)

/Uzs(v)dx:/f-vdx—f—/g-vds (6)
Q Q

Y

valid for all t € [0, T] and all v € HL(RQ).

Jan Valdman Computational elastoplasticity

Variational inequalities

Weak formulation of rigid-plastic elements

We express constitutive laws
of :(q-—pr) <D(qr) —Di(pr) Vg eQ,rel, (7)

where (note that we only consider arguments with zero trace here)

D.(qr) = ollarl| -

The integral form of (7) over Q is given by

[orita—pyax< Q/ Di(gr) dx — Q/ Dp)dx.  (8)

Q

Jan Valdman Computational elastoplasticity



Variational inequalities

Variational inequality

We sum the inequalities (8) over r
and subtract (6) in which we equivalently replace v by v — i

to obtain

/a:(s v) — ;q, dx—/ (e(a) — gpr dx—i—;/a,: pr)

+Z/D qr dx—Z/D Pr)dx—/ (v—il)dx—/g-(v—i/)dszo.
rEIQ rel

Y

Next, we eliminate

=C(e(u) = p), of =Hpr

Jan Valdman Computational elastoplasticity

Variational inequalities

Variational inequality

We collect vectors of functions

w = (Ua (pr)rel)v z = (Va (qr)YGI)'
to obtain
Problem (BVP of quasi-static multi-surface elastoplasticity)
For given ¢ € HY(0, T; H*) with £(0) = 0,
find w € HY(0, T; H) with w(0) = 0, such that

a(w(t),z — w(t)) +¥(z) — v(w(t)) > (U(t),z — w(t)), forallzeH,
holds for almost all t € (0, T).

Jan Valdman Computational elastoplasticity



Variational inequalities

Variational inequality

A bilinear form a(-,-), a linear functional ¢(-) and a nonlinear functional
¥(-) are defined as

a:HxH—-R, a(w,z) :/(C(s(u) - Zp,) (e(v) — Zq,) dx+

Q rel rel

+Z/Hrpr - 4r dX,
rel Q

0t): H—R, {(t),z) :/f(t)-vdx—I-/g(t)-vds,

Iy

Q
Vv:iH =R, (z) :Z/D,(q,) dx.
Q

rel

and H = HA(Q) x [, @

Jan Valdman Computational elastoplasticity

Variational inequalities

Further reading

@ Glowinskii, R., Lions J. L. and Trémolieres R., Numerical analysis of
Variational Inequalities, North-Holland, Amsterdam, 1981

@ Han, W. and Reddy, B., Plasticity: Mathematical Theory and
Numerical Analysis, Springer-Verlag New York, 1999

Jan Valdman Computational elastoplasticity



Existence
Material assumptions

We pose the natural assumption that the elastic and hardening tensors
are symmetric and positive definite,

E:CA=CE: X forall &\ e R,

9

EHA=HE: N forall EXeRY r=1,..., M, ©)
and there exist constants ¢, h, > 0 such that
CE: &> cll¢]? forall € € RI¥Y,

£:& > cliéll 3 (10)

HE:E> hE|? foralle e R r=1...,M

Jan Valdman Computational elastoplasticity

Abstract theorem on solvability

Assume that (9) and (10) hold, let £ € H*(0, T;H*) with £(0) = 0.
Then there exists a unique solution w € H*(0, T; H) of BVP of
quasi-static multi-surface elastoplasticity.

based on

Jan Valdman Computational elastoplasticity



Abstract theorem on solvability

Theorem (Han, Reddy, 1999)

Let H be a Hilbert space, a: H x H — R be a bilinear form that is
symmetric, bounded, and H-elliptic; ¢ € H'(0, T; H*) with £(0) = 0; and
1 : H — R nonnegative, convex, positively homogeneous, and Lipschitz
continuous. Then there exists a unique w € H*(0, T; H) with w(0) = 0
which satisfies the variational inequality

a(w(t),z — w(t)) + ¥(z) — (w(t)) = (U(t), z — w(t)), forallz € H,

for almost all t € (0, T).

Jan Valdman Computational elastoplasticity

Existence

Remark on ellipticity

To prove that

a(w,z) = /(C(e(u) = Zpr) s (e(v) — qu) dx + Z/’H,p, . gr dx,
Q Q

rel rel rel

is elliptic, the following partial result is important:

To determine the largest constant k(M), M € N, such that

Mo, M M
(xo - Zx,) + Zxrz > k(M) ZX,Q (11)
r=1 r=1 r=0

holds for all xg, x1, -..,xy € R.

Jan Valdman Computational elastoplasticity



Algebraic inequality

We refolmulate

M, M
(xo - Zx,) + Zx,z = xT Ax, (12)
1

r=1 =

where
A=D+a®a, D=diag(0,1,...,1), a=(1,-1,...,-1). (13)

Thus, the optimal constant k(M) is equal to the smallest eigenvalue of Al

Jan Valdman Computational elastoplasticity

Algebraic inequality

The analytical computation shows

M 1
k(M) = Amin = 14 = — 5 \/4M + M2

2
Properties:
Jm k(M) =0
and
lim Mk(M) =1
M— o0

Jan Valdman Computational elastoplasticity



FE Discretization
Backward Euler scheme

In the first time step t;, the time derivative X(t;) is approximated by the
backward Euler method as

i XE=XC

Kk

where X% = 0. The Hilbert space H is approximated by the conforming
finite element (FEM) subspace

S = Sp(T) x [ [ dev(S°(T)gn),
rel

which is a product space of 7- piecewise affine functions that are zero on
I'p by

SH(T) :=={v e Hp(Q): VYT € T,v|r € P1(T)"}.
(P1(T) denotes the affine functions on T) and the space of 7- piecewise
constant functions

dev(SO(T)gyfnd) ={ae 2(Q)?9: VYT € T,a|r € devRI*d

sym

Jan Valdman Computational elastoplasticity

FE Discretization
Backward Euler scheme

The first time step problem
Find X! = (U, (P}),es) := (U, P1) € S such that

X1_X0 X1_X0 Pl_PO
S <alxt Y - S+ 4(Q) - w(———).
1 1 1

holds for all Y = (V, Q) = (V,(Q,),e/) € S.

((t), (Y -

After introducing an incremental variable X := (U, P) = X! — X°
and a linear functional L(Y) = ({(t1), Y) — a(X?, Y)
we obtain a one-time step incremental problem

LY = X) < a(X,Y = X)+(Q) —(P) forall Y =(V,Q)€S.

Jan Valdman Computational elastoplasticity



FE Discretization

Introducing the energy functional

Lemma (Equivalent Reformulations)

For each X = (U, P) € S the following three conditions (a)-(c) are
equivalent:

(a) LY-X)<a(X,Y=X)+9(Q)—v(P) forall Y =(V,Q) €.

(b) L(Y=X)=a(X,Y—X) forall Y= (V,P)eS and
LY —=X) < a(X,Y = X) +¢(Q) —(P) forall Y =(U,Q)€S.

(6) O(X) = min®(Y) with o(Y) = %a(Y, Y) 4+ 6(Q) — L(Y).

Jan Valdman Computational elastoplasticity

FE Discretization
Abreviations

The following matrix notation allows for a brief formulation of the
discrete problem. Let

Py P? Q Ce(U)
P=|:|,PP=|:],@=|:|,E:= S
P Py Qum Ce(V)
Ce(U°) C C Hy 0
$0.— : C=: , Hi=
Ce(U°) cC .. C 0 Y

Jan Valdman Computational elastoplasticity



FE Discretization
Abreviations

Then there holds

—a(X,Y - X) = / ()“:—(@H%)P) (@ — P) dx,
Q
LY -X) = /(ﬂh4@+ﬂwﬁ:m—Pm&
Q
’L/)(Y) = / |Q|gy dX.
Q
Since the plastic yield parameters o7, ..., 07}, are positive, the expansion

(@1, Qm) T oy i= o) |@u| + - + 0, | Qul

RMdXd

defines a norm in , Where | - | denotes the Frobenius norm.

Jan Valdman Computational elastoplasticity

FE Discretization
Coupled problem

Problem (Discrete problem)
Given (U°, P°) € S, seek U* € S}(T) such that for all V € SH(T),

M
/(C(E(Ul)—ZP,l):g(V) dx—/Qf(t)V dx—/r gV dx=0. (14)
Q r=1 N

Here P = (P1,...,Pu)T = (P}, ..., Py,)T — (PY,...,P%)T satisfies

PN A

(A= (C+F)P): (@~ P) < |Qlor — |Plov (15)
for all @ = (Q1,...,Qm)" with Qu, ..., Qu € dev(S°(T)3%) and

~

A:=3(UY) +20(U°%) — (C+A)PO.

Jan Valdman Computational elastoplasticity



FE Discretization
Moreau regularization

Theorem (Moreau, 1965)

Let the function F : H x H — R be defined

Floy) = 5 lly = xIB, + () (16)

where 1) is a convex, proper and lower semi continuous mapping of H
into R. Then

F(y) = Xigfﬂf(xvy)

is well defined as a functional from H into R and there exists a unique
mapping X : H — H such, that

F(y) = F(x(y),y)

holds for all y € H. Moreover, F is strictly convex and Fréchet
differentiable with the derivative

DF(y)=(y —%(y), )un€H" VyeH. (17)

v

Jan Valdman Computational elastoplasticity

FE Discretization

Moreau regularization

Theorem of Moreau implies for elastoplasticity

Theorem

There is a unique function
P = P((V))

and the energy functional

o(V) = %a(U7 P(e(U)); U, P(e(U))) + ¢(P(e(V))) — L(V)

is strictly convex and differentiable!

more details in

@ Peter Gruber, Jan Valdman, Solution of one-time-step problems in
elastoplasticity by a Slant Newton Method. SIAM J. Scientific
Computing 31, No. 2, 1558-1580 (2009)

Jan Valdman Computational elastoplasticity



FE Discretization

Analysis of single-yield model (M=1)

Localization to one element T € T:
One plastic strain
PeR2X2  trP=0,

sym

the elastic matrix C with the (positive) Lamé coefficients x and A
CP =2uP + X(tr P)I = 2uP,
the hardening matrix #H with
HP = hP,

the matrix norm
|Ploy = o”|P|

and the matrix

A= A:= Ce(U) + Ce(U°) — (C + H)PO.

Jan Valdman Computational elastoplasticity

FE Discretization

Analysis of single-yield model (M=1)

Lemma (Alberty, Carstensen, Zarrabi, 1999)

Given A € RZ%9 and 0¥ > 0. There exists exactly one P € devRZ*¢

sym sym
that satisfies

{A-(C+#H)P}:(Q—P) <a{|Q| - |P[}

for all Q € devR3xd. This P is characterized as the minimiser of

%(C+H)Q:Q—Q:A+ay|0|

(amongst trace-free symmetric d X d-matrices) and is given by

p— (JdevA| —0”)4 devA
2u+h |dev Al

where (-)4+ := max{0, -} denotes the non-negative part.

(18)

(19)

v

Jan Valdman Computational elastoplasticity



FE Discretization

Analysis of two-yield model (M=2)

60

50+

40

20

0 L L L L L L L L L
0 5 10 15 20 25 30 35 40 45

Figure: Cook's membrane problem in the first time step. The black colour
shows elastic upgrade zones (where Py = P, = 0), brown and lighter gray
colours shows the first plastic upgrade (P1 # 0, P = 0) and the both plastic
upgrades (P # 0, P> # 0) zones.

Jan Valdman Computational elastoplasticity

FE Discretization

Analysis of two-yield model (M=2)

Two plastic strains Py, P, coupled in a generalized plastic strain
P=(Pi,P)".
The generalized elasticity matrix and the generalized hardening matrices
read G
A no (Hi O
e=(S ) 2= (% 2)
the generalized loading matrix reads
A (A Ce(U) e Ce(U%)\ (C+H; C P?
- \A)  \Ce(U) Ce(U9) C C+Hy) \ P}

and the matrix norm is defined by

|Plor = o7|P1| + 03| Pa.

Jan Valdman Computational elastoplasticity



FE Discretization

Analysis of two-yield model (M=2)

Lemma

Given A = (A1, A2)T, A1, Ay € RI%9 | there exists exactly one

sym ’

P = (P1,P,)7,P1, P, € devREY? that satisfies
(A= (C+A)P):(Q—P) <|Qlor — |Plo (20)

for all Q = (Q1, @) ", Q1, @ € devRIX?. This P is characterized as the
minimiser of

FQ=-C+MQ: Q- Q: A+ Qo (21)

N —

(amongst trace-free symmetric d x d matrices Q1, Q2 ).

Exact minimizer?

Jan Valdman Computational elastoplasticity

FE Discretization

Analysis of two-yield model (M=2)

We introduce the operator
(M| —0)s M

F(M,o,h):= 2t h M

Algorithm (lterative calculation of Py, Ps)

Input p, hy, hy, oy, o3, dev A;, dev Ay and tol > 0.

Q Set i :=0 and set the initial approximation Pj = P = 0.
Update P} via Pi™ = F(dev Ay — 2uPj, 0¥, hy).
Update P} via P = F(dev Ay — 2uPytt, o), hy).

© 0 0

If the desired accuracy is reached, i. e., if
[P — Pi| + [Py — Pyl < tol (IPLF + [PL| + [Py + | P3)

then output solution (Py, Py) = (Pi™, Pit1). Otherwise, set
i:=1i-+1 and go to step 2.

v

Jan Valdman Computational elastoplasticity




FE Discretization

Analysis of two-yield model (M=2)

3

281

261

241

1

14 : !
1 15 2

X

Figure: The approximations P, = (x',0;0, —x"), P; = (y',0;0, —y'),
i =0,...,34 computed by the iterative algorithm and displayed as the points
(x',¥") in the x — y coordinate system.

Jan Valdman Computational elastoplasticity

FE Discretization
Newton method

A nonlinear system of equations for 2N displacement unknowns
Ul =(Ui,..., U™

Fi(U')=0 forall i=1,...,2N. (23)
We use the Newton-Raphson method for the iterative solution of (23).
Algorithm (Newton-Raphson Method)

(a) Choose an initial approximation Uy € RN, set k := 0.
(b) Let k := k + 1, solve U} from

DF(Ujc_1)(Ux — Ui 1) = —F(Ui_y).

(c) If U} — UL, is sufficiently small then output U}, otherwise goto (b).

Jan Valdman Computational elastoplasticity



FE Discretization
Newton method

In order to incorporate the Dirichlet boundary conditions properly, the
linear system in the step (b) is extended,

(DF(lEJ;ﬁ_l) BOT> <Uﬁ _)\ULI) _ <—F(g.{_1)>7

with some matrix B and the vector of Lagrange parameters \. Here,
DF(U}) € R2V*2N represents a sparse tangential stiffness matrix

- F(Ul,...,Uj-i-6j7...,U2/\/),'—F(Ul,...7Uj—6j,...,U2N),'

DF(U); ~ e

approximated by a central difference scheme with small parameters
€>0j=1,...,2N.

Jan Valdman Computational elastoplasticity

FE Discretization

Matlab simulations: two-yield 2D beam model
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Matlab simulations: two-yield 2D beam model
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FE Discretization

Matlab simulations: two-yield 2D beam model
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FE Discretization

Matlab simulations: two-yield 2D beam model

0.1
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Jan Valdman Computational elastoplasticity

FE Discretization

Matlab simulations: single-yield model
10+ e */x/x/%?f
sk — Fo
- / {
— / /*
ool |/ / .
-10f f T - g
[

-0.03
Figure: Displayed loading-deformation relation in terms of the uniform surface
loading g« (t) versus the x-displacement of the point (0, 1) for problem of the
single-yield beam with 1D effects.



FE Discretization

Matlab simulations: two-yield model

—15 L L L I I
-0.06 -0.04 -0.02 0 0.02 0.04 0.06
u

Figure: Displayed loading-deformation relation in terms of the uniform surface
loading g« (t) versus the x-displacement of the point (0, 1) for problem of the
two-yield beam with 1D effects.
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Papers on Matlab Implementation

@ Jochen Alberty, Carsten Carstensen and Stefan A. Funken, Remarks
around 50 lines of Matlab: short finite element implementation,
Numerical Algorithms 20 (117), 117-137 (1999)

@ Alberty, Carstensen, Funken, Klose, Matlab implementation of the
finite element method in elasticity, Computing 69 (3), 239 — 263
(2002)

9 Carstensen C., Klose R., Elastoviscoplastic Finite Element Analysis
in 100 lines of Matlab, J. Numer. Math., 10 (3), 157-192 (2002)

@ Rahman T., Valdman J., Fast MATLAB assembly of FEM stiffness-

and mass matrices in 2D and 3D: nodal elements, Proceedings of
conference PARA 2010 (submitted)
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Computer exercises

computation of triagulation areas
uniform refinement in 2D
generation of a stifness matrix
generation of a right-hand side

a posteriori computation of a plasticity strain from a given stress

e 6 ¢ ¢ o ¢

alternating directions iteration over equilibrium and plasticity
inequality

@ extension to time-dependent problems

Jan Valdman Computational elastoplasticity

Thank you for your attention!
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Motivation: Acoustic scattering from a railway wheel

The goal: Acoustic noise elimination by profiling

1

NODAL SOLUTION
FUB =1
FREC=1484

REAL ONLY
UsM (AVE)
RevE=0

DMZ =.605E-06
aMY =.605E-06

u
F

uf

.134E-06 .269E-06 LA03E-O6
L BTZE-O7 LZ0ZE-O6 .336E-06 LA71E-06

ORE {Passen. ger Coach}

2

.538BE-06
. BOSE-O6

a joint work with Jan Szweda, Dep. of Mechanics, VSB-TU Ostrava



Motivation: Acoustic scattering from a railway wheel

Numerical simulation on a single proc.: velocity, pressure at 341 Hz

Cells realg Cells realu
o015 npa1a
000817 [mm
000687 0000771
00050 0.000508
0002 000020
Se-07 18405
~0.00z78 ~0.0007#1
000458 0000544

~0.00107

~0.00133

15112 triangles, 22668 nodes,

ACA-E assembling of K,; (compr. to 12%) in 25 min, of D, (15%) in 40 min,
142 GMRES iters. in 223 s

Motivation: Acoustic scattering from a railway wheel

Numerical simulation on a single proc.: velocity, pressure at 2706 Hz

Cells realg

;

Cells realy

00102
000814
000807

S i §i§o;8oEoqoE

15112 triangles, 22668 nodes,

ACA-E assembling of K,; (compr. to 12%) in 25 min, of D, (15%) in 50 min,
700 GMRES iters.
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Boundary element method

Interior Dirichlet Laplace problem

—Au(x) = 0, x€QCR’,
u(x) = g(x), x € I' ;== 09Q.

Boundary integral formulation

x €0 ux):= [pwly)=aedSly) = (Vw)(x)

dr|x—y|
Under some regularity assumptions, (Vw)(x) is continuous along I', which leads us to

the (less understood) collocation method: Find w(y) such that
(Vw)(x) = g(x) on T,
or to the well-posed Galerkin boundary integral method:
Findw(y) e W: (Vw,2)r = (g,z2)r Vze W,
where (f, 2)r == [} f(x)2(x) dS(x) and W = H~Y/*(I).



Boundary element method

Boundary element method (BEM)

Triangulate the boundary I' = U’_,7; and
approximate H~'/2(T") by piecewise constant base V;(x) along the triangulation.
Find wy(x) = > 775 w; Wi (x):

where a;; == f% f7 47r|x 1d (y)dS(x), b; = f%g(x) dS(x). The approximate solu-

tion then reads .,
dS
xe =S / e S

Comparison to FEM
+ exterior problems: radiation conditions in the — expensive evaluation of singular integrals

ansatz, — densely populated matrices.

+ problem dimension reduced,
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Acceleration by adaptive cross approximation

Cluster geometric bisection

C:={~f,....7%} .. cluster of elements from discretization {71, ...,7,} of T,
x¢ = ﬁ S VY x$ . cluster centroid, where x¢ is the centroid of ¢,
kU Tk L

cC =3 |7,§\ (xg —xY). (Xg —x9)7 . cluster covariance matrix,
2

C

n® ... a dominant eigenvector of C°.

The cluster is cutted into two subclusters by the plane (x — x“) - n% = 0 as follows:
Cr={yweC : (x{—x% -n”>0} ... first subcluster,
Cy={neC : (x{ —x%-n% <0} .. second subcluster.

METIS could be an alternative.

Acceleration by adaptive cross approximation

Admissible pairs of clusters (quadratic complexity)
min{diam C,, diam C, } < ndist(C,,C,), n € (0,1)

Stronger admissibility criterion (linear complexity)

min{diam C,, diam C}} <
2min {rad C;, tad Cy) < g (|x“* — x| — rad €, — rad C,))
< ndist(C,, Cy),

where rad C' := max x¢ — xC).

Quad—tree of cluster pairs

({7, -5 ymt, {71, - -+, Ym}) 18 the root.
Leaves (C, D) are either admissible or min{n®, n”} < ny.

Nonleaves (C, D) has four sons (C1, D1), (Cy, Do), (Cy, Dy), and (Cs, Ds).



Acceleration by adaptive cross approximation

Quad—tree of cluster pairs, H—matrices

CxC

CGCl

CQXCQ

Nonadmissible blocks assembled as full, admissible approximated by low—rank matrices.

Acceleration by adaptive cross approximation

Compression by singular value decomposition (SVD)

r:=rank A k
A= E aiuiviTz E aiuiviT:: A, where k < r,
i=1 i=1

01> 09> ...0, >0 ... singular values,

(uy,...,u,) ...an orthogonal system of left singular vectors,
(V1,...,v,) ...an orthogonal system of right singular vectors.
SVD gives the best approximation in the spectral (operator) norm:

Ap=arg min [[A-M]|.
M:rank M=k

The best compression, but worse than quadratic computational complexity O(mmnr).



Acceleration by adaptive cross approximation

Asymptotically smooth functions

Assume (A), ;== f(x;,y;), where x; € C,, y; € C,, C,,, C, C RY.
f: C, x € — R is asymptotically smooth if

der, 0 > 0dg < 0Va € Ng 0 f(x,¥)] 5 |05 f(x, y)‘ < apl(e)|x=y|” ", p=la|.

Compression by Taylor expansion

Provided diam C), < diam C,, dcan < 1, choose yo € C,, about which we expand f:

1

pP—
x€C, yeCy: flxy)= Z 11 (0 = Yoy fe,y0)" + Ry, y),
k=0

where
1 )P 1 4 p | p 3rl9—p
|Ry(x,y)| = ] Iy = y0)oy f(x,y)]" < ];d ly — yolPepl(co)?|x — ¥

< cldpcpMdlstg(C C,) < ci(dean)Pdist?!(Cy, Cy) — 0 as p — oo.
2dist?(C,, C,) " S

Acceleration by adaptive cross approximation

Adaptive cross approximation (ACA)

AL A A A A - (v~
PCIAPa, (D A 11 12 _ [An [Anl <A11,A12)]
Ag Asg Ay Ay ALl A Ay
= (ug,..., ) (vi,...,v,)".

The rank r := r(g), where A € C™7 is adaptively controlled by ¢ as follows:

e(1 —n)

l+e

[ ll2 [Vl < [Akllp,  where Ay := Z W, vy,

which implies, provided ||Ryi1]|# < n||Rk||#, that ”HIZfHHF < e, where Ry := A — Ay

The pivots, stored in P¢,, Pg,, are chosen as to maximize |det Ak | with a wish to
minimize ||Ry|| = [|A%, — AJ; (A7) Af|.



Acceleration by adaptive cross approximation

ACA algorithm: an example (R :=A)

0.431 0.354 0.582 0.417
0.491 0.396 0.674 0.449
0.446 0.358 0.583 0.413
0.380 0.328 0.557 0.372 )

0 0 0 0 \

—0.008 —0.014 0 —0.034

0.014 0.003 0 —0.005

Ry =

R, =

0.582
i1=1, j1=3 1 0.674

0.431,0.354, 0.582,0.417
r={1}  0.582 | 0.583 ( ’ ’ ' )

0.557

( 0

i1=2, j1=4 1 —0.034

—0.033 —0.011 0 —().()27)

0 0 00
0 0 00

Ro=1 0015 0.005 00

—0.008, —0.014, 0, —0.(
R={12} —0.034 | —0.005 ( ’ 1

\—0.027)
i1=4, j1=1 1 ( 8 \

—0.026 0.0004 0 0)

(—0.026,0.0004, 0, 0)

R={124} —0.026 | 0.015

\—0.026

The relative error decays as follows: [|Rg|2/||All2 = 0.030,0.016, 0.003 for &k = 1,2, 3
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Parallel implementation

Master—slave model

N processes, one of which is master, each stores all the nodes and triangles.
Reset sets of adm. /nonadm. indices: A, :=0, N, :==0forp=1,2,... N.
Master sorts A2dm R g g wadm = madm + padm

and distributes the indices to all processes so that Ay := Ay, U {i} with

. : adm
k= argmin;_; g w;

JeA
Master sorts A" € R"™ w.r.t. weights wj" := m°" njo"

and distributes the indices to all processes so that Ny := ./\/ r U {i} with

k= argmin_, Z wi™".
JEN,
Processes assemble in parallel all their adm1881ble and nonadmissible blocks.

IlOIl Il()l’l

N
Av = § : § : Iadm Uadm Vadm VJadm + E : Inon Anon V]non
p=1 jE-Ap jGNp
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Numerical results

u(x) = g(x) =x1 + a2+ 3, Q= {x 1 |x| <1}

scheduling+assembling times of A [s]

compr.

n erT. of A N =2 N =4 N =8 N:=16 N =32 N :=146
40 3e-4 | 100% 040 0-+0 0-+0 0-+0 0-+0 0-+0
160 |2.3e-4 | 100% 040 0-+0 0-+0 0-+0 0-+0 0-+0
640 19.5e-5| 99% 0+4 042 0+1 0+0 0+1 0+0
2560 |4.3e-5| 65% 0-+43 2+23 0+12 0-+6 0+3 0+3
10240 | 2.1e-5| 27% 24282 14143 1472 1435 1419 0+13
40960 |1.1e-5| 10% | 46-+1572 244792 15+399 174201 204102 21+72

163840 | 6.4e-6 | 3% 304148219 145744162 828+2084 492+1061 4094543 397+377

\/<V(u — Up), U — Up)1
(Vu,u)p

err. .=

Numerically as well as parallel scalable method: CPU = O (" h{“ ”) :
but Mem = O(N n log n).

Outline
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General setting

Particular solution approach

—Au(x) = f(x) ,x €,
ux) = g(x) ,xel
is replaced by
~Autl(x) = 0 , X € Q,
ul(x) = g(x) —ul(x) ,x €T,
where —Auf (x) = f(x), u(x) = u!l(x) + v (x).

Interface problem: Piecewise homogeneous material a; > 0

—dlv(a7VuZ(x)) = fz<X> ,X € €,
ui(x) = g(x) ,xe€dNT,
UZ(X> — Uj(X> =0 , X € Fij =00, N (99] 7£ @,
w000

i on aj—an =0 , X - Fij

The transmission conditions are formulated by means of boundary integral equations.
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DDM by Bramble, Pasciak, and Schatz 86

Nonoverlapping domain decomposition

N
Q=J% QnQ=0fori#;
=1

leads to the interface problem
—div(a;Vu;(x)) = fi(x) in €, ui(x) = g(x)on I, NI,
ui(x) —uj(x) = 0on Iy,  a0yui(x) — a;0huj(x) = 0on I}
Preconditioner BPS I = particular solution 4+ concept of corners
Step 1. Solve in parallel (by Multigrid-FEM): —Au} = f/a; in Q;, ul =0on T}
Step 2. Solve interface problem for piecewise harmonic ut!(x) (by parallel ACA-BEM):

azﬁnuiH — a]@nu? = —(aianuf — aj@nuf) on I';;, uW=0onT.

Step 3. Solve in parallel (by ACA-BEM): —Aull = 0in Q;, ull = v on T;.
Preconditioner BPS T introduces corners to decompose the interface ~~ O(log(H /h))

DDM by Bramble, Pasciak, and Schatz ’86

u(x) = utl(x) + v (x)

-0.05

0 0.2 0.4 0.6 0.8 1

where €y = (0,1/3), Qq := (1/3,2/3), Q3 = (2/3,1), a1 = f3(x) = 4, ay =
fo(x) =2, a3 == fi(x) := 1.



DDM by Bramble, Pasciak, and Schatz 86

Algebraic point of view of the FEM version

Au=D>b
I; ... interior DOFs of §2;, I ... DOFSs along the skeleton
AIlJl 0 R 0 A[L[S U.I{Hf + ugl b]l
0 A[QJQ 0 A[27[S 11[2—|—1112 b[2
0 0 - A[N:[N A]N’[S u?N + U.IIDN bIN
A Apg o Ay Agg uy by,

leads to

Step 1. A[i,[iuz = b_ri
Step 2. SUE =cwith S := AIst — sz\il AISaIiAITi,l[Z'A[iJN C . = — Zz]\il A]S’]iuz
Step 3. A[i’[iug = —A]ZJSUE
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Boundary Element Tearing and Interconnecting (BETT)

Linear case: FETI [Farhat, Roux ’91], BETI [Langer, Steinbach ’03]
Nonoverlapping DDM with doubled DOFs along the interface, a variant of BPS I.
Step 1. uP(x) is a FEM/BEM solution to the local Neumann problems:

—Aup = fla;, inQ, O =0onl; ~ o =K"(f/a)
Step 2. ufl(x) is represented by Lagrange multipliers A € H~Y2(U;L;):
A\ =0l
which leads to the Schur complement system with S := BK BT
Step 3. ...

Dirichlet preconditioner [Mandel, Tezaur ’96]

S is preconditioned by S~ := (1/2)BK; (1/2)B7,
where K ! solves the local Dirichlet problems, i.e. Step 1 of BPS I.

BETI for contact problems

TBETI for multi-body contact problem [Sadowska et al.]

T3 ho

\
Lo

o L1
3i 43 A745 54 /‘
| VAR

£

FET

........

In the dual the linearized nonpenetration condition translates to a simple bound ~~
FETI/BETI (() MPRGP [Dostél, Schéberl 05
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Jan Valdman Functional a posteriori error estimates

© Functional a posteriori error estimate for Poisson problem

Q Functional a posteriori error estimate for problems with nonlinear BC
© Functional a posteriori error estimate for Barenblatt-Biot model

© Flows in porous media

© Functional a posteriori error estimate for elastoplasticity

Jan Valdman Functional a posteriori error estimates



Literature on functional a posteriori error estimates

Theory on functional a posteriori error estimates is explained in books:

Pekka Neittaanmaki and Sergey Repin, Reliable methods for computer
simulation, Error control and a posteriori estimates, Elsevier, New York,
2004.

Sergey Repin, A Posteriori Estimates for Partial Differential Equations
Radon Series on Computational and Applied Mathematics, de Gruyter,
2008

Jan Valdman Functional a posteriori error estimates

Explaining papers to theory and numerics to this course:

@ Sergey Repin, Jan Valdman, Functional a posteriori error estimates for
problems with nonlinear boundary conditions. Journal of Numerical
Mathematics 16, No. 1, 51-81 (2008)

@ Jan Valdman, Minimization of Functional Majorant in A Posteriori Error
Analysis based on H(div) Multigrid-Preconditioned CG Method. Advances
in Numerical Analysis, vol. 2009, Article ID 164519 (2009)

© Sergey Repin, Jan Valdman, Functional a posteriori error estimates for
incremental models in elasto-plasticity. Cent. Eur. J. Math. 7, No. 3,
506-519 (2009)

@ Jan Martin Nordbotten, Talal Rahman, Sergey Repin, Jan Valdman, A
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Linear problems
Aposteriori error estimates

Primal problem

Au+f=0 inQ, wu=0 ondQ

Let us assume that v is (numerical) approximation of u. Then it holds

Estimate of Runge

V(v =v)lla <lIVv —y*la,
for y* € H(L, div) satisfying

divy*+f=0 inQ.
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Linear problems
Aposteriori error estimates

Estimate of Repin

IV(u = V)lle < [[Vv = y*lla + Colldivy™ + fla
for y* € H(Q,div). Cq is the constant in the Friedrichs' inequality

Iwlg < Gl[Vwlq  Vw € Hy(€).
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Linear problems

Example: f(x,y) =2x(1—x)+2y(1—y)

discrete solution v on coarse
mesh compared to the exact
solution

u=x(1-x)y(l-y)

. exact error? = 1.62e-03

majorant = 3.08e-03 majorant = 2.56e-03 majorant = 2.27e-03

Jan Valdman Functional a posteriori error estimates

Linear problems
Majorant minimization problem

We have

IVv = y*[| + Calldivy™ + f]|

1
<[+ BIVY =y [P+ (1 + E)Cszzlldivy* + 1772

for some 3 > 0. Therefore

Majorant minimization problem

Given v € H}(Q2) and 8 > 0, find the minimizer y* € H(Q,div) of

1 . _
M(v,y*, B) == (1+B)|IVv — y*[P+ (1 + B)Cél\dwy + f|[> = min
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Linear problems

Majorant minimization

The minimization of the right hand side (majorant)

1
L+ B)IVv =y 1P+ (1 + B)Cél\divy* + f]|2 = min

leads to the linear system for the discrete solution y*:

{(1 +B8)M + (1 + ;)CSD/VDIV} y'=QQ+p8)h—-(1+ %)Céb,

where matrices M, DIVDIV represent the "mass” matrix and “divdiv”
matrix defined by the equalities:

/ uvdx = u' My, / divu divv dx = u” DIVDIVY
Q Q
(/1)Ty* = (Vv,y"), (/2)Ty* = (f,divy™).

Jan Valdman Functional a posteriori error estimates

Linear problems

error2:3.24e_03 majorant:9.05e—03

ATV
e

’Tg 5 /ef'f = 167

Figure: Discrete solution v (left) and y-component of the flux y (right).
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Linear problems

error?=8.95e-04 majorant=2.63e-03

AL
gAY

A

73 o Ieff =171

Figure: Discrete solution v (left) and y-component of the flux y (right).
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Linear problems

error’=2.29e-04 majorant=6.85e-04

7:1 5 /ef'f =172

Figure: Discrete solution v (left) and y-component of the flux y (right).
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Linear problems

Figure: Exact solution v (left) and y-component of the exact flux y (right).
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Linear problems

Computional efficiency for Raviart-Thomas (RTO0) elements

System matrix: (1 + 8)M + (1 + §)CZDIVDIV,
here 8 =1 for all levels.

problem without multigrid | time in seconds
size | preconditioner | preconditioner | (without setup)

5 1 1 0.00

16 4 4 0.00

56 14 8 0.02

208 51 12 0.04
800 129 14 0.08
3136 264 15 0.24
12416 529 15 0.85
49408 1097 16 4.08
197120 2191 16 18.21
787456 4401 16 77.22

Table: Number of iterations of the CG method using no preconditioner or the
multigrid (V cycles) preconditioner with the additive smoother of Arnold, Falk
and Winther for 1 smothing step, tolerance=1e-8, Matlab!
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Linear problems

Size of the discrete solution and of the discrete flux

Figure: Refined meshes 7o, 71, 7.

The discrete solution v is a piecewise linear nodal function (P1)
degrees of freedom on 7o, 71, T2: 4, 9, 25

The discrete flux y is a lowest order Raviart Thomas function (RTO)
degrees of freedom on 7y, 71, 72: 5, 16, 56

For fine triangulations it holds: number of edges = number of nodes - 3

Jan Valdman Functional a posteriori error estimates

Linear problems
Papers

© Jan Valdman, Minimization of Functional Majorant in A Posteriori
Error Analysis based on H(div) Multigrid-Preconditioned CG
Method. Advances in Numerical Analysis, vol. 2009, Article ID
164519 (2009)
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Nonlin. BC

Problem with nonlinear BC — Classical Formulation

Minimization problem

/(;sz—fv) dx+;1,/|v| dl' — min
Q 1

among allve U:={ve C}(QNCHQUT)NC'QUTy): v|r, =0}

Note that the variation leads to

Friction boundary condition

15}
\u|a—z—|—,uu:0 on Iy

Jan Valdman Functional a posteriori error estimates

Nonlin. BC

Problem with nonlinear bc — Classical Formulation

Friction boundary condition

0
\u|8—z+,uu:0 on I

Three parameter cases in our numerical examples:
© /1 — +oo -it implies the homogeneous Dirichlet boundary condition
u|r1 = (0,
Q 1 =0 - it implies the homogeneous Neumann boundary condition
%hﬁ =0.
© 1 € (0,+00) - this is a typical friction boundary condition.
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Nonlin. BC

Discrete solutions of the minimization problem

AR
i

Figure: p — oo (left), =0 (middle) and p = 0.1 (right).
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Nonlin. BC
Majorant estimate

Let u be an exact solution of the minimization problem and v its discrete
approximation. Then it holds for all «, 5 > 0

1 * . k ek
Sl = ulllf < @+B)Mi(v, y*)+ inf he, (4, 62y, £7)

1 1
+s (HB) (1+a)CRI(y")

for arbitrary y* function from the (flux) test space

QFI = {_)/* ey” ‘ divy* € LQ(Q) 6,7)/* S L2(I'1)} .
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Nonlin. BC
Majorant estimate

Note that

]. 3 * g *
M= 219y =y By Raly™) o= [ldivy” + iz J

and using the compound functional the boundary term is defined as

b (vv, 8,y™, €)= / (j(vv)+j*(§*)— ()& + 4 |5ny*+§*\2) dr,

I

where

0, iflel < p
400 otherwise.

0= (1+%) (1+2) G, (&) =ulel, 5 (€)= {

Jan Valdman Functional a posteriori error estimates

Nonlin. BC

Estimate of the boundary term infe- I (7v, 6.y, £¥)

igf/rl(vv,ény*,f*) < /(ulvv\ + ¢(yv, 6ay™, 1)) dr,
M

where

g(b‘ny* +u)? —p(yv) if syt < —p,
P, 6,y", ) = (=any™)(v) it [soy™| < p,
g((s‘ny* — )+ p(wv)  if eyt > .
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Linear problems Nonlin. BC Poroelaticity Porous media

Numerical results for = 0.1

N | majorant | error®/2 | g

25 | 2.9e-03 | 1.9e-03 | 1.22

81 | 9.0e-04 | 5.1e-04 | 1.33
289 | 2.7e-04 | 1.3e-04 | 1.44
1089 | 8.7e-05 | 3.3e-05 | 1.62
4225 | 2.8e-05 | 8.2¢-06 | 1.87
16641 | 9.9e-06 | 1.9e-06 | 2.24
66049 | 3.9e-06 | 3.9e-07 | 3.17

Table: Majorant optimization on the same mesh.

Majorant optimized using an expensive nonlinear procedure
- can be improved!

Jan Valdman Functional a posteriori error estimates

s Nonlin. BC Poroelaticity Porous media Elastoplasticity|

S. Repin, J. Valdman, Functional A posteriori error estimates for
problems with nonlinear boundary conditions, Journal of Numerical
Mathematics 16 (2008), No. 1, 51-81.
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Nonlin. BC

Extension to elasticity with nonlinear boundary conditions

Friction boundary condition

Minimize the displacement v in the energy

!(;Ca(v):s(v)—fv> dx+k7r/|v7dr

under the non-penetration condition
vp =0 onlq,

where v = (v, v,) is decomposed in the normal and tangential
components on the boundary I';.

Jan Valdman Functional a posteriori error estimates

Nonlin. BC

Time dependent 2D symetric problem in Matlab

polar coordinates: u = (u;, up)

an inner radius a = 1,

an outer radius b =2
friction parameter kg = 0.02
Lamé parameters A = pu =1
boundary conditons:

ur(a) = up(a) = 0L cos(57)

discrete times: t =0,1,2,...,40
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Nonlin. BC

Displacements, Strains, Stresses for t

u uy
0.4
02 R | I
0 0
-0.2
1 1.5 2 1 1.5 2
Srr £¢¢ o
0 0.1 0
-0.1 / 0.05 -0.02
-0.2 0 -0.04
1 1.5 2 1 1.5 2 1 1.5 2
0-rr G¢¢ ro
-0.2 0.2 0
-0.3 O\ —0.05/
-0.4 -0.2 -0.1
1 1.5 2 1 1.5 2 1.5 2
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Nonlin. BC

Slip testing, index of eficiency

20
time

25

30 35 40

!

!

! !

0.9
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Nonlin. BC
Papers

P. Neittaanmaki, S. I. Repin and J. Valdman, Functional a posteriori
error estimates for elasticity problems with nonlinear boundary conditions.
(in preparation)

Matlab solver can be downloaded at

http://www.mathworks.com/matlabcentral /fileexchange/authors /37756

Jan Valdman Functional a posteriori error estimates

Matematics model of the Barenblatt-Biot system

Barenblatt-Biot systems representing double diffusion in elastic porous
media.

—V - (Ce(u)) + a1 Vp1 + aaVpa = f(x, t)
apr — V- (kVp1) + a1V - i+ &(p1 — p2) = hi(x, t)
pr =V (kkVp2) + @2V - i+ k(p2 — p1) = ha(x, t)

in which u is the displacement of the solid skeleton and p; and p, are the
fluid pressures in the respective components.
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Poroelaticity

Mathematical analysis of this model based on the theory of implicit
evolution equations in Hilbert spaces is elaborated in

R. E. Showalter and B. Momken, Single-phase flow in composite
poroelastic media, Math. Meth. Appl. Sci. 25 (2002), no. 2, 115-139.
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Poroelaticity
Static model

Static case of the Barenblatt-Biot system

—V - (Ce(u)) + a1 Vp1 + aaVpy = f(x)
=V - (kaVp1) + s(p1 — p2) = hi(x)
=V (kVp2) + K(p2 — p1) = h2(x)

Combining a functional a posteriori error estimate for an elasticity
problem

—V - (Ce(v))=f —a1Vp1 — axVp (1)
and a functional a posteriori error estimate for a double-diffusion problem

=V - (kiVp1) + K(p1 — p2) = hi(x) (2)
=V - (k2Vp2) + K(p2 — p1) = ha(x) (3)

which describes the flow of slightly compressible fluid in a general
heterogeneous medium consisting of two components.

Jan Valdman Functional a posteriori error estimates



Poroelaticity

Problem (Variational formulation)

Assume that (hy, hy) € L?(,R?). Find p = (p1, p2) € H3(Q,R?),
satisfying the system of variational equalities

/k1Vp1 Va1 + /fe(m — p2)q1 dx = /(hl(X)ql — kiVp - Var) dx

Q Q Q
/szpz -Vaa + /fe(pz — p1)d2 dx = /(hz(X)qz — kaVp - Vaa) dx
Q Q Q

for all testing functions q = (q1,q2) € H3(Q, R?).

Dirichlet boundary conditions assumed for simplicity!
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Poroelaticity

Problem (Abstract variational formulation)

Find p € Q := H}(Q,R?), such that the equality

a(p,q) = /(a)

holds for all q € Q. The bilinear form a(-,-) and the linear form I(-) are

a(p,q) = /(/\p:(A/\Q)er-IB%q) dx,
Q
I(@) = [(h-q—CAq)dx,
/

where Aq := (Vai1,Vaz) and A, B and C are matrices formed by
material dependant constants

(ki O [k -k __ (kiVp 0
a=(0 o) B=(5 ) o= ("7 %
and h is the right hand side vector h := (hy hy) T




Poroelaticity

Problem (Equivalent minimization problem)
Find p € Q = H}(Q,R?) satisfying
F(p) + G(Ap) = inf {F(a) + G(Aq)},

where

F:Q— R, F(q)::%/qd]%qu—/(q),

G:Y >R, G(N\q) :=

Jan Valdman Functional a posteriori error estimates

Poroelaticity

We need to find explicit forms of dual functionals
F*: Q" =R, F*(NY™") := sug{(/\*Y*,q) — F(q)},
qe

G :Y* =R, GY(Y"):= sup {((Y",Aq)) — G(Aq)},
NeY
where Y = Y* := [2(Q,R?¥), A*Y* = (—divy;, —divy;)T
and construct the corresponding compound functionals
DrF: Qx Q" — R, De(q,N*Y*) := F(q) + F*(A*Y*) — (A"'Y",q),
De: Y xY* =R, De(Aa,¥"):= G(Aa) + G*(Y*) — ((Y*, Aq)).

By the the sum of D and D¢, we obtain the functional error majorant

M(q7Y*) = DF(qvA*Y*)+DG(Aq7Y*)7 (4)
which provides a guaranteed upper bound of the error:
1
Ea(p —q,p—q) < M(q,Y*") forall Y*e Y™ (5)

The majorant is fully computable and depends only on the approximation
g € Q and arbitrary variable Y* € Y*.
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Poroelaticity

Lemma (dual functionals)
For ki, ko > 0 and k > 0, it holds

1
G*(Y*) = E/A*Y* - Y* dx,
= [(NY* + h)2 dx  if N*yf + by + A*y; + by =0,
F*(NY*) = Q
400 otherwise.

Note that the condition
NYT+h +NY5+h=0
is weaker than two conditions
NYT+ h =0, NY5 + hy =0,
which one would await from the general theory (COUPLING EFFECT!).
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Poroelaticity

We obtain explicit expressions for the compound functionals
1
De(ha.Y) = . / AN — A7Y") s (Ag— ATIY") dx,  (6)

qu qdx+ & f(/\*Y*—i—h) dx

Dr(a,AY") = if A*Y5 + hy b ANYs+h =0, (7
+00 otherW|se

and let us recall that
M(q,Y") := De(q,A*Y") + Dg(Aq, Y*), (8)

provides a guaranteed upper bound of the error:

Ea(p —q,p—q) < M(q,Y*) forall Y*e Y™ 9)
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Final estimate for the coupled poro-elastic system

It holds (q and v are known from computations)

2
ap—aq,p—a)+[ls(u—v)| o
~ D Vs - z
<2C Mg, 6,(q,Y*) + (1 + Ba + Bs) HE(") —-L lTH]L;Q +
1 .
+ (1 + o +66) C? |ldiv T+ F — 01Var — aaVap[g,
P4
for all ¥ € Yz, == {(Y;,Y3) € Y* : A*Y: + A*Y} € [3(Q)},

forall 7 € Q,
for all 617~~~7ﬂ6 > 0.

_ 1 1 1+5; 1483
C=1+C*(1+—
* ( * 5 +36) max{ k' kobs }

where C > 0 satisfies Friedrichs’ inequality

Here

||W||L2(Q) <C HVWHLZ(Q)

valid for all w € H}(Q).

Poroelaticity
Papers

Jan Martin Nordbotten, Talal Rahman, Sergey Repin, Jan Valdman, A
posteriori error estimates for approximate solutions of Barenblatt-Biot
poroelastic model. Computational Methods in Applied Mathematics 10,
No. 3, 302-315 (2010)
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Porous media

Reservoir simulator - project with SINTEF ICT

Total flux

v = —MVp-pG)
V-v = g¢g

Jan Valdman Functional a posteriori error estimates

Porous media

Variational multiscale Method (VMS):

Flux — no overlap Flux — overlap

3D Matlab solver provided by SINTEF ICT
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Porous media
Similar results on mutiscale methods

MSc. thesis of Sergey Alyaev on
Adaptive Multiscale Methods Based on A Posteriori Error Estimates,
Bergen, June 2010
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Elastoplasticity|

Basic estimate of the deviation from exact solution

For any w € H it holds

1
E‘Hui vV,p — q”|2 < H(V*q) 7H(U7p)7

where z = (u, p) is an exact elastoplastic solution
and w = (v, q) is a discrete approximation.

where
e = v,p—glll =lIC(e(u = v) = (p = @)l + o7 H lla = pl* J

Note, H > O represents a hardening parameter (done for isotropic
hardening model).
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Elastoplasticity
Perturbed problem

Original problem

1
H(v.4) 1= 3a(v,aiv,0) = 1)+ [ oyla] o
Q

Perturbed problem

1
Hr(v, q) = Ea(v7 g;v,q) —I(v) + /Uy)\ :gdx
Q

where A € A := {\ € L®(Q,R¥*9) : |\| < 1,tr(A\) =0 a. e. in Q}.

sup H)\(Vﬁ q) - H(Vﬁ q)
AEA
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Elastoplasticity|
Lagrangian

Clr:r €2
L g€ i= [ (eW) =) = 5T+ a— 5 o — )
J 2 202 H?
—l—/ay)\ . g dx,
Q

where 7 € Q := L2 (R ¢ € Qy:={q€ Q:tr(q) =0 a. e.in Q}.

sym

sup  La(v,q;7,§) = Ha(v, q)
TER,EEQ

Jan Valdman Functional a posteriori error estimates



Elastoplasticity
First estimate

It holds for all A € A

7-[(l'l7p) = inc{;H(V7 Q) > ingH)\(V7 q) > |nc{; L)\(V7 q;7—7§)

which yields the estimate

I =), — DIIP < H(v.0) = inf Lr(v, 057 8)

How to compute inf, 4 Lx(v, q; 7, €)?
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Majorant estimate for equilibrated fields

1 .
Y _ ) _ S nf M s Yy 7‘7>\7
SI= (o= IP < inf M(v.q.m.63

where

M(v,q,7.6 ) = % /C(E(v) —q—C7): (e(v) — g —C 17) dx
Q

+

N —

1
[oia- et ax+ [(olal - o @) ox
Q 4 Q

and

Qr, ={(1,) €Qx Q:divr +f=0,7" =¢ +0,\ a. e. in Q}.
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Elastoplasticity|

Structure of Functional Majorant

M(v,q,7,&,A) =0 if and only if

7 =C(e(v) — q), (10)
divr +f =0, (11)
A:g=lq|, A EN, (12)
P =¢+a,), (13)
£ =orHq. (14)

These are conditions for the exact solution (u, p) of the elastoplastic
minimization problem! The majorant naturally reflects properties of the
original problem.
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Elastoplasticity|

Majorant estimate for nonequilibrated fields

~

1 .
_ u—v), — S Inf MV7 ;7/=7>\7 757
A= E=EUNSS i, clEheR i

where

KA(v, 4:7,1,8,6) = L1+ 8) / Ce(v) — g — C7#) : (e(v) — q — C~¢) dix
Q
1 1
+30140) [ (0 =Pt [ (oylal— oyt @) o
Q Q
1 1 1 LA
+5 [(1 ue E) 4 U;i_lz(l 4 5)} C?||div? + f?

v

- ._ - di 2 d 22
and 7 € Quy := {7 € Q:divt € L*(Q,R)}, (:=o0o;H’q+a A\



Elastoplasticity|

Sergey Repin, Jan Valdman,

Functional a posteriori error estimates for incremental models in
elasto-plasticity.

Cent. Eur. J. Math. 7, No. 3, 506-519 (2009)
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Elastoplasticity|

Thank you for your attention!
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Fast MATLAB assembly
of FEM stiffness- and mass matrices

in 2D and 3D: nodal elements

Talal Rahman, Jan Valdman

School of Engineering and Natural Sciences
University of Iceland, Reykjavik
email: janv@hi.is

ESCO 2010, Pilsen, 28.6. 2010

What will be vectorized?

A stifness matrix K and a mass matrix M defined as
KU:/VQJ,VCDJ dX, MU:/CD,‘DJ dX,
Q Q

where € is the domain of computation and V denotes the gradient
operator, ®; denote (nodal) shape functions.

Figure: A triangulation of cube geometry.



FEM functions of interest

We are interested in iso-parametric shape functions ;.

Then, the global-local element mapping reads (in 2D):
x=Y_0i(&mxi, vy =Y P&y,

where (x,y) is a point on an element corresponding to the point (§,7)
on the reference element, (x;, y;) are the global coordinates of the node
corresponding to the shape function ;.

in 3D:

X:Z¢i(£7n79)xi7 y:Zq)i(fvnvg)}/iv z:Zq)i(gvnvg)zia

It holds also for higher order (quadratic, cubic, etc.) shape functions!

Examples of iso-parametric shape functions

Examples:
L&=1-8—n, ®=¢( P3=1
2. b1 =1—-¢6—n—0, Gy=¢ 3=, bs=0
3.y =136 —3n+4En+26242n2, &y, = —£4E2, b3 = —n+1?,
by =4n, s = —4Ln — 4L, b = —4En — 4



What needs to be vectorized?

For every element T and every integration point /P we need to vectorize:
in 2D -
9c  an .
det (ay 8y> storage: number of IP x number of T

~1
(gf, ‘33) storage: 2 x 2 x number of IP x number of T

Vectorizations for higher order elements is not more difficult!

Concept of vectorization in Matlab - an array of matrices

Figure: Computation of determinant (for linear elements in 2D).



Two ways of computing determinant

1. for all elements: compute determinant of 2 x 2 matrix using

MATLAB command
det a b
c d

2. construct long vectors

a— (31,...,3#7'),
b= (b1,...,bsr),
Cc = (C17...,C#T),
d= (dl,...,d#'r),

and compute determinant using

a.xc—b.xd

Operations on array matrices

> smamt ........ multiplication of scalar matrix and array of matrices

> aminv ........ inversion (over first two indices) of an array of matrices
> amsm ........ array of matrices times scalar matrix

» and many more located in our vectorization library (directory)

sm ..... scalar matrix, am .... array of matrices, t .... transpose



Example of Matlab code for computation of shape derivative:

for poi = 1:nop %loop over all integration points
%computation of Jacobian
%inverse and determinant of Jacobian
%computation of derivatives of shape functions

tjac = smamt(dshape(:,:,poi),coord);

[tjacinv,tjacdet] = aminv(tjac);

Q.
g
5
o.
~
g
o
o
-
|

= amsm(tjacinv,dshape(:,:,poi));

Our vectorization: basic features

» modularity
» reusability
» readability (still fast enough)



Matlab code web page

Demo located at Matlab Central.

Numerical performance in 2D: linear elements

mesh size of | assembly of A | assembly of M
level A time (sec) time (sec)
4 289 0.0047 0.0018

5 1089 0.0106 0.0053

6 4225 0.0308 0.0209

7 16641 0.1456 0.1021

8 66049 0.6662 0.4630

9| 263169 2.835610 2.017507

10 | 1050625 11.991354 8.664730
11 | 4198401 50.309788 36.847517

Table: Times of assembly of a stiffness matrix A and a mass matrix M in 2D
using P1 triangular elements.



Numerical performance in 2D: quadratic elements

Table: Times of assembly of a stiffness matrix A and a mass matrix M in 2D

mesh size of | assembly of A | assembly of M
level A time (sec) time (sec)
3 289 0.0064 0.0022

4 1089 0.0150 0.0058

5 4225 0.0471 0.0226

6 16641 0.2098 0.1045

7 66049 1.0146 0.4599

8 | 263169 4.4870 2.0471

9 | 1050625 18.2429 9.2360

10 | 4198401 78.0179 38.1942

using P2 triangular elements.

Numerical

Table: Times of assembly of stiffness matrix A and mass matrix M in 3D using

performance in 3D: linear elements

mesh size of | assembly of K | assembly of M

level | K and M time (sec) time (sec)
1 343 0.0661 0.0184
2 2197 0.1025 0.0462
3 15625 0.8524 0.4105
4 117649 7.0801 3.6764
5 912673 61.1436 33.4952

P1 tetrahedral elements.




Future extensions

1. rectangular elements
2. linear elasticity
3. Hdiv (Hcurl) problems

Thank you for your attention!
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OpenFOAM
B

liGeneraI description:

® OpenFOAM (Field Operation And Manipulation) is a
general purpose tool set for solving partial differential
equations.

# ltis based on a huge collection of tailor made C++
classes and programs, including advanced solvers for
complex flow problems.

® |tis free of use and can be tweaked and modified
according to the GNU General Public License.

It is not:

» A fully fledged software environment, keeping track of
the problem from the point of geometrical definition to

L presenting results. J

Computational fluid dynamics with OpenFOAM —p. 3

Ready to use software

—

OpenFOAM (current version is 1.7) is distributed with a
large number of working programs. They can be divided
into:

=

# Ultilities for pre-processing, including mesh generation
and manipulation.

#® Solvers for various physical problems, flow, turbulence,
heat transfer, solid mechanics, magnetohydrodynamics,
e.l.c.

» Utilities for post-processing, such as calculation of
derived values as well as integration and averaging of
fields.

OpenFOAM has a built in support for parallel processing
Uhrough the Message Passing Inteface. J
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The programming environment

N N

® Based on C++, with all the advanced features included,
such as

s Object oriented programming

s Object inheritance

o Polymorphism and virtual objects
s Templated classes and functions

# Divided into layers: Basic tools, containers, algorithms,
solvers and utilities.

#® Documented with Doxygen, giving an html interface for
the whole software.

L ]
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Using the programming environment
fStrengths: T

#® \ery customizable, everything can be modified and
additions can be made

#® Object oriented approach, resulting in a logical code
structure

® Layers of complexity, e.g. specifying new PDE’s without
concerning parallel processing or numerical schemes

Weaknesses:
#® Lack of proper documentation with examples
#® The code is huge! Difficult for new users to familiarize

#® The code is constantly being changed (improved
L hopefully), some designs are strange/peculiar J
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Using the utilities and solvers

rograms are divided into T

Utilities for mesh generation and manipulation, data

processing, etc.

Solvers for different problems, e.g. Laplace equation, flow,

etc.

® Most programs are acompanied by files, for control.

They are commonly called dictionaries

# Everything else is controlled by various files
» Files are stored in a well defined directory structure

|

B

]
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Mesh generation

asic mesh building blocks: T
o

Vertices, defining face corners

® Faces, which are generally polyhedra, but should be

9

close to planar

Cells, which consists of four or more polyhedra faces

Mesh properties:

N

The mesh structure is stored in human readable data
files

Neighbour cells share a common face, but do not need
to be joined at corners (as in FEM methods)

Faces are either interior faces (between cells) or
boundary faces J
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Mesh conversion

=

liMeshes can be imported from other programs ans systems,
using special utilities. Possible imports are:

#® Ansys mesh file, by the utility ansysToFoam
Gambit (Ansys Inc.), by gambitToFoam
CFX (Ansys Inc.), by cfx4ToFoam
STAR-CD, by starToFoam

GMSH, by gmshToFoam

Tetgen, by tetgenToFoam

o o o o 0 0

Netgen, by netgenNeutralToFoam

L ]
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Meshing tools

. N

wo tools are available as a part of OpenFOAM:

blockMesh A hexagonal mesher
» Simple, but primitive
» Allows curved edges and faces
# Allows a linear mesh grading between faces

snappyHexMesh For complex geometries
® Base mesh is needed (typically hexagonal)

® Geometry must be specified as a closed STL
(Stereolithography) surface

# Grading and mesh quality can be controlled in detail

L |
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—

The blockMesh program

FoamFile
version 2.0;
format ascii;
class dictionary;
object blockMeshDict;

//*************************//

convertToMeters 1.0;

vertices

(

(-1 -10) (1 -10) (L10) (-
(-1 -11) (1 -11) (L 11) (-
);

blocks

(
hex (6123456 7) (10 10 1) simpleGrading (1 1 1)
)

110)
111)

edges

patches

patch top ( (2 37 6) )
patch bottom ( (0 1 5 4) )
patch left ( (0 3 7 4) )
patch right ( (1 2 6 5) )

[/ RFFEFKAAAAAAA AR AR AR AR A KA KA KA KK A KA KK A KA KKK AR KKK [ ]

.|
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Solvers for flow problems

® Incompressible flow

=

s Transient (PISO) and steady (SIMPLE)

o Porous flow

s Shallow water equations
® Compressible flow

s Transient (PISO) and steady (SIMPLE)

o Porous flow

s Sonic flow with high Mach numbers

» Multiphase flow

L

s Two phases, liquid and gas

» Multiple phases

o Cavitation and phase change

o
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Turbulence modeling

. N

#® Reynolds averaged stress models (RAS or RANS)

s About 15 common models are included (k — ¢, k — w
and others)

hree approaches are in general available:

# Large eddy simulation (LES)
s OpenFOAM was originally developed for LES
s Many models (or filters) available (15-20).

#® Direct numerical simulation (DNS)

Many of the solvers can use diffenrent turbulence
approaches with a single switch. For an time dependent
problem: Unsteady-RANS, LES, DNS, Laminar.

L ]
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Other solvers

N N

»® Basic solvers for scalar transport, Laplace equation and
Poisson equation

#® Heat transfer, with and without flow effects (buyoant
flow)

#® Combustion and particle tracking
# Electrostatics and magnetohydrodynamics (MHD)
# Structural analysis and stresses

Different solvers exist for each case, including compressible
effects and turbulence.

L |
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Numerical schemes

=

The code is based on the finite volume method (FVM)
Numerical schemes are adjusted in a single file
Adjustments can be made while running solvers

o o o ©

Schemes can be selected for each individual operator
of a problem

s Gradient, divergence and curl

s Laplacian

o Time derivative (first or second order)

s Interpolation (used to calculate face values)

All schemes can be evaluated explicitly, or used to generate
a linear system of equations

L ]
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Numerical schemes: Advection

L N

dvection of field v where ¢ is a surface flux

V- (pp) —  div(phi,psi)

A total of 51 schemes available, e.g.
Gauss upwind

QUICK (Quadratic)

Cubic

vanlLeer

MUSCL

Various limited schemes

L |
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Numerical schemes: Laplacian

N N

aplacian of a field (vector or scalar) with a coefficient
V- (I'Vy) — laplacian(gamma,psi)

Evaluation of gradient at faces (interpolation schemes)

¥
#® Gauss integration to evaluate the laplacian
# Limiters available for gradients

]

Correction for non-orthogonal meshes
Gradients can also be evaluated with

Vy — grad(psi)

L ]
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Numerical schemes: Time integration

| N

WO operators are available:

o .
5 —  ddt(rho,psi)
0% .
5z d2dt2(rho,psi)

Available schemes:
® Implicit Euler
#® Crank Nicholson, central difference with weights

» Backward, second order difference using two time
values to evaluate the third

» Steady-state, for steady problems

o
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An example fvSchemes file

N N

ddtSchemes
default Euler;
}
gradSchemes
{
default Gauss linear;
}
divSchemes
default none;
div(phi,T) Gauss limitedLinear 1;
div(gflux, rhok) Gauss limitedLinear 1;
}
laplacianSchemes
default none;
laplacian((kappa|nu),p) Gauss linear corrected;
laplacian((nu|Pr),T) Gauss linear corrected;
}
interpolationSchemes

default linear;
| ]
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Solvers for linear systems

. N

#® Preconditioned conjugate gradients (PCG), for
symmetric positive definite systems.

hree iterative solvers can be used:

# Bi-conjucate gradients (PBiCG), for unsymmetric
systems

® Generalized algebraic multigrid (GAMG)

Possible preconditioners are:

#® Incomplete Cholesky factorization

® Incomplete LU factorization (for unsymmetric systems)
» GAMG iterations

Solvers are specified in a fvSolution file

L |
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An example fvSolution file

=

k
{
solver PBiCG;
preconditioner DILU;
tolerance le-05;
relTol 0.1;
}
solvers epsilon
{
{

? solver PBiCG;
solver GAMG: preconditioner DILU;
tolerance le-06; tg{?g?nce éei95;
relTol 0.01; ¥ i
smoother GaussSeidel; }
nPreSweeps 0;
nPostSweeps 2;
cacheAgglomeration true; SIMPLE
nCellsInCoarsestLevel 10; .
agglomerator faceAreaPair; , nNonOrthogonalCorrectors 3;
mergelLevels 1;

} relaxationFactors

{

g p 0.3
solver PBiCG; ﬂ 8';
preconditioner DILU; . '
tolerance le-05; §p51lon 8'%
retTot 0.1; nuTilda 0.7

e

e

} } Y
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Parallel processing

=

Domain decomposition is applied:

s Simple decomposition based on coordinate
directions

o Metis decomposition algorithm
» Manual decomposition, based on cell selection

Uses the openMPI system (message passing interface)

Processes run on either shared memory systems
(multicore) or distributed systems

Easy to set up and run on clusters with queuing
systems

Decomposition is controlled by a single file,

LdecomposeParDict. J
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Customization of solvers

ste available source code from other solvers

#include "readPISOControls.H"
#include "CourantNo.H"

// Pressure-velocity PISO corrector // Solution of the heat equation
{ volScalarField kappaEff
// Momentum predictor (
"kappaEff",
fvVectorMatrix UEgn turbulence->nu()/Pr + turbulence->r
)
fvm::ddt(U) for (int nonOrth=0; nonOrth<=nNonOrthCc
+ fvm::div(phi, U) {
+ turbulence->divDevReff (U) solve
) (
fvm: :ddt(T)
UEgn.relax(); + fvm::div(phi, T)
- fvm::laplacian(kappaEff, T)
if (momentumPredictor) );
{
solve(UEqn == -fvc::grad(p)); ’
} runTime.write();

WL VI+V-7=-Vp Z4UVT -V (kVT) =0

L ]

Writing utilities

fPossibilities: Boundary conditions, initial conditions, field
calculations, others

if (fieldHeader.headerClassName() == "volScalarField")

{

Info<< " Reading volScalarField " << fieldName << endl;
volScalarField field(fieldHeader, mesh);
volVectorField grad(fvc::grad(field));

scalar area = gSum(mesh.magSf().boundaryField() [patchil);
scalar sumField = 0;

if (area > 0)
sumField = gSum
mesh.Sf().boundaryField()[patchi]
& grad.boundaryField() [patchi]

) / area;

}

Info<< " Average of flux of " << fieldName << " over patch "
<< patchName << '[' << patchi << ']' << " ="

<< sumField << endl;
}
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Summary
E

® A great number of solvers with many modeling options.

he good things:

® Robust and fast algorithms, easily run in parallel.
® Fully customizable, for new developments or modifications.

® Solution procedures are in batch mode by default.

® No license fees!!!
The bad things:

® Software basis is huge and the design is rather complex.

® No decent application for generating complex meshes.

® Documentation is adequate in some areas, very poor in others.

L ]
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Thank you for your attention

f|=

or more information visit: http://www.openfoam.com

L |
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Laminar flow in a heated pipe
’7: Flow is laminar and steady along the whole pipe T

# The wall has constant temperature at a given section,
higher than the fluid temperature

» A well known problem with an analytical solution

©0.05m 2.7956 m |
T, =20 C; | p = 0m?/s?
Umax = 0.1656 m /s !
T, =20°C T, = 100°C

The pipe diameter is 0.05m, the Reynolds number 319.5 and
the Peclet number 223.6.

L ]
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Mesh generation

’7The mesh was generated with the blockMesh utility, with a T
total of 10 blocks, resulting initially in 105000 cells.

Note that the domain is very long in the z—direction,
compared to the other two directions.

L |
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Boundary conditions

N N

» No slip conditions at the pipe walls, and a constant wall
temperature.

® Pressure is constant at the outlet.

® Temperature is given at the inlet, but a parabolic laminar
velocity profile must be specified.

The profile is set by a custom made utility program
laminarPipeEntrance, based on diameter and mean
velocity.

L ]
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Solvers used for computation

. N

wo steps with different solvers are necessary to obtain a
solution:

For flow The program simpleFoam, for steady
incompressible flow with or without a RANS turbulence
model

For heat The program scalarTransportFoam, for
unsteady advective-diffusive heat transport with
constant diffusion. The program is used in steadyState
mode.

The length/diameter ratio is large (almost 56), so
convergence of simpleFoam is slow.

L |
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Results, exit temperature profile

|
99.9689

Io@
08

97.0569

L ]

Case studies in OpenFOAM —p. 7

Results, inlet and heated wall

=

.
100

80

60

40
20

19.93827

Note that the minimum temperature is lower than the
physical minimum of 20 °C.

L |

Case studies in OpenFOAM —p. 8



Velocity weighted average temperature

L N

useful numerical value for comparison is the average
temperature, weighted by velocity:

T__[4Ta-¢5
o [y@-dA

#® Computation can be performed by using surface slices
of the geometry, notably the utility sample in
OpenFOAM.

#® A dictionary has to be constructed in the system
directory: sampleDict

#® The result is a triangulated surface with field values
given at the corner points

]

Case studies in OpenFOAM —p. 9

Calculation for a single triangle

’7Each triangle is defined by closed loop of three vectors, 7,
U2 and v3. Area is given by

A»: (?72 — 271) X (173 — ?71)
2

velocity flux by

o [aoaro BB
A

3

and temperature weighted flux by _ e -

1 2 1 1| |1y
T:/ﬂhﬁzmﬂlﬁ@xf@ 1 2 1| |
B 4 12 1 1 2 %_J
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Average temperature

Error [%]

N

¥

Comparison with theory

100 T T T T —‘
80 .
Analytic
60 + Coarse mesh| |
% Fine mesh
401 ]
20 | | | | |
0.5 1 1.5 2 2.5 3
X
2 T T T T I
Cells: 105000
— — — Cells: 840000
15F — - — Cells: 1512000 [
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Induced swirling flow in a pipe

=

A pipe is modeled, including a swirling device in one
section

The entrance is laminar, no heating takes place yet

The flow model is steady state with realizable k£ — ¢
turbulence modeling.

The model geometry is dictated by a set of parameters,
specified in the dictionary file swirlerDict

Swirler front

Swirler tail

|
Entrance!

Swirler section

Main pipe

|
|
|
+ -
|
|
|
Il
T

Ly
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Swirl device geometry

N N

#® The device consist of a narrow cylinder in the pipe
center

# Thin fins or baffles connect the cylinder to the pipe, in
the L, section

#® The fins are twisted along the axis, to direct flow into a
swirling motion

1C >

L ]
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Strategy for mesh generation

. B
1. The pipe and the center piece are axi-symmetric in

shape, so it is natural to use this symmetry to simplify

the model generation.

hree observations are used:

2. The fins are distributed equally in the angular direction
around the centerpiece, making it possible to identify
their position in the axi-symmetric setup.

3. The fins are twisted along the length of the pipe, which
can be performed in modeling terms with a coordinate
transform, based on axial location.

L |
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File structure in OpenFOAM

—

#® A set of directories and files have to be generated

=

® The slanted ones are generated by the custom utility

swirlerMesh

® Others are made/copied by the user

Case — planeCase constant
constant —|: system
— swirlerDict controlDict
— extrudeProperties IEfVSchemes
— setBatchFile fvSolution
system
— controlDict
— fvSchemes
— fvSolution
— createPatchDict

|

polyMesh
" blockMeshDict

]
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An axi-symmetrical cross section

r

12 8 6 4 2

he blockMesh utility is used to create a mesh, based on
the following vertex and block definitions

=

o7 Y 5
13 10 11 *’“;_T 3

Resulting in a planar mesh

R ]
N A
A\

A B

L

N
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Extrusion for generating a volume

N N

#® The utility extrudeMesh is used to rotate the plane
around the z—axis

#® Controlled by a dictionary
constant/extrudeProperties, generated by
swirlerMesh

® Specifications are:

s Extrude type, wedge
s Number of cells in extrusion direction
» Rotation axis, position and direction

s Rotation angle. If 360° then end planes are
connected.

L ]

Specifying boundaries

=

fBoundaries involve inlet, outlet, pipe wall, centerpiece and
fins. The generation procedure is:

1. Divide boundary, using utility autoPatch 45. The
parameter 45 is a feature angle

2. Use utility setset to select internal faces that will
become fins, based on constant/setBatchFile

3. Transform face sets into face zones, using utility
setsToZones

4. Create fins with utility createBaffles. A face set and
a name of a new boundary patch must be given

5. Redefine boundary patch names and clean up all
boundary definitions, using utility createPatch which
L__ uses the dictionary system/createPatchDict __J
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Twisting the mesh

. N

he mesh is twisted along a predefined curve.

]
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Mesh generation summary

=

ﬁn the whole, the following commands must be executed,
e.g. as a script.

swirlerMesh

blockMesh -case planeCase

extrudeMesh

autoPatch 45 -overwrite

setSet -noVTK -batch constant/setBatchFile
setsToZones -noFlipMap

createBaffles baffles otherSide -overwrite
createPatch -overwrite

twistMesh

L |
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Boundary conditions

=

fThere are three types of boundary conditions used in the
model:

#® No-slip conditions at walls, using turbulent wall
functions.

»® Constant pressure at the outlet.

# Given laminar velocity profile at the inlet, computed with
a custom utility laminarSwirlerEntrance

2 2 2
Uz(l'yy) = —2u (1 — $D+y )

They are specified in the directory 0 as files p, U, k and

Lepsilon J
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Results: Pressure

. N

A cut through the center, around the fins:

he whole pipe:

L |
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Results: Velocity
v

elocity magnitude:

Velocity in z—direction, showing swirling:

L ]
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Results: Wall shear stress

’78

hear stress at walls, computed with wallShearStress

L 3 .

wallShearStress Magnitude
iJ.OOOQ 1

0.0008
0.0006
I0.0004
0.000263

L |
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Results: Streamlines

L ]
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Heat flow in porous media

. N

he Darcy equation

Lk ,
q=—;(Vp+pg)

The heat equation

oT k
4+ §-VT = —"V*T
ot e

The Boussinesq approximation

p=po(1—B(T—1Tp))

Continuity of flow

B V=0 N
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Dimensionless variables

b

imensionless temperature is defined as

CT-T,
T Ty

0

the dimensionless pressure as

_ pock

sbuk

(p+ pogLz)

and the dimensionless time as

T pocL?

L ]
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The Darcy-Lapwood system
B

liBy introduction the dimensionless field variables the heat
equation becomes

% =V ((V¢ —Rahz) 6+ Vo)
and the continuity requirement is then
V- (V¢ —Rabz) =0
with the dimensionless porous Rayleigh number defined as

 heaB(Ts Tyl
1k

L |
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A customized solver code

N N

while (runTime.loop())

{
Info<< "Time = " << runTime.timeName() << nl << endl;
# include "readPISOControls.H"
# include "CourantNo.H"

for (int nonOrth=0; nonOrth<=nNonOrthCorr; nonOrth++)

{
fvScalarMatrix pEqgn

(
// Darcy equation for porous flow
fvm::laplacian(kappa / nu, p) + kappa / nu * fvc::div(gflux, rhok)

);

// Set reference pressure and solve Darcy equation
pEqgn.setReference(pRefCell, pRefValue);
pEgn.solve();

// Update velocity field and flux
U = -kappa / nu * (fvc::grad(p) + rhok * g);
phi = fvc::interpolate(U) & mesh.Sf();
solve
(
// Solve heat transport equation
fvm::ddt(T) + fvm::div(phi, T) - fvm::laplacian(nu / Pr, T)
);

// Update kinematic density, based on Boussinesq approximation
rhok = 1.0 - beta*(T - TRef);
}

runTime.write();
}
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Results for Ra = 100, pressure

=

e
0.087752
0

-0.2

-0.4

-0.6
-0.6158071

o
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Results for Ra = 100, temperature

—




Results for Ra = 500, temperature

N N

;
E.765294
06
0.4

0.2
0.092778

dies in OpenFOAM - p. 33

Dimensionless flux from top and bottom

—

5.46
544 -
542
54
5.38 *
5.36 [}
5.34 -
5.32 -

Nusselt number

| | |
0.6 0.65 0.7 0.75 0.8

30

sl e :
20 Hoe R f

1 e f

Spectral amplitude

o S A it :

-
L




Conclusion

-

Both simple and complex geometries can be meshed,
using the tools included

When needed, customized programs can be written,
but that can be quite demanding because of the
complexity of the programming environment

Standard flow problems, as well as customized
problems can be solved with relative ease, using
parallel processing when appropriate

Visualization of results is performed in paraview, but
further calculations can be performed with builtin
libraries or custom programs

Results compared to theory are generally accurate, but
some care must be taken when calculating derivatives J
of fields
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This talk is based on the following three papers:

e Owe Axelsson: Preconditioners for regularized saddle
point matrices; in preparation.

e Owe Axelsson, Maya Neytcheva: A general approach to
analyze preconditioners for two-by-two block matrices;
submitted to NLA.

e Owe Axelsson, Radim Blaheta: Preconditioning of
matrices partitioned in 2 x 2 block form: eigenvalue
estimates and Schwarz DD for mixed FEM, Numer. Linear
Algebra Appl. 17(2010), pp. 787-810.
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Plan of the talk:

e Introduction: Some examples of practical problems where
saddle point matrices arise

e Preconditioners for saddle point problems and regularized
saddle point problems

@ A general approach to construct and control the accuracy
of preconditioners for matrices in two-by-two block form

@ Some numerical illustrations

Owe Axelsson. Owe . Axelsson@it .uu. se —np. 3/48

Introduction

Matrices in 2 x 2 block form

A Ap

A =
Agr A

arise naturally in several applications.

Owe Axelsson. Owe . Axelsson@it .uu. se —p. 4/48



Examples:

@_ Flows in porous media, modelled by Darcy’s equations,

K-lu+Vp = 0 inQ
Vou = f inQ

whereu-n =q; on 9Np, p = g2 on Oy .
@ Mixed FEM for elliptic problems

@ The elasticity equations for nearly incompressible materials can be formulated in a
variational form (due to Hermann) as

La(uv)+bvip) = gt [ @ve weV,
T

b(u,q) — (1 —-2v)(p,q) = 0 VgecH.

Here a(u,v) =37, . [ €,j(u)e; ;(v)dSLis a H1-elliptic form (Korn’s inequality)
with strains ¢; ; and displacements u, and b(u, p) = [, div(u)pdS2, where p denotes
the pressure function. The material parameter v(v < 1/2), called Poisson ratio,
becomes v = 1/2 for incompressible materials.

Owe Axelsson. Owe . Axelsson@it .uu. se —np. 5/48

Saddle point matrices

The above problems can be formulated as constrained
optimization problems and lead to saddle point matrices in the
form

An Ar M BT

A 0 B 0

or some regularized form thereof.
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Nonsymmetric saddle point problems

Nonsymmetric saddle point problems arise, e.g., in the numerical solution of steady
Navier—Stokes equations which are often solved via a sequence of linearized problems,
referred to as the Oseen problem:

—vAu+ (w-y)u+yp = f inQ
v'-u = 0 inQ
u = g ono2

Here v > 0 is the kinematic viscosity coefficient, A is the Laplace operator and w is the
current approximation of the velocity vector u; f : Q — R¢ is the given force field and
g : 99 — R? the given boundary data.

The problem is to find the velocity field u : Q — R? and pressure variable p : Q@ — R.

The FEM discretization leads here to a saddle point matrix with a non—selfadjoint

operator M .

Owe Axelsson. Owe . Axelsson@it .uu. se —np. 7/48

Preconditioners and the CBS constant

Block diagonal preconditioners are easy to handle but in general not sufficiently
accurate. For instance, for an spd matrix for the generalized eigenvalue problem,

) Aqq 0 T A1 Aio x
0 A2l |y Ao1 Az |y
it holds 11—y <A< 147,

where v = p(A];' A12A5, A21), the so-called CBS constant, which can be seen to
measure the relative strength of the off-diagonal blocks.

Here v < 1 but in many ill-conditioned problems ~ can take values very close to unit
value which leads to large condition numbers (1 +~)/(1 — 7).

Similarly, for the Schur complement matrix Sg = A — A21A1_11A12, it holds

(1-— 72)A22 < Sy < Agg  (inequalities in a positive semidefinite sense).

The above relations are of particular interest when a finite element mesh is separated in
‘'coarse’ and ’fine’ mesh nodes. Then, with the use of hierarchical basis functions, A22

becomes the coarse mesh matrix.
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Preconditioners and the CBS constant, cont.

More accurate approximations can be constructed by use of an approximate block matrix
factorization in the form

P I 0| |A1x Of |1 B4z
A21C11 Iz 0 S|]|o I '
Here B11,C11 are some sparse approximations of Al_l1 (possibly one of them is a zero
block) and ﬁl_ll denotes an approximation, often only implicitly defined by use of inner

iterations to solve the arising systems with matrix A11. Finally, S denotes a nonsingular
approximation of Ss.

To measure the accuracy of such approximations a more generally applicable measure
(o) than the CBS constant will be used. This measure can be controlled by the choice of
the approximations B11, C11.

In the talk we present first some comprehensible results for clustering of eigenvalues for

preconditioning of saddle point matrices and discuss then shortly some new results for

the general matrix factorization method.
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Efficient preconditioning for saddle point matrices

Given: a possibly nonsymmetric, real valued saddle point

matrix in the form
M BT

M = ;
C 0

where M has order n x n and B, C' have orders m x n, m < n.
Next:

e We give assumptions to enable to state that M is
nonsingular

e If they do not hold, we consider a regularization of M to
make the regularized matrix nonsingular.

For both cases we present efficient preconditioners for which
a strong clustering of the eigenvalues of the preconditioned

matrix take place.
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Preconditioning for a nonsingular saddle point matrix

The construction of the preconditioner is based on the
following assumption.

Let R(A) denote the range of an operator (A).

Assumption 1
(i) There exists a nonsingular matrix W (possibly W = I) such that

M=M + BTW—1C is nonsingular. Note that this implies in particular
that N'(C) NN (M) = 0, N(B)NN(MT) = 0.

(ii) The intersection of N'(C') with the one-to-one transformation of R(B™)
with M ", denoted R(BT), includes only the trivial vector, that is,
N(C)NR(BT) = .

(iii) Matrix B has full rank. Note that if C' = B, then this condition implies
N(B) N R(BT) = 0, i.e. condition (ii) holds.
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Preconditioning for a nonsingular saddle point matrix, cont.

Lemma 1 Under Assumption 1 it follows that M is nonsingular.

Proof The homogeneous system

R

implies that M2 + BTy =0and Cz = 0. Then BTW~—1Cz =0
so (M +B*W-1C)ax+ BTy = Mz + BTy =0, or

v = —M~1BTy. But then z belongs to a one-to-one
transformation of R(B*) and, since =z € N'(C), by Assumption
1, it follows that = = 0. Then B”y = 0 so, since B has full rank,
it follows that y = 0. Hence the homogeneous system (1) has

only the trivial solution. 0

M BT
cC 0

Owe Axelsson. Owe . Axelsson@it.uu. se —no. 12/48



Preconditioning for a nonsingular saddle point matrix, cont.

M
For the nonsingular matrix M it turns out that the preconditioner ,o =2,
0o -w

can be very efficient in clustering the eigenvalues of the preconditioned matrix.

The corresponding generalized eigenvalue problem,

M 2BT| |z M BT| |z
A = )
0o W]\ ly C 0 Y
implies A\y = —W ~1Cz. Since both matrices in (2) are nonsingular, it follows that A # 0.

Hence y = —\—'W —1Cxz and from the first equation in (2) it follows that
1
A=1)Mz = (=142 — X)BTW—lcgc, or

AN =DMz =—-(\—1)2BTw1Cxz. 3)

It follows that if x € A'(C) or z € N (B), then A = 1.
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Preconditioning for a nonsingular saddle point matrix, cont.

Likewise, if z € N'(M) (i.e., then z ¢ N(C)), then A = 1. The dimension of N'(C) is at
least n — m. Assume that the dimension of N (M) equals v (it is seen from assumptions
made that v < m). Then the multiplicity of eigenvalues A = 1 equals n — m + v.

If z ¢ N(M)UN(B)UN(C), then X # 1 and it follows from (3) that
AMz = —(A—1)BTW~1Cz, or

MMz =BTW~—1Cz, z #0, 4)
where we recall that M/ = M + BTW—1C.

. , . . , 1 ,
We will use a matrix W involving a parameter r in the form —W, where » > 0 and W' is
T

nonsingular. Then (4) takes the form
MM +rBTW=1C)x =rBTW=1Cx, = # 0. (5)
The above implies that for eigenvalues A # 1, itholds A = A\, — 1 asr — .

This shows that all eigenvalues cluster at the unit value as r — oo.
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Preconditioning for a nonsingular saddle point matrix, cont.

We collect the results in a theorem.

Theorem 1 Let Assumption 1 hold. Then the preconditioned matrix

—1
M 2BT
0 _Wfr

has eigenvalues X\ = 1 of multiplicity at least n — m + v, where v (1/ < m) is the dimension of

1
,where W, = —W,
r

C

M BT]

N (M). The remaining eigenvalues satisfy A = A — 1 asr — oc.
IfC = Band M = M7, then

1 1

—F <A ——,
L+ pa/r 1 —po/r

where [0, |41 are the extreme eigenvalues of

Mz = uBTW™'Bz, =z ¢ N(B).
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Preconditioning for a regularized saddle point matrix

The matrix M, = M + rBTW~—!C can be said to be a
regularized form of M. The corresponding regularized saddle
point matrix takes the form

—~ M, BT
M, = "
¢ 0

Note that the regularized and unregularized systems,

A//vlrxzfand/\/lw:f

Yy 0 Yy 0

have the same (unique if M is nonsingular) solution.
However, depending on the choice of 1, applying actions of

M, can be costly.
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Preconditioning for a regularized saddle point matrix, cont.

Instead we shall only use such a regularized form, where M is replaced by M., in the
preconditioner to M. Here M,, = M +roBTW~1C, and ro < r, where r is another

method parameter.

In addition, the above regularization does not handle the case where M is singular, due
to a rank deficient matrix B. We replace then the zero (2,2) block in the matrix, and in its

preconditioner with — W, = — 1.

This means that the matrix M is perturbed with the matrix

. We assume
O _Wr

that r takes sufficiently large values so that the corresponding perturbation of the
solution is negligible or, otherwise, we can use some steps of a defect-correction method

to correct for this perturbation.

From the corresponding block matrix factorization,

M BT
./\/l,r, = =
C _Wr

My

0

I 0
—rW-1C I

it follows that M. is nonsingular if and only if M, = M + »BTW —1C is nonsingular.
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Preconditioning for a regularized saddle point matrix, cont.

We make now the following assumption.

Assumption 2 The matrix M, = M + rBTW—1Cis nonsingular for all v > rq for some rg > 0.

The preconditioner to M, will be taken as

BT
—W,

, where W, = %W and the

corresponding generalized eigenvalue problem takes the form

BT

Ao
O _Wr
or
M, BT
A=—1)| "
0 —W,

It follows that A = 1 for any eigenvector

xT

Y

Y

M BT | |z

)

J— W’I" y

—roBTW-1Cx

Cz

in the form «z € N (C),y € R™.
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Preconditioning for a regularized saddle point matrix, cont.

We collect the results in the next theorem.

Theorem 2 Assume that M + rBTW —1C' is nonsingular for all
r > ro, 9 > 0. Then the preconditioned matrix

—1
M BT

M,, BT
c W,

0o =W,

has eigenvalues A = 1 of multiplicity at least n — m. As ro — 00, the
remaining eigenvalues cluster about the point /.
W, =1/rW))
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Two-by-two block matrices

We present now a general algebraic approach to construct,
analyze and control the accuracy of preconditioners for

matrices in two-by-two block form.
This includes symmetric and nonsymmetric matrices, as well

as indefinite matrices.
The general form of a matrix in two-by-two block form is:

All A12
A21 A22

A=

We assume here that both

- A

- S5(A) = A9y — Ao A7 A1o (the Schur complement)

are nonsingular, which implies that A is also nonsingular.
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General form: approximate block matrix factorization

A general form of an approximate block factorization of the
matrix A takes the form

_[1 0 }Ill 0 ]i 13111412
A21C11 I 0o S 0 I

P =

- By; and Cy; are approximations of A;' (possibly zero
matrices but normally sparse and given on explicit form)

- A7! denotes some approximation of A7}', often only
implicitly defined via inner iterations
- S is a nonsingular approximation of .S .

When we use inner iterations, the preconditioner at each outer iteration step becomes
variable. In such a case, the outer iteration method must, in general, be some form of a
generalized conjugate gradient method, such as GCG, GMRES or the modified Least
Squares GMRES method.
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Ann 0 I Bii1Ai2
0 S 0 I

Further, we consider the special but important case when only
one of By; and C;; equals zero. In this case, P is
block-triangular and if, say, B;; = 0, then P takes the form

I 0
P =
A21C11 12

A1 0

P =

This corresponds to the choice C1; = anl and B;; = 0 above.
Note that the computational expense of this preconditioner is
essentially the same as for the block-diagonal preconditioner
but, as we shall see, it can be much more efficient.
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The rate of convergence of preconditioned conjugate gradient
methods depends on the distribution of eigenvalues of P~ A,

which we now estimate.
In the analysis, we introduce a scalar

o

which plays a role similar to the CBS constant ~,or rather to
/(1 =77)

but is of relevance not only for symmetric and positive definite
matrices. As we shall see, ¢ = 1 for indefinite problems on
saddle point form, but for other types of problems it is
important that C';; (and/or Bi;) is a sufficiently accurate
preconditioner to limit the upper bound of o to a viable value.
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Il 0 Av11 0 Il BllA12
A21C11 Iz 0o S 0 Is

Proposition 1 Let A, C be defined as above. Then P 1A is similarly equivalent to (i.e. the eigenvalues

of P~ 1 A equal those of) the matrix

Loo) (A A — I) 0 y
0 I 0 (87183 — I2)

(R [ R )

where A12 = (I — B11A11) AT A1, Ao1 = S5 1 Agq (11 — C11A11) .

I; Bji1A I —BiiA
Proof Use the similarity transformation ! e Y A m
0 I 0 I
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The limit case: Zfll = Al_ll, S =55

Note that in this case we do not need to assume that I 4+ G is diagonalizable.

Proposition 2 Consider P with Avll = A11 and S = S5 . Then, for the generalized eigenvalue

problem Ax = APX there is a multiple eigenvalue A = 1 for eigenvectors x = [x1, iEQ]T, where
x1 € keT(Agl(Il — 011A11)), xo € keT‘((Il — BllAll)Al_llAlg).

The remaining eigenvalues equal A = 1 + %C (1+ +/1+44/C) for ¢ being any nonzero eigenvalue of
the matrix product glgggl, where 121'12 = (I — BHAll)Al_llAlg and

Y —1

Az =85 " A21(I1 — C11411).
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The limit case: 2;11 = A;ll, S = So

Proposition 2 (cont.)
If C11 = Bi11, Ais symmetric and S is positive definite, then the eigenvalues ¢ are real
and positive, and we obtain

Vitdjo—1
V1it+4jo+1

where o = p(fllgzzfm) and 0 < ¢ < o. In the general case of nonsymmetric matrices,
letting o = ||Z12Z21 ||, then for the absolute values of the eigenvalues it holds that
/\min S' A |§ /\max'

The value of o can be large if B11 and C11 are less accurate approximations of A7

1
Amax:1+50(1+‘\/1+4/0), >\min -
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When Ass is nonsingular, a more visible connection between the measures
v = p(A7]' A12 AL, As1) |and

o=p((l1 — BllAll)Al_llAmS;lAgl(Il — C11A11)) | can be established. Using the

Sherman-Morrison-Woodbury formula for the matrix product @ = A1_11A1282_1A21,
which is a factor in o, it holds

~1
Q = A Az (A - A21A1_11A12) Aoy
—1 —1 —1 -1 -1 -1
= A A2 [Ayy + A5, Aol (Au — A12A, A21) A12A455 } A21
= A5 A12Agy Aoy + AR A1z Agy Ao (I — ATy A12 Ay Ao1) M AT A2 Ay Ay
I+ D(I; —D)-IT
— (1 -T)° 1,

where I = A1_11A12A2_21A21.
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Proposition 3 Assume that A is symmetric and positive definite,
011 — Bll, A11 = A11 and S = SQ. Leto = p(AlgAgl), where
A1o, Ao are defined in Proposition 1. Then

2

o < 1fy—2|\f1 — B Aul”. (6)
-7
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Block-diagonal preconditioners for saddle point matrices

A
The block-diagonal preconditioner P = H 5| however, is directly applicable for
0 2
saddle point problems, where As2 = 0. In this case Sy = —A21A1_11A12 and

—1 if §=259

o =Fp(A;] A12S 1 Ap1) =
H +1 if S =—5

This implies the next proposition.

» A1 A , _1
Proposition 4 Let A — be symmetric, where A11 and So = —A21 A7 A1z
A21 0
are nonsingular (i.e., A21 has full rank). Then the preconditioned matrix P~ | , Where
A1 O 1:i:\/5, if S =-59
P = , has eigenvalues \ =
0o S 1+4v3, if S=S5

There are only three eigenvalues of P~ LA , the unit value plus either of the two eigenvalue pairs given

above.
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Block-triangular preconditioners

Clearly, the optimal balance to get the smallest total computational cost, including the
costs for the inner iterations and for the Schur complement matrix, is problem
dependent, i.e., must be analyzed for each separate type of problem.

The most efficient form of the preconditioner is in general of block-tridiagonal form. If we

let Ci1 = A1_11 and, for simplicity, let B1; = 0 then it takes the form

ALY 0
Az S

P =

and
o = ||A] A1285  Aoi (Iy — A A

Here we can control the value of o, and make it arbitrarily small, by making a sufficient
number of inner iterations in solving the arising systems with matrix A .
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Approximations of Schur complement matrices

For ill-conditioned problems, for example when the LBB — stability condition is violated,
one can use some form of regularization of the problem. This is similar to the use of a

penalized or augmented Lagrangian method for general constrained optimization
. , . : . A BT
problems. For instance, if the given saddle point matrix has the form A =
B 0
then the matrix for the regularized problem (which actually has the same solution) has

the form
A+rBTB BT

Ar: )
B 0

where r can be a large penalization parameter.

As has been shown in an earlier works, here the Schur complement matrix approaches
the value %IQ , Where I is an identity matrix, so there is no need to precondition the
Schur complements in the outer iteration method. In the ideal case, using a
block-diagonal preconditioner, there will only be three to four outer iterations for large
values of the parameter r.
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How to solve with the modified pivot block?

However, here the difficulty is left to the solution of the pivot block matrix.
This can be handled by some form of a domain decomposition and Schwarz alternating
iteration method, for instance.

The major intention of this presentation is to introduce the eigenvalue analysis and the
handling of various arising matrices, using methods such as Schwarz alternating
iteration method will therefore not be taken up further here.
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Numerical illustrations

Problem 1 (Convection-diffusion problem)

equation

—eAu+ (b-V)u
ou
u(a:, y) - g(x, y) on FDa %

Find u satisfying the

f(z,y)inQ

0onlI'y,

where () = [0,1]2, I'pUl'y =0QandTpNIT'y =0and0 < e < 1.

We choose b = [

2y(1 — 2?)
—22(1 - y?)

] , Which represents a quarter of a vortex

flow, centered at the origin, visualized in the following figure. The boundary

conditions are of inhomogeneous Dirichlet typeonx =0,z =1,y =1
and of homogeneous Neumann type on y = 0.
The problem is discretized using piece-wise linear conforming finite

elements. (Within this setting we do not consider very strongly convection

dominated problems.)

Numerical illustrations: test problem 1
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Numerical illustrations: test problem 2

Problem 2 (Moving interface problem) Simulation of a moving interface with a constant speed by using

the Cahn-Hilliard equation, written in the form of a coupled system of two partial differential equations:

n— v (C)+ aAC =0, x €, t>0
oC
—ﬁAn—FE—F(b'V)C:O, x €, t>0
(7)
8C—O @:0, x € 012, t >0,

on On
C(z,0) = Co(x) x € Q.

Here the unknown function C' (the concentration) is a continuous scalar variable that describes the diffusive
interface profile. It has constant value in each phase, +1, and changes rapidly but in a continuous manner
from one to the other in an interface strip of certain thickness. The function V is a double-well function with
two minima at =1, corresponding to the two stable phases. The variable n = W' (C') — aAC is the

so-called chemical potential. v, (3 are constant and positive problem parameters.
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Numerical illustrations: test problem 2

For the particular test problem we use ¥(C) = %(C +1)2(C — 1)2. The domain of
definition is 2 = [—1, 1] x [0, 1]) and the initial position of the frontis at x = 0. The
velocity vector b = [1, 0], i.e., the front is moving to the right with time.

The problem is discretized in time using a backward Euler implicit time-stepping method
and in space - by linear FEM for both variables on a triangular grid. As is seen from (7),
the problem is nonlinear and within each time step we use Newton’s method to solve it.

Here we are interested primarily in the solution of the corresponding Jacobian matrix
equation. The linear system to be solved during each nonlinear iteration has the
following form.

M —J —aK nl |0 ®)
BAtL K M+ At W (¢ f

where J is the part of the Jacobian, which corresponds to the nonlinear term ¥/ (C).
Here, K, M and W are the stiffness, mass and convection matrices, respectively.

There are several problem parameters involved in (7). For the numerical experiments we
have used 3 = 1/Pe, where Pe = 300 is the Peclet number, « is the square of the
so-called Cahn number, chosen in this case as 0.1.
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Problem 1: we impose a 2 x 2 block structure by considering
two consecutive (nested) refinements of the computational
domain.

We consider some given mesh, referred to as 'coarse’ and perform one regular
refinement (in this case, into four congruent triangles), to obtain a ’fine’ mesh. In this
way, the degrees of freedom on the fine mesh is split into two non-intersecting classes,
imposing the desired block two-by-two structure of the matrix on the fine level. We note,
that the finite elements on the coarse mesh can be seen as macro-elements on the fine
mesh and, by the same ordering, the corresponding macro-element stiffness matrix is
also of block two-by-two form.
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All numerical experiments are performed in Mat 1ab. The chosen size of the test
matrices is not very large since the theoretical bounds, to be illustrated, involve matrix
functions, which are costly to compute exactly, such as the value of v computed as
p(AT P A12 A5, Aa1), and the value of o, computed as p(A12A21) or || A12 Az ||.

We test the effect of three different approximations of A7;', namely, Cﬂ), Cﬁ) and Cﬁ’).
The first two are computed as Cﬁ) = (LWOU®)=1 where LOU® ;=1,2isan
incomplete factorization of A, with a drop tolerance 1 = 0.01, 72 = 0.001 and

73 = 0.0001. The LU-factors are computed using the Mat1ab function luinc (A1, 7;)
or cholinc for spd matrices.

The matrix Cﬁ) is constructed only in the setting of Problem 1 as a sparse approximate
inverse of A, as follows. First we compute an element-by-element approximation of
A7l as

(381) _ N~ (40 )
1 _Z(All,E> :
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Clearly, 0(3 Yis sparse and cheap to obtain. In order to
improve the quality of 0(3 Y as an approximation of A;!, we

compute a sparse additive correction, O{?’ 2) , to it, such that
the following Frobenius norm is minimized

|1 — (€Y + O ) Aull )

Then we let 2 = ¢3Y 4 ¢*?) Here, C\*") has the sparsity
pattern of 4;; and 0(3 2 has the sparsity pattern of the error

matrix I — Cfl )All-
The matrix By is chosen to be either zero or equal to C14, as
indicated in the tables.
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eig(P~1A)
Size ~y o ) Amin Amaz cond(P~YA) |1, — 1141
iy
1089 0.9969 4.3717  4.6552 0.1610  6.211 38.573 0.1714
4225 0.9992 18.956  20.003  0.0478  20.91 437.45 0.1745
'Y = chol(A11,0.01)
1089 0.9969 0.1353  0.2639  0.6937  1.442 2.0784 0.0408
4225 0.9992 0.6183  1.1652 04642 2.154 4.6402 0.0421
2 = chol(A11,0.001)
1089 0.9969 0.0023  0.0049 0.9530  1.049 1.1010 0.0056
4225 0.9992 0.0106  0.0218 0.9024  1.108 1.2282 0.0058
C?) = chol(A11,0.0001)
1089 0.9969 1.64e-5 5.21e-5 0.9960 1.0041 1.008 0.0006
4225 0.9992 7.82e-5 0.00023 0.9912  1.0089 1.018 0.0006

Problem1,b=0,e =1: Aj; = A1, S = S, B11 = C11
5=+

—1
22

—1
11
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eig(P~1A)

Size 0l o 5 Aest Amin Amaz Novtw 1 — C114;
c® By =0

1089 0.9944  20.517 27.872 0.0445 0.0445 22472 22472 0.1570

4225 0.9987  88.397 119.39 0.0111  0.0111 90.386 90.386 0.1601

V) = chol(A11,0.01), By1 = 0
1089 09944 3.8784  7.233  0.1753 0.1753 5.7031 5.7031 0.04075
4225 09987 17.357 3141  0.0518 0.0518 19.305 19.305 0.04210
C?) = chol(A11,0.001), By; = 0
1089 0.9944 04263 009326 0.5263 05263 1.8999 1.8999 0.00525
4225 09987 1.9173  4.0879  0.2745 0.2745 3.6428 3.6428 0.00548
C?) = chol(A11,0.0001), By; = 0
1089 0.9944 0.0399  0.1078  0.8193 0.8193 1.2206 1.2206 0.00061
4225 09987 1.9173  4.0879  0.2745 0.2745 3.6428 3.6428 0.00548
C?) = chol(A11,0.0001), Byy = C1y
1089 0.9944 2.07e-5 6.548e-5 0.9955 0.9955 1.0046 1.0046 0.00061
4225 09987 853e-5 0.0003  0.9908 0.9908 1.0093 1.0093 0.00060
Problem 1, b = [1,0], e = 1: Aj; = A1, S = So,

2
6 = 25 IT = BuAnl|lll - CriAunll, v? = p(Aj A1z A5y Aar)
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Next, we apply the two-level preconditioner P in a multilevel setting. We test with the
matrices from Problem 1, where on each level C'1; is computed as C’ﬁ’) and B11 = C11.
The multilevel construction requires an approximation of the Schur complement. For this
test we have used the element-by-element technique, where on each level local Schur
complements are computed exactly and summed up in a FEM manner. In other words,
we compute

s =A%)

0 J4 — 0 0
S 5 — A (A )AL andet 5= 51
£

11,E
The so-obtained matrices Sg play the role of the element matrices on the coarser levels
so that the construction can be repeated recursively. We see, that on the coarser levels
the value of o decreases as well as the condition number of the preconditioned system
P~—1A. We also see that the eigenvalue bounds are quite tight.
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eig(P~1A)

Size(A/All/S) Y o Amin Amaz cond(P~1A) 111 — C11A11l

e=1

5 levels of refinement

1089/800/289 0.9944 3.8919 0.1749  5.717 32.684 0.15702
289/208/ 81 0.9725 0.57897 0.4754 2.1036 4.4251 0.13464
81/ 56/ 25 0.8779 0.071477 0.7660 1.3055 1.7042 0.10544
25/ 16/ 9 0.5480 0.002499 0.9513 1.0513 1.1051 0.05545
9/5/4 0.0468 0 1 1 1 0.00568

6 levels of refinement
4225/3136/1089  0.9987 17.170 0.0523 19.118 365.48 0.16005
1089/ 800/289 0.9934 2.8380 0.2164 4.6216 21.359 0.14355
289/ 208/81 0.9703 0.5008 0.4997 2.0011 4.0043 0.12842
81/ 56/25 0.8729 0.0644 0.7765 1.2879 1.6587 0.10128
25/ 16/9 0.5395 0.0023 0.9536  1.0486 1.0996 0.05306
9/ 5/4 0.0529 0 1 1 1 0.00506

Problem 1: A11 = A11, S = So, CS),BH =C1n1
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eig(P~1A)
size(A/A11/S) ¥ o Amin Amaz cond(P~1A) I3 — C11A1]

e =0.01

5 levels of refinement

1089/800/289 0.9966 2.5871 0.22948 4.3576 18.9886 0.17364
289/208/ 81 0.9814  0.023764 0.85727 1.1665 1.3607 0.062409
81/ 56/ 25 0.8945 0.000125 0.98887 1.0113 1.0226 0.009115
25/ 16/ 9 0.5862  8.05e-10  0.99997 1 1.0001 1.7279e-5
9/ 5/ 4 3.81e-8 0 1 1 1 0
6 levels of refinement
4225/3136/1089  0.9986 3.7184 0.1806  5.5378 30.668 0.1452
1089/ 800/289 0.9958 0.2972 0.5835  1.7137 2.9367 0.0909
289/ 208/81 0.9785 0.0096 0.9065 1.1031 1.2169 0.0282
81/ 56/25 0.8996 2.63e-5 0.9949  1.0051 1.0103 0.0010
25/ 16/9 0.6278  2.60e-12 1 1 1 1.06e-6
9/ 5/4 0 0 1 1 1 0

Problem 1: A1y = A11, S = Sa, CS), B11 = C11
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Problem 2:

The next table contains results for matrices arising from Problem 2. It is well known that
a high quality approximation of the mass matrix is its diagonal and therefore we set

Ay = Bi1 = C11 = (diag(A11)) "' and S = Ags — Agq(diag(A11)) ' A1z,

We include the iteration counts to solve one system with the Jacobian matrix with a
block-factorized preconditioner and with a block-triangular preconditioner (the case when
Bi11 = 0). Systems with ZH and with S are solved by a direct method. In this example
the system matrix is not symmetric and not positive definite in general. We see, that the
value of v is larger than 1 and nearly doubles when we refine the mesh once, while o is
less than 1 and its increase is much less pronounced and even stabilizes. We include
also the numerically estimated two-norm of the error matrices ||I1 — C11A11|| and

|I1 — S—1S5||, which illustrate the effect on approximation of the inverse of A;; (the
mass matrix in this case) by the inverse of its diagonal.
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Bi1 = C11 Bi1 =0

Size % o 0 p(I1 — C11A11) p(I1 — S™185) it it

C11 = diag(A11)~!

578 0.7069 0.371 0.99869 1 0.9961 12 22
2178 0.7071  0.555  0.99968 1 0.9991 13 22
8450 - - - - - 14 23

33282 - - - - - 14 23
132098 - - - - - 14 23
Ci =0y

578 0.7069 0.0444 0.171 0.4133 0.2646 8 14
2178 0.7071  0.0453 0.179 0.4232 0.2697 8 14
8450 - - - - - 8 14

33282 - - - - - 8 14
132098 - - - - - 8 14

Problem 2: Iteration counts for the block-factorized and the block upper-triangular
preconditioners; values of v, § and o computed for the small-sized tests; At = h?
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Conclusions

@ A general form of approximate block factorizations for matrices on two-by-two block
form has been presented.

@ A new parameter (o) to measure the quality of the corresponding preconditioner has
been introduced. This replaces the previously commonly used parameter, the CBS
constant ~. The latter is fixed for the given matrix, i.e., does not depend on the
preconditioner and, furthermore, is applicable only for symmetric positive definite
problems.

@ A problem with the parameter ¢ is that it can not be computed locally, as the
parameter  can. However, its upper bound involves v2 /(1 — v2), which can be
computed locally, and the additional factors in o can be approximated by its values
on local subdomains.

@ By involving inner iterations, one can get arbitrarily accurate preconditioners or, at
least in the limit, of a form leading to just two or three conjugate gradients iterations.

@ For matrices on saddle point form, one can use a form of regularization which implies
that the Schur complement approaches a multiple of the identity matrix, i.e., there is
then no need to devise some other approximations of the Schur complement matrix.

@ Several of the results have been illustrated by numerical tests.
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Thank you for your attention!
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Do we, indeed, avoid the need to approximate a Schur
complement matrix?

On the approximation of FEM mass matrices
Numerical experiments
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UNIVERSITET Motivation: mUItiphase flow

oc
ot

Processes, modelled by the (convective) Cahn-Hilliard equ.:

(u-V)C = V- [5(C)V (qf'(o) - 62Ac)].

Above, u is the velocity vector, obtained as a solution of the
time-dependent Navier-Stokes (N-S) equation:

ou

Par +(pu-Viu=-Vp+ V- [u(V)u+Vu'] -nVC + F.

Here p is the pressure, p and u(x) are the density and
viscosity, correspondingly, and F' is the force term. The term
nVC, where n = ¥/(C) — 2AC, gives the coupling with C-H
and represents the surface tension force in a potential form.
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UNIVERSITET Motivation: multiphase flow
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Oseen’s problem:

—vAU+ (W-V)u+Vp= f in(,
divu= 0 1in €,

subject to suitable boundary conditions on 0.

v >0 - the kinematic viscosity coefficient, assumed to be constant.
A - the Laplace operator in R¢

A\ - the gradient operator

div - the divergence operator.

The first equation - conservation of momentum
the second equation - incompressibility condition

The (wind) vector w is an approximation of the velocity at a previous iteration step, so it
is updated at every nonlinear iteration.

COMPUTATIONAL MECHANICS II, December 1-3, 2010, Ostrava
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The discrete linear system:

A BT, = f or AXx=Db,

B O | Py 9
where uj, is the discrete velocities vector, p, is the discrete
pressure vector and x* = [ul p!].
The matrix A is the discretized convection-diffusion operator
(nonsymmetric).

The matrix B is the (negative) divergence matrix and B” is the
gradient matrix.
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How to precondition ?
UNIVERSITET O
A Awp| I 0| |Ann 0| | A Ap
Agp Ago Ay A LI | 0 Sy| |0 I
Sy = Agy — A1 AT Ars
A ol | ABT
Mp = !
B S| |O I
A O A O A BT
Mp = : M = , My =
P10 s 1B s "“lo s
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How to approximate the Schur complement

UNIVERSITET BA_lBT?!

(1) Pressure mass matrix M,

(2) The pressure convection-diffusion (PCD) preconditioner
SEéD - Mp_lApL;’

(3) The BFBt preconditioner
Szl = (BM'BT)"'BM;*AM,*BT(BM; ' BT)1,

(4) Element-by-element Schur complement

1
SEBE = E Soe = g Agge — A1 e Aty A2,
e e
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How to avoid approximating the Schur
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UNIVERSITET Complement?

Augmented Lagrangian technique:
Approach 1: Consider a regularized linear system (not
consistent with the original one),

A BT
1 Un| = f or Ax = b,
B —;W Pr g

. for some large enough scalar parameter » and some spd

matrix W. Systems of this form are obtained via various
stabilization techniques.
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4 BTl _ |A BT
A= , A= 1
B 0 B —W
UNIVERSITET T
_ | —=rBTWTY| A4+ +BTW-!B 0 Iy 0
A= 1
0 I 0 Wl l-w B I
A+rBTW-IB 0 A+rBTw-'B BT
M = 1 or My = 1
B —~W 0 —-W
T T

- good candidates to precondition the matrix A and, for large values of r, for A itself.
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Approach 2: Transform the original system into an equivalent

one.
Up| /f
P g

- NOTE: the transformation holds for any value of r, including

r =1orr < 1, and there is more freedom in choosing the
(nonsingular) matrix 1.

A+rBTw-1Bp BT
B 0

where f =f +rBTW-!Bg.
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~ |A+rBfWiB BT| -
USA A= B ’ Av = )\MLV
Mmoo (A+rBTW-1B)~'BT
L 0 rW'B(A+rBTW-1B)"'BT

Apply Sherman-Morrison-Woodbury’s formula to
(A+rB'W=1B)~:

rWIBA+rBIWB)" !Bl =rQ — rQ(I + Q) 1rQ,

where Q = W—'BA-'BT,
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‘._.,_:__&&b_. MZ 1‘/2( _
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Lemma 1 Let the matrices JZ( and M, are defined above, and let W be
any eigenvalue of BA™'BTw = pWw. Let § be an eigenvalue of the
matrix Q = rQ — rQ(I +7rQ)"rQ, where Q = W 1BA-'BT. Then
the following holds:

The matrices () and @ have the same eigenvectors and the eigenvalues of

CNQ are equal to
(v 1

0= = :
i I1+rp 1+$

When r — oo all nonzero eigenvalues of the eigenproblem ./TV = \Mpv
converge to 1.
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Consider now the modified pivot block in
g A+rB'wW=-iB BT
UPPSALA B 0

UNIVERSITET
e

How to solve systems with A = A + »BTW-1B?

A+rBTW™ B =TI +rB"W™1BA™1)A
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UNIVERSITET We notice, that

Q=W1BA BT and Q=BTW1BA™!
have the same spectra.
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UPPSALA

UNIVERSITET We notice, that

Q=W'BA'B" and Q=B'wW-BA™!
have the same spectra.

Q=wBa (B oLy A
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We notice, that

Q=W1BA BT and Q=BTW1BA™!
have the same spectra.

Q= wpa{E—oXpTy A

Lemma 4 Let X and Y be two general matrices, X € C™*" and

Y € C™*™ Then the spectra of the products XY and Y X are identical
up to some additional zero eigenvalues of multiplicity

(max(n,m) — min(n,m)).
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XY and Y X have the same spectra

Proof:

(a) Let X and Y be square, i.e., n = m.
(a1) Let X be nonsingular. Then XY is spectrally
equivalent to Y X because of the trivial equality
XY = X(YxX)x—1.
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UNIVERSITET XY and Y X have the same spectra

(a2) Let both X and Y be singular. We consider the Schur decomposition of X,
X =UTU*, where U is unitary and T is upper triangular with diagonal elements
equal to the eigenvalues of X. Clearly, at least one diagonal entry in T" is zero.
Let e > 0 and construct 7 as following

T fori # j;
(T2)ij = § Tuw Ty #0;
£ if T;; = 0.

Let X. = UT.U*. Clearly X. is nonsingular and || X — X.|| < e.

Due to (a1), there holds that the spectrum of X.Y coincides with that of Y X as
well as their characteristic polynomials, i.e., P(X:Y) = P(Y X.). Using the fact
that the matrices are continuous functions of their entries and so are the
coefficients of their characteristic polynomials, letting € — 0 we obtain that

P(XY) = P(YX).
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UNIVERSITET XY and Y X have the same spectra

(b) Let now n # m, and for convenience assume that n > m. Augmenting X and Y to
square matrices by adding (n — m) columns, respectively rows,

~ Y
Xz[x o},Y: :

0
XY = XY,
— - |y YX 0
ESHICE
0 0 0

By (i2) we know that the spectrum of XY is equal to Y X, which in its turn coincides
with the spectrum of Y X augmented with (n — m) zero eigenvalues.
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UNIVERSITET Two condition number indicators:

(AN A+rBTWTB)) = [4ru| 5 (MEMA) = 141/ ()

Try to balance the two constraints, for instance, by minimizing
the quantity

(1 4 7pfP + |1+ 1/rulP)*?,

A direct computation shows that, independently of p, ru
should be O(1) and since we want r to be also O(1), we
conclude that . = O(1), i.e., W should approximate well the
negative Schur complement of the original system, BA~1B”.
More specifically, the minimum is attained for real positive p
and for p = 1 the global minimum over the positive complex
half plane is attained when ru = 1.
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Ut\lJJIzF;ESIg]I_"?ET Outcome:

The above reasonings, although appearing to be trivial, show
that the attempts to approximate the modified pivot block

A + rBTW~1B with matrices or computational procedures,
which perform reasonably well for small values of », ultimately
destroy the outer convergence rate.

Thus, the weight of the product BY W ~1 B is significant and
cannot be neglected:

- either find a good approximation of the Schur complement,
or
- solve the modified block very accurately.
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The influence of » on the outer and the

(S

UPPSALA

UNIVERSITET inner convergence rates:

Size r=v r=1 r=1/v r=1000

v=1
578 15(10) 15(10) 15(10) 2(42)
2178 15(10) 15(10) 15(10) 2(51)
8450 15(11) 15(11) 15(11) 2(53)

v=20.1

578 28(3) 16(11) 4(38) 2(54)

2178 29(3) 15(13) 4(44) 2(66)

| 8450 26(3) 14(14) 4(45) 2(71)
v =0.01

578 58(3) 49(11) 5(65) 3(76)

2178  83(3) 47(14) 4(115) 2(135)
8450 106(3) 45(18)  4(154) 2(179)
Outer(inner) iterations as functions of v and r
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Mass matrices
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The finite element matrices

ng
M =" R MRy
k=1
Here R, are the standard Boolean matrices which prescribe

the local-to-global correspondence of the degrees of freedom.
The matrix M is symmetric, positive definite.

For some special FEM discretizations M is diagonal.
(Example: nonconforming FEM)

For the conforming FEM discretization M is a sparse matrix.

Tasks:
- How to approximate M —1?
- How to measure how good the approximation is?
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Known results:

l. Fried, Bounds on the spectral and maximum norms of the
finite element stiffness, flexibility and mass matrices.
International Journal of Solids and Structures, 9 (1973),
1013—-1034.

A.J. Wathen, Realistic eigenvalue bounds for the Galerkin
mass matrix, IMA Journal of Numerical Analysis 7 (1987),
449-457 .

|. Fried and M. Coleman, Improvable bounds on the largest
eigenvalue of a completely positive finite element flexibility
matrix Journal of Sound and Vibration, (283) 2005, pp.
487-494
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An element-by-element representations

where RT = [RT--.

ng
M =" R MRy

k=1

M = R'diag(M;)R,
,RT 1.
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nge
M =Y REMyRy, M = RTdiag(My)R

UNIVERSITET k=1
Mk Rk
Ry
Ml
M2
T T
R2 Rn E
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Estimating the eigenvalues of )/ via the

eigenvalues of the element stiffness
UNIVERSITET matrices ),

|. Fried:

min ()\mzn(Mk:)) S )\(M) S Pmax _m.aX ()\max(Mk))

kzla"'vnE =l ,nEp

where p,.... is the degree of the graph of the mesh (the
maximum number of elements around any nodal points).
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Teitioe How to approximate 1/~!

Denote:
Dy, the (pointwise) diagonal of M
Dy} inv(Dy)
L the lumped mass matrix

M~! the element-by-element sparse approxi-
mate inverse of M —1:

M1 = kg_jl RIM_ 'Ry,

the diagonal of M/}

= L
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Recall: M = RTdiag(M})R.

Using Rayleigh quotient:

min xT LT diag(My,) Lx
x40 xT'LTdiag(Dyr, ) Lx —

x40 Y diag(Dar))y —

Let \ be an eigenvalue of D,/ M.

. T T
min XX <\ < max XX

~ x#£0 xT'Dyrx

< A < max

xT LT diag(M},) Lx

x40 xT LT diag(Dr, ) Lx

. T 7; M T 3, M
min XG9Iy < gy Y _diagMi)y

x40 Y diag(Dar,,)y

min )\mzn(Dk_le:) S A S max )\mm(Dgle)
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UNIVERSITET Some particular element matrices
Element Amin  Amaz  2(Dyf M)
Arbitrary linear trian- 1/2 2 4
gles
Bilinear rectangles 1/4  9/4 9
Arbitrary linear tetra- 1/2  5/2 3)
hedra
Rectangular trilinear 1/8 27/8 27
bricks
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UNIVERSITET Straightforward concequence: 9-method

For parabolic problems:
(M + OAtK)U™™ = (M — (1 — ) AtK)U"

M + 0AtK = LT (diag(M, + 0AtK,)) L
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Consider the element-by-element idea:

2 1 1
My = % 1 2 Ly, )‘<Mk2> - %[17 174]
1 2
2 1 1
Dy My, = 511 2 1, AMD 1 My) = 3[1,1,4]
1 1 2
Thus, (D, M) <4, (M~'DZ! ) <4and x(M~1M) < 16.
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Preconditioners, involving mass matrices:

Stationary Navier-Stokes:

A=

M:

COMPUTATIONAL MECHANICS II, December 1-3, 2010, Ostrava
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Ly,

The spectrum of M ' A, y =1, v = 1/320
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Cahn-Hilliard equation:

1.4

3.

A+~BT"M-'B BT
B 0

The spectrum of M ' A, y =1, v = 1/320
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9% 1 (u-V)C = V- [k(C)V(¥(C) - €A0)]

n— v (C)+ AC =0,

(x,1) € Qr = Q x (0,T)

oC
V- [k(C)Vn] - 5 ~ (V)€ =0, (x,t) € Qr
oM _0J(c) — 02K
OkAt, K M + 0AL, W
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What about

|1 — M~ M||f

or
I — Dy M|

COMPUTATIONAL MECHANICS II, December 1-3, 2010, Ostrava

Maya Neytcheva, IT, Uppsala University maya@it .uu. se —p. 39/41

UPPSALA
UNIVERSITET

To conclude:

e In the context of the augmented Lagrangian technique,
we still need a reasonably good approximation of the

Schur complement matrix BA—!'B7T.

e It remains an open problem how to solve systems of the
type A+ rBTW1B.
| @ There are very good quality diagonal approximations of

the inverse of the mass matrix.
|7 — M~ M]|| can be further improved using Frobenius

norm minimization techniques.
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Thank you for your attention!
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Outline

e Damage
— uniaxial case
— mesh-adjusted softening modulus

— multiaxial case
e Non-linear equations

e Arc-legth method
— spherical and cylindrical method
— linearized method

— original method
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Damage

The theory of damage describes the evolution between the virgin

state and macroscopic crack initiation.

The phenomenon of damage represents surface discontinuities in the

form of microcracks, or volume discontinuities in the form of cavities.

1.12. -3. 12. 2010 Institute of Geonics AS CR Ostrava
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Uniaxial Case

Y A area of cross section of bar
A area of undamaged part of cross section
A Ay area of damaged part of cross section
F
o= 1 apparent stress
| F
0 = — effective stress
F A
v € strain

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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areas of cross section

A=A+ Ay

damage parameter

Ag
o A— Ay
F=0A=0cA = o= o
A
effective stress
5 1
g — 02
1 —w
1.12. -3. 12. 2010 Institute of Geonics AS CR Ostrava
CTuU Damage, Arc-length Method J. Kruis

Principles of Equivalence

Principle of Strain Equivalence-The Effective Stress Concept

The strain associated with a damaged state under the applied stress
o is equivalent to the strain associated with the undamaged state
under the effective stress o.

g
o = Fe L

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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Principle of Stress Equivalence-The Effective Strain Concept

The stress associated with a damaged state under the applied strain €
is equivalent to the stress associated with the undamaged state under

the effective strain €.

.0 o
E= — —= —
E FE E 1
el =Fe = —=——
o EFE 1—-w
E ==
E y
1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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Principle of Elastic Energy Equivalence
- 1 )
o= FE¢ W = 55 7
1 >0 =0 = 5 =1—-w
o= Fe W =—
2 J

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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Stress—Strain Diagram
o
€4 =€f —¢€o
1.12. -8. 12. 2010 Institute of Geonics AS CR Ostrava
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o= (1—-—w)Ee=(1—-g(e))Ee
gle) =1~ e

stress-strain diagram with linear and quadratic functions

e € (0;¢0) o= Fe
e € (eo;€y) o= 5—552 2“’25% + f;f
d d d
€0 2€f80 5?@50 1
w=1--¢ 2 T2 ~
2 g2 g2 ¢

1.12. -3. 12. 2010
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6?60 1
€2 €
€
Ed =E€f — €0
1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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loading function - specifies the elastic domain
fle,k) =e—Kr <0

K is the largest strain ever reached in the history

fler) <0, £>0, if(e,r)=0

f(e,k) <0,k =0 elastic state
f(e,k) =0, =0 neutral loading, damage does not grow

f(e,k) =0,k >0 damage grows

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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Mesh-Adjusted Softening Modulus

€f—€

Ef — €
o= FEe ! d

Ee €4

Vv

Ed = Ef — €0
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Traction—Separation Law

fe

wWs — W
U:ft—f
w
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elongation of the bar

l—h 80—5f>
u:hsiJrl—hse:stha( — h
(l—=h) f T 7

the traction-separation law
”LUf —w
o=f(w)=fi——
wy
where w is the crack opening and o is the stress normal to the crack
cracking strain

0= (1—-w)Fe=F(E—we)=FE(—¢.) = Fe,

Ec = WE

1.12. -3. 12. 2010 Institute of Geonics AS CR Ostrava
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the crack opening

w = he, = hwe

h
(1-w)Ee = f, (1—i5)
wy
wath
Lo _Gowr—eh . g —€
e wy — eoh E Ef— €
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exponential traction—separation law

hwe

(1—w)Be = fie ™ = fre s

numerical solution

1.12. -3. 12. 2010 Institute of Geonics AS CR
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Multiaxial Case

strain components

=9\ 0z, " o

strain tensor

Exz Eay Cuxz
Eyr Cyy ECyz
€22 Ezy Ezz

strain vector

T
€' = (Exas Eyys Exzs 2642, 220, 26y

1.12. - 3. 12. 2010 Institute of Geonics AS CR
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loading function
fle,r) =£E(e) =k <0
£ (&) is the equivalent strain

evolution law

w=w(kK)
1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
CTuU Damage, Arc-length Method J. Kruis
Equivalent Strains
strain norm

E=\Jel el e £ 2L + e+ e2)

Ag— 2 2 2 2 2 2
€ = gmx + gyy + CC:Zz + 2<8yz + sz + 8xy>

—/

1 — 202

energy norm

el De
E

g
Mazar’s norm

(€a)(€a) €4 are the principal strains

3

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava



CTU Damage, Arc-length Method J. Kruis

isotropic damage

1
1l —w

o o

asymmetric effective stress

ol -Q)!

o

symmetric part of the asymmetric effective stress

o= % (c(I-Q)'+(I-9Q) o)

N[

6=T-Q) i¢(I-Q)

1.12. -3. 12. 2010 Institute of Geonics AS CR Ostrava
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Non-linear System of Algebraic Equations

body occupies a domain Q) € R? with a boundary I’

the boundary is split r=r,ur, T,Nry=70)
the displacement field u:Q— R?

the strain field e:Q— RS

the stress field o:Q— RS

the body forces b: ) — R3

the surface traction t: T, — R3

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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equilibrium condition

VeeQl: 0c+b=0

boundary conditions
Veel, : u=0
Veel, : on=t

strain—displacement relationship
e=0"u

constitutive law

o = o(e)=o(u)
1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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/ 0T drdQ + / ©"bdQ =0
Q

Q

—/0T890d§2+/ goTandF+/godeQ:O
) T Q

finite element discretization

u = Nd
¢ = Np
B = ON

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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—p / BlodQ +p" [ N'tdl' + p” / NTbdQ =0
Q Q

I's

notation

int T
fint = /QB o(d)dQ

fert = / NTtdll + / NTbdO
Iy Q

equilibrium condition

fznt<d) — fe:z:t

1.12. -3. 12. 2010 Institute of Geonics AS CR Ostrava
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Arc-length Method

equilibrium condition

Fine(d) = f.+AS,
residual — the vector of unbalanced forces

r(d,A) = fo+Af, — fin(d)
equilibrium

r(d,\) =0
assumption

the vector d; and the parameter \; are known and 7(d;, \;) = 0

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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T(di+1, )\i+1) = "‘(dia )\i) =+ %(kli + %5%
Or(diN) g
od
8r(di, >\z) B
O\ =71

r(dit1, Aiv1) = —Kig0d;i1 + f,001 =0

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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I
f(d)
PR
Al
fc + )‘pr
5di’1
d; d
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assumption

3%‘,1 : 5di,1 = 5)\¢,1Ui,1

-1
5>\i,1Ki,O'Ui,1 = 5>\i,1fp = Vi1 = Ki,O fp

the length of arc

(5di,1>T6di,l =+ ¢2(5Ai,1)2fgfp = (Al)2

(5)\1"1)2’03:1’01'71 + ¢2<5)‘i,1)2fgfp = (Al)Q

Al
Shiq = +
T T
\/Uz‘,1vi,1 + 2 f, f,
1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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’I"(dZ + 5di71, )\Z + 5)\,',1) = fc + ()\, + 5>\i;1)fp — fznt(dl + 5di,1) 7é 0

ri1 =r(d; +0d;1,\i + 6\ 1)

r(dig1, Aip1) = rin — Ki10dip + f 002 =0

r(div1, Niv1) = fot+ N+ 0N f, — Fiuldi +ddiy) —
— K;10d;s+ f,0M\2=0

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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f
f(d)
5>\i,1fp
AL+
fetXAif,
od; 1 od; 2
Adi’l
Ad; 2
d; d
1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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Adi,j — Adi,j—l + 5di,j (Ad@l — (5di71>
A)\i,j = A)\i,j—l -+ 6)\1',]' (A)\i,l — 5)\1',1)

r(dit1, Niv1) = fot+ N +0Ni1)f, — Fi(di +0d;1) —
— K;10d;o+ f,0\2=0

K;iodio = f.+N+AN1)Sf, — Fine(di + Adin) + 02
auxiliary systems of equations

Kizuip = fo+ N +AN1)f, — fin(di +Adsy)

Ki,l'vz',2 = fp

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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0d; o = Ui+ 0N 20; 2

the length of arc

A 2 + wio 4+ 0N 2v;2])* + ¢2HA>\¢,1fp + 5)\1,2pr2 = (Al)

ay = UZQUi,Q + ¢2fffp

ay = 20 45(Ad;1 + uio) + 2A010°F, f,

as; = (Ad;iq+ ui,2)T<Adi,1 + U;0) + <A)\i,1)2¢2fgfp — (Al)2
the length of arc

al(é)\i,2)2 —+ a2(5)\i’2> + as — 0

1.12. -3. 12. 2010 Institute of Geonics AS CR Ostrava
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Algorithm of the Arc-length Method

Ao =0,do =0

For: =0,1,2,...
AXjo=0,Ad;jo=0r7;0=0
Fory =0,1,2,...
Ui g1 = Ky i
Vi i1 = Kz;fp
a1 = v, 1vi g1 VI
ag = QU,Z‘I:j_Fl(Adi,j +ug 1) + 2A>\i,j¢2fgfp
az = [|Ad;j + wi j41ll® + (AN ;)02 L £, — (AD?
a1(6X; j41)% +a2(6X; j41) +az3 =0 = 5X; j41
0di jt1 = Wi 41+ 0N j41Vi 541
Ad; i1 =Ad; j +6d; 11
AXNg 41 = AN 66X 541
rijt1 = Fo+ i + AN ) Fp — Fine(ds + Ady )
it |7 j411l < e, stop

Ait1 = A+ AN

diy1 =d; + Ad;

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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Selection of the Roots 0 \; j1+1

Ad;jn = Ad;j+0d;
A>\i,j—|—1 = A)\i,j+6)\i,j—|—1

T
Adz’,j—i—lAdiJ
cosf = 5 — max
(Al)
1 T
cos ) = (AZ)QAdm-(Adi,j + Wi i1+ 0N 41V 41)
1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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ay = Adg:j(Adi’j+ui,j+1>

T
as = Adi, Vi j+1

as + 0N j+105

(Al)?

cos ) =

.12.-3.12. 2010 Institute of Geonics AS CR Ostrava
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Linearized Arc-length Method
the length of arc

(A, AN) = Ad"Ad +* (AN f1 f, — (Al)* =0
Ol(Ad, AN)

= 2Ad"
0Ad d
Ol(Ad,AN) T

lLi; =UAd;;, AN ;)

Lijo1=lij+ 2Ad§j O0d; i1 4 207 AN j0N fg f,=0

1.12. -3. 12. 2010 Institute of Geonics AS CR Ostrava
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lijr1 = lij+20d] (w51 + 6N j1vij41) +
+ 202AN; 6N g fp £, =0

1 T
—3li; — Ad; jui 50

Adz:j'vi,j—kl + ¢2A)\z‘,jfgfp

(5)\2"]'4_1 =

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
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the length of arc

(A, AN) = Ad"Ad + ¢* (AN f1 f, — (Al)* =0

lijv1 = li;+ QAde(Ui,jH + 0Ni j+1Vi+1) +
+ 202AN; j6Nij fp fp, =0

force residual

873 i or; ;
5J 1,7
Tiji+1 = Tiy + —(5di,j+1 + —5)\@',3'4_1

od O\

Tijr1 = Tij — Kijodij + foij0 =0

1.12. - 3. 12. 2010 Institute of Geonics AS CR Ostrava
CTuU Damage, Arc-length Method J. Kruis
K, ; —f, 0d,; j11 _ Tij
T 2 T o
Adi,j 2¢ A)\i,jfp fp (5)\1‘,3'_}_1 _li,j
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Conclusions

® isotropic, orthotropic, anisotropic damage model
e mesh adjusted softening modulus

e spherical, cylindrical, linearized arc-length methods

efficient implementation
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Outline

1. Motivation, optimal algorithms

2. TFETI/TBETI for contact problems as
application of duality

3. Linear and subsymmetric separable
QPQC (SMALSE)

4. Optimal algorithms for bound
constrained QP (MPEGP)

5. Application to the contact problems

Scalable algorithms

An algorithm is numericaly scalable if

the cost of the solution ~ number of unknowns

(for unconstrained QP problems multigrid —
Fedorenko 60s, FETI Farhat and Roux 90s)

An algorithm enjoys parallel scalability if

the time of the solution ~ 1/number of processors

(for unconstrained QP problems Farhat and Roux
FETI 1991)



Challenges

« |dentify the active constraints for free

« Get rate of convergence independent of
conditioning of constraints

« Use only preconditioners that preserve bound
constraints

» Get an initial approximation which is near
the solution, i.e.

Hﬁ—uOH < C‘f , u’ feasible

Key observation

* |n dual, there is a well defined
that can be used as a

coarse grid



Contact problem

, A4l

TN

2 D P
FC
A

P g

% TFETI (AF FETI) domain decomposition
.
Py > 0} O’
Q2
D - SHG !
Q0

Z.D., Horak, Ku¢era CNME 2006, Of Thesis 2006




TBETI (AF BETI) domain decomposition
2 : H

Linear problems Langer and Steinbach Computing 2003
Variational inequalities Bouchala, Z.D., Sadowska Computing 2008, 2009

, Stiffness matrices TFETI

K= (positive semidefinite) f=

KerK’ =

1 0 O
KerK’ =| z, 0 —-x 0 1 0| (in3D)
0 0 1



Discretized non-penetration

= non - penetration: B'u<g’

# Discretized frictionless problem
3}/1

J(u)= %uTKu —f'u  (convex)

gluing: B‘’u=o0
non - penetration: B'u<g

Kh:{u: B‘u=o0 and B[ugg}

(P,) Find minJ,(u) st uek,



Dual formulation

Convexity of L(.,A1) and gradient argument :
VL(.,A)=Ku—f+B"1 =0

R full rank matrix, ImR = KerK

Solvable for f-B'AeImK < RT(f —~ BT/I): o

K™ generalized inverse KK'K=K

(D,) Find min ’BK'BA— A" (BK*f—c)
st. A>o0, R'(f-B"1)=0

FETI notation and homogenization

Notation :
F=BK'B’ G=R'B’
d=BK'f—c e=R"f

%fm ~2'd — min

st. A >0 and Gl=e

Homogenizdion:
Gl =e A=u+
Gl=e — Gu=o0
20 < u' ==

1

(FETI,) EATFA ~2'd — min

st. A >-1" and Gi=o0




More on homogenization

How to choose A so that weare able to find A° > A so that

H/IO—/{HSC‘d, C independentof /4 and H ?

(i) Lemma :If the problem is coercive, then there is A such that

A=o0 satisfies A >-21'

(ii) Use A whichsolves min%H}tH2 st. A >0 and Gi=e

In our experiments A =G’ (GG) e

Natural coarse grid projectors

Q=6'(66")'G P=1-Q
ImQ=ImG" ImP=KerG

(FETI-NCG,) %ZTPFPA _J'pd +§/1TQ/1 > min

st. ¥>-1" and GAl=o

P~




Optimal estimates

Theorem: Let there be positive constants B, B, such that for

any discretization parameter 2 and H

B <4, (B8")<4,, (BB )<B,
Let the elements and subdomains have regular shape and size.
Then

G, < Ay (F| ImF) =t
A<G P
K(FIImF)SCz%I o -

=Tl: Farhat, Mandel, Roux 1994
=Tl: Bouchala, Z.D., Sadowska 2009, based on Langer and Steinbach 2003

#~» Discretized Tresca problem

Jh(U):%UTKU—fTU-th(U) (convex)

jh(u): gl)”i

gluing: B'u=o0

(non - differentiable)

Tu

non - penetration : B'u<g
/Chz{u: B‘u=o0 and B[uﬁg}

(P,) Find minJ,(u) st uek,



Dissipative terms in 2D and 3D

2D:

J(u)= ,Zi:% Tul|= imaf 7 Tu
3D:

Jip(u)= iyxi Tul|= i max 7, T

Mixed formulation (3D)

L,(uAd)= %uTKu —u'f+ 2, (B'u—c)+ ;B u+ > 7/ Tu

i=l1

=J,(u)+A"Bu
B" Ay
B=|T | A=|T | A:A(w):{l:/iNZO and HriHSy/i}
B

(M,) Find min max Lh(u,i)z max min Lh(u,ﬂ)
u 1eA AeA u

2 sets of variables differentiable problem

Haslinger, Kucera, Z.D., JCAM 2004



% Duality and natural coarse grid projectors

a=6'(66"|'G P=1-Q
ImQ=ImG" ImP =KerG

(TFETI-NCG,) %/ITPFP/I—lTPd — min

st. AeA and GA=o0

Bound and equality constrained problems

For ie7 let

fl.(x):%xTAix—biTx

Q. = {x :x2>c¢, and Bx = o}, HBIH <C,
A=A/
CleH2 <x'Ax, < CszHz, 0cQ),

(QPBE,)  Find min f(x)
Qi

Challenge : Find an approximate solution in O(1) iterations!!!



Augmented Lagrangian and gradient

1
L(x, 1, p)= f(x)+ "Bx + EHBtz

g(x. 1, p)=V,Lx, . p)
8" =8"(x, 11, p)= p(x, 11, p)+ (%, 11. p)

g =p+p

Algorithm SMALBE-M

Step0 B<1,p>0,M,>0,17>0, 1’

{Approximate solution of bound constrained problem}
Step1 Find x" such that ng(xk,,uk,p)‘ < min{MkHBka,n}

{Test}
Step 2 if HgP (xk L, p}‘ and HBxk H aresmall then x" is solution

{Update Lagrange multipliels}

Step3  p*' =" + pBx*
{Update M, }

St 1 b1 o) Zle

then Mk+1 = ﬂMk
else M,,, =M,
Step5 k=k+1 and return to Step1




Basic relations for SMALBE

Theorem: Let x*, 11", p be generated by SMALBE - M. Then
G If p>M} /A (A) then

min

L(Xk,,uk,p)ZL(Xk_l,/lk_l,p)-l-gHBxkuz

(1) Thereis C such that

S 2o <c

Z.D. SINUM 2005, Computing 2006

Optimality of SMALBE

Corollary: Let x*, ", M, be generated by SMALBE-M, ¢ > 0.
Then :

(i M} 2min{MZ, p 4, (A)]

(ii)) SMALBE-M generates x* that satisfies

g/ <clo,| and [Bx']<2fp)

at O(1) outer iterations

Z.D. SINUM 2005, Z.D. Computing 2006, Z.D. book 2009



Bound constrained problems

For ie7 let

fl.(x)zéxTAix—bfx
Q. ={x:x>c | |lc7|<C,

A=A/

2

b

C x| <x"Ax, <G|x

(QPB,)  Find min f(x)
Q

i

Challenge : Find an approximate solution in O(1) iterations!!!

e
ey

4 .%: ': b
2,

Bound constraints: Splitting of the
gradient and KKT




Active set strategy in the face with
the solution

When to leave the face?




= Proportioning

x ot proportional: T3 (x)p(x) <[ B(x)[

Reduction of the active set for non-proportional
iterations

«» How to expand the face? Reduced gradient
&)y projection with superrelaxation

)

X :PQ(xk —Jgok), Ee( ,




Effect of reduced gradient projection

x* = B, (xk —ag" ), proportional

ae (o,HAH‘l] Schéberl, 1998 :

1 1)< 1 e - )

2401

Superrelaxation,

& =minfe 2] —af.a e 04| zD..2008:

10601 Z e ) 8)

Conjugate gradient step

k+1 k k

If  Jorx*)|=T|Bx" ), T>0
then

180157 )60




Algorithm MPRGP
{Initialization |
Step0 x">¢,I'>0,a (0,2
{Proportioning}
Step1 If

Al']

an(xk)T(p(xk)< H,B(xk 1‘2

then define x**' by minimization in the direction — f3 (xk)

{Conjugate gradient step}

Step 2 if x* isproportional, then generate x**' by trial CG step
{Projection |

Step3 If x**' >¢, then useit,

+

else x*' = (xk —Ego(xk ))

Z.D.,Schoberl COA 2005, book 2009

Rate of convergence of MPRGP

Al

Theorem: Let x* be generated with I" >0, [ = max{F,F_l}, a < (0,2
Then :
(1) The R -linear rate of convergence in the energy norm is given by
k A k 0 A . _ a/7"[11in
HX —XHASU (f(x )—f()()) with ﬂ—l—m
(1)) The R -linear rate of convergence of the projected gradient is given by
——1 9-1
a A

le” (x| < 20 (o)~ 1 3) with T

Z.D., Schoeberl COA 2005, Z.D. book 2009



Optimality of MPRGP

Theorem:

Let '>0, 0<a<2C;', X, solution of (QPB))
For ie7 let {xf‘ } be generated by MPRGP
with a and T. Then x} that satisfy

<&

b

1

<¢lb,| and ng(xﬂ

k _
Hxi — X,

can be find in O(1) iterations

Optimality for bound constrained
problems

String system on Winkler support, bound constraints, cond=5

of LTI

15f

10}

Iterations




Optimality results SMABE/MPRGP

[heorem : Let X, be the solution of (QPBE),) generated with T" >0,
7<(02C,') p>0, M>0.Let £>0.
[hen x| that satisfies

X! —%,|<elb] and [ (x!)

< ¢lp|

s found at

O(1) matrix - vector multiplications

“or bound constrained problems Z.D. Computing 2006, Z.D. book 2009,
ipplication to scalar problems TFETI Z.D., Hordk SINUM 2007
ipplication to scalar problems TBETI Bouchal, Z.D., Sadowskd Computing 2008

seneralization to separable subsymmetric constraints Z.D., Kozubek 2010

Optimality of TFETI with SMALBE/MPRGP

Theorem : Let x ; be the solution of (TFETI - NCG h) and ¢ > 0.

Then xl;l that satisfies
k P(_k
Hthh < gthH and Hg (xh) < Sth H
1s found at

O(1) matrix - vector multiplications

Scalability no friction FETI Z.D., Kozubek, Brzobohaty, Markopoulos 2009
Scalability no friction BETI Bouchala, Z.D., Sadowskd 2008

Scalability 2D friction Z.D., Kozubek, Brzobohaty, Markopoulos, Horyl 2010
Scalability 3D friction Z.D., Kozubek, Brzobohaty, Markopoulos, Horyl 2010



Separable spheric and elliptic constraints

P — . .
g = ,B New feature: if the active set
Is known, the components of
the solution are not

Effect of gradient projection

x“'=P, (xk —ag" ), proportional

ae (O,HAH_I] Schoberl, 1998
f(xk”)—f(ﬁ)ﬁ(l—% aﬂm] [/be)-1 (%)

Superrelaxation,

a = min{a,2 Al - a}, o e (o,HAH‘ll Z.D.,Kozubek 2010:

7)< 1= 1) 6]




Algorithm MPGP

{Initialization |

Step 0 x">¢,T>0,a e (0,2[A]']

{Proportioning}
Step1 If

ol | <|sbc' |

then define x"*' by gradient projection

{Conjugate gradient step}

Step 2 if x“ isproportional, then generate x“*' by trial CG step
{Projection |

Step3 If x**' >c, thenuseit,
else x“"' =P, (xk —Jgp(xk ))

7.D.,Kozubek 2010

Rate of convergence of MPGP

Al")

Theorem : Let x* be generated with I'>0, o € (0,2
Then :

(1) The R -linear rate of convergence in the energy norm is given by
aﬂ“min

ka —ﬁ“A < nk(f(xo)—f(f()) with n=1- S

(i1)) The R -linear rate of convergence of the projected gradient is given by

lo” (¢! < 207 (£()- /(%) with a= & P

Z.D., Kozubek 20102005, Z.D. book 2009



e~ Scalability TFETI — Hertz 2D

A
ERERER

Y v Y ¥

(b

>

[

[

A >

Primal Dual Subdomais Null space Matrix- Time (sec)
dimension dimension vector

40000 6000 2 6 45 10

640000 11200 32 96 88 78
10240000 198400 512 1536 134 1300

= Scalability TBETI — no friction 3D

8

B

Number of GG lterations
2

B g &85 8488

—Hm=g[]
—Hh=§
—— =5

g

2883

)

—_—HN=3

33 483 53 (3]
Number of Identlcal cublcal subdomains.

Ea

Primal Dual Subdomais Null space Matrix-
dimension dimension vector

11712 5023 8 48 130
93696 43441 64 192 137

316224 63275 396 1068 133



Decomposition and solution of
roler bearing of wind generator

Bodies 73
Subdomains 700
Primal variables 2,73 M
Dual variables 459,8 k

lterations 4270




Applications: yielding clamped connection

2
o,

400

350

500

260

200

150

100

Tresca Coulomb

1592853 primal, 216604 dual, 250 subdomains,
1922 Hessian multiplications, 5100 sec/24 CPU
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Conclusions

« Total FETI/BETI is powerful tool for the solution of
contact problem

« Natural coarse grid is a unique way how to get coarse
grid to the contact interface

» Well conditioned convex QP and QPQC problems can
be solved with optimal complexity

« Theory covers 2D and 3D frictionless contact problems
and contact problems with a given (Tresca) friction

« MatSol (Kozubek et al.) is a great tool for the solution
of contact problems

» MatSol often outperforms commercial solvers by orders
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Geometry of the problem

AN
\‘F\’"U)

.Qm

Q=QmuQ°®

Vlach (KAM VS3B)

TFETI + 3D quasistatic

QP =THUTFUTE pe{m,s}
[m] = = =

) Q



Classical formulation

(Vp € {m,s})

equilibrium equations:

aa;j(up)

8—Xj+Fip:O inQPX(O,T)

linear Hooke's law, small deformations :

0jj(u”) = e (uP)
classical boundary conditions:

Ek/(up)

N 5 8X/
u?P =0 onTl{ x(0,T)
T(uP) :=o(uP)n® =PP onTR x(0,T)
initial condition:

u”(0) =uj§ in Q°

Vlach (KAM V3B)

TFETI + 3D quasistatic

Classical formulation

contact mapping:

. m S
O: T¢—T¢
action - reaction:

n” [ (x™ = O(x™))

(c(u™(x™)) = o(u*(0(x™)))) -n™ =0o0n ¥ x (0, T)

Vlach (KAM V3B)

TFETI + 3D quasistatic

A

1 8u£

_l’_

8u;J

an

)



Classical formulation

notation:
[ (x™) = (u™(x™) — u*(O(x™))) - ™ T im oy
] <7) :( m(x )~ u(O(x™)) — [ualn™  Te:=T— Tpn"
c(x™) = (0( x) ... gap

unilateral conditions:

[un] < ¢, Th <0, ([u)] = c)Th =0 onT¥ x (0, Tp);
Coulomb’s law of friction:

[U:](x7) = 0 = [|Te(x)[| < —F Tp(x")

] (™) # 0 = Ty(x™) = Jan(xf")H{ﬂjg;;H  XmeTEx(0,Ty)

Viach (KAM V3B) TFETI + 3D quasistatic CMIl, 212  3/25

Weak formulation

Notation

IT (veH @) vv=00nTf}, V=V3
pe{m,s}
K={veV]|[vw <cae onlf}
. (trace space on I'? of functions from V
r C
C
(F2) = (HY2(r'2)) (the dual of H**(I'7))
H_1/2(I"£) ... (cone of non—positive elements of H~Y/?(I'7))
(, ... duality pairing between H=*/?(T'Z) and H*/?(I'?)

Viach (KAM V3B) TFETI + 3D quasistatic CM 1,212  4/25



Weak formulation

Notation
uvev, X\, € HY(rp)

a(u,v) := Z /Qpa,-j(up)a,-j(vp)dx

pe{m,s}
J(An,v) i= = (FAn, [|[ve][])
L(t)(v) == pgn;,s}/ﬂp F(t)-vdx—i—/r‘; P(t) - vds
where
Few>(o, T, J] (£?(@)
pe{m,s}

Pew0.7. [ (22(r2)?)
pe{m,s}

Viach (KAM V3B) TFETI + 3D quasistatic CM 1,212 4/25

Weak formulation

Find u € W*?(0, T,V), \, € W*2(0, T, H=Y/2(I'n)) : )
u(t)e K fora.a. t€(0,T), u(0)=uginQ
a(ul v —al)) 4 jAn v) = jAa ) > L —al) ¢ (P)
+N\n i [va—in )]y YW eVandforaate (0,T)
(Ml zn—([un 7] —¢))y >0 VzeK
where ug € K is such that

a(ug, v — ug) + j(Ano,v —ug) > L(0)(v—ug) W e K, N = T,,(uo)|rng .
It holds:

An = Tp(u)

Irm

Theorem ( [ Rocca R. and Coccu M. 01 ])

If supp F C T« and F is sufficiently small, then (P) has at least one
solution.

Viach (KAM V3B) TFETI + 3D quasistatic CM I, 212  4/25



Time discretization

At=T/n ... time step,

o t; =iAt, u = u(t)
o utl x AZ;” , where Ay = /! + Bu’ + yu'~ T,
a=3p=-2v=3 (a=1 f=-17=0)

esetw:=u + AtveV

o for simplicity we write u instead u*! and v instead u’
e skip index i

Viach (KAM V3B) TFETI + 3D quasistatic CMIl, 212  5/25

Time discretization

At each time step we obtain the following implicit VI:

ind (u,A\p) €V xX H_ ™) such, that
Find (u, \n) €V x H_/2(I'm) such, th

a(u,w —u) +j(Ap,w —v) — j(A,,u—v) > (Q)
Liw—u)+ (Ap, [wp —up]) YweV
(ttn = Ans[un] =€) >0 Vpp, € HY2(rmy .

(Q) is nothing else than the static contact problem with the following
Coulomb friction law:

IT:CI < =FTn(x),
[u:(x)] — [ve(x)]

[ue](x) # [ve](x) = Ti(x) = FTh(x) ue(x)] = [ve(X)]]]
xel?x(0,T).

Viach (KAM V3B) TFETI + 3D quasistatic CMII, 212  5/25



Fixed-point formulation of (Q)

Let g € H:1/2(F’g), v € K be given and define the auxiliary problem:

Find u:=u(g) €V, Ay := An(g) € H-Y*(I') such that
a(u,w—u)—i—j(g,w—v) —j(g,u—V)Z (Q(g))
L(w —u) + (A, [wn — up]) Yw eV
(in = Anlun] =€) >0 Yy € H-V3(M)
Define the mapping ® : H_/2(I'm) s H_/?('m) by:
O(g)=A,, geH VD).

(u, \p) solves (Q) iff A, is a fixed-point of ®:

d(N\p) = Ay
Viach (KAM V3B) TFETI + 3D quasistatic CM I, 212  6/25

Solution strategy: the method of successive approximations

Let A € H:l/Z(F’C") be given, k :=1;
if A\ e HTV2(rm), k > 1 is known,
solve (Q(A%)) and set AFY = A,

where (u, A,) is a solution of (Q()\S,k)));
k:=k+1;

repeat until stopping criterion

Viach (KAM V3B) TFETI + 3D quasistatic CMII, 212 7/25



Mixed formulation of (Q(g))
Let

Ao = HZM2(r)
Ne(g) = {pe € (LP(TQ)?| [lmel| < ~Fg ae. on T}, ge L2(MY)
Mixed formulation of (Q(g)) reads as follows:

Find (u,A\n, A¢) € V X A, X A(g) such that

a(u,w) = L(w) + (An, [wn]) + (Ar, [we])  Vw eV (M(g))
(Hn — An, [Un]> > (Hn — An, C> vﬂn €N,

(e — Ae, [ue]) > (e — Ay [ve]) Ve € Ne(g) -

It holds:

e u € K solves (Q(g));

P - m
o\, = T,,(u)|r,g, At = Tt(u)|r,g on 7.
ML 212 8/25

T-FETI domain decomposition method

s _

Q=U Q; QiNQ=0, i#j; we skipindices m,n for now
i=1

[jj:=08;N0%Q; ... acommon part of Q; and €, i # j, if meas, [';; >0
Mok :=0QNT, ... acommon part of Q, and ', if meas, [ >0,
Mg =0, Nl ... acommon part of ; and ¢ if meas, ') > 0,

Let

T :={(i,j)| meas; [ >0, i <j}, D :={k| meas, T, > 0}
C:={l| meas, T > 0}

W= {v e (L2(Q)| vy, € (H(Q), i=1...,st = [[(H"(2))®
i=1

veWwW
vevV s [v]jj := (vi — Vj)|rij =0 V(i,j)el realized by
=0 VkeD Lagrange mult.

Viach (KAM V3B) TFETI + 3D quasistatic CMII, 212  9/25

VIr



T-FETI domain decomposition method

Define the trace spaces
Y = (HY(Ty))* = (Hl(Q,-))|3rij — (Hl(Qj))frU_ . (i) ezT;
Yie := (H*(Tw)® = (H* (%))} . keD

Then

vew
veVe (ulvl) =0  Vpye(Yy) V(iJj)eZ
0

<l'l/k7 ‘rk>: Vﬂke(yk)/ Vk€D7

or denoting
II vy, Aae= ()
(ij)eT keD
vew
(prolv) = 32 (wjvly) =0 Vur € Ar
veVs (ij)ez S
(ma,v) = > (mi,v ) =0 Vpd € Nd
keD
M1, 212  9/25
T-FETI domain decomposition method
T-FETI formulation of (M(g)):
Find (u, Ap, At, Ar, Ag) € W X A, X At(g)x  Ar x Ay st )
S
z ai(u,w) = Z Li(w) 4+ (An, [wa])+
(¢, [wt]> (Ar, [w]r) + (Mg, wq) Yw € W (TM(g))
(ttn — An, [un]) > 0 Vin € Kn
(e — Ae, [ue]) > (e — e, [ve]) Ve € Ae(g)
(pr, [u]r) = 0 Yur € Ar
(Bg,ug) = Vg € Mg
where A, = [ H(T o).
leC
ML 212 9/25



Discretization

Let Q be a polyhedral domain and 7; be a partition of Q; into
tetrahedrons, i = 1,...,s, such that 7;). = il for all (i,j) € Z.
i i

Xi={v e (CQ)°| v, € (PT))* VT eT}, x:ﬁx,
i=1

We use algebraic Lagrange multipliers.

Denote
ij\ dij = ..
{x4}4L1 .- nodesof 7; on Ty, (i,j)eT;
d —
{yc’,‘}qk:1 ... nodes of T on [, keD;
{zc’]}z’:1 ... nodes of T; on T\ T,, leIc;
ML 212 10/25

Discretization

d;
Moo= {pn | pn = ZZ/LZ(S;;’ Ni; <0}

l€Zc g=1
d
ol = 0D ihlel) e
1€Z¢ q=1

[nval >0 Yun€hy & wa(z)) <0 VieI®, g=1,....4d

d
Ne(8) = {ne| e =Y > pg8s s ng € R, gl < (Feg)(zg)}
leZ¢c q=1

where 52‘/7 is the Dirac function at z!,.

d 2
[eovel =YD > pliva(2h) . ve = (ver, vi2)

€T g=1 k=1
Viach (KAM V3B) TFETI + 3D quasistatic CM I, 212  10/25



Discretization

djj
Ne=Aprlpr= ) Y uldy, ndeR’
(ij)ET g=1

di
Mo =gl pa =Y > nidyi, ng € R
keD g=1

d¢ 3
[a V] = D) 0> pki(ye)

kED q=1 I=1
[1asVI=0 Vugehy & wv(y)=0 VkeD, g=1,..,d, | =1,2,%

W Ap~hns Aeg) ~ M)
Ar ~ Ar; Ng ~ Ny

Vlach (KAM V3B) TFETI + 3D quasistatic CM 11, 2.12 10 / 25

Algebraic formulation of the mixed problem

Find (u,A) € RP x A(g) such that
Ku=f+BTA (M(g))
(B=N)'Bu>(u—-A)z VpeAg)
where
A(g) = R™ x Ay(g) x R™*m
Ae(g) = {(ph mp)" € RP™ | [|(pais i) || < Figi Vi=1,...,my}
o= (b, s s i)
z=(c',(Tv)",0",0")"
B=(N'",T,B},B))"

Remark J

Note that K is block—diagonal where all diagonal blocks are singular.

Vlach (KAM VSB) TFETI + 3D quasistatic CM I, 2.12 11 /25



Dual algebraic formulation

We eliminate u from (M(g))::
u=K/(f+B'\)+Ra,

where KT is a generalized inverse of K, columns of R € RP*/ span ker K
and a € R'.

Vlach (KAM V3B) TFETI + 3D quasistatic CM 11, 2.12 12 /25

Dual algebraic formulation

Find X € A(g) such that }
S(AA) <S(w)  Vpe Ag)

where
L T
S(p)=sn Fu—p'h
A(g) = {nc A(g)| Gu=e}
F=BK'B'™ , h =z - BK'f
G=R'B", e=—R'f
Remark

This quadratic programming problem with separable simple and quadratic
constraints is solved by the algorithm MPGP.

Vlach (KAM VSB) TFETI + 3D quasistatic CM I, 2.12 12 /25



Correction of contact mapping

Nu<cAu=u+u’" = Nu<<c+ Nu

REFERENCE

PREVIOUS

old
TIME u

Vlach (KAM V3B)

TFETI + 3D quasistatic

Model example

Q=(0,3) x(0,1) x (0,1) [m].
Young's modulus E = 2.119¢5 [Pa],
Poisson’s ratio o = 0.277

50 timesteps

P(t)=o.(t)(  0,0,3)lel  onl}
P(t) = ¢x(t)( 0.9, 0, 1.5)1el

onT%, x € {b,c}.

=] F
Vlach (KAM V3B) TFETI + 3D quasistatic

A



Loading history (characterized by ¢, : [0,1] — R?)

be(t) = ¢p(t) ...  monotone loading
T oe(t) nonmonotone loading

Vlach (KAM V3B) TFETI + 3D quasistatic

Coefficient of friction F(||u||)

03
0.29
0.28
0.27

=026

o
0.25
0.24

0.23

0.221 N

I I I I I I I I
0 0.02 0.04 006 0.08 t0.1 012 0.14 0.16 0.18 0.2

o = = E E 9Dad
Vlach (KAM V3B) TFETI + 3D quasistatic



Dependence on h

Ns,Np, Ng ...number of subdomains, primal and dual variables

it ..number of fixed point iterations (sum for all time steps)

Nm ... dual matrix multiplication

time [s] .. CPU time

n| ng np Ny it Nm time [s]

1] 3 1944 594 | 254/234 | 24903/30353 | 2.8e2/3.4€2

2| 24 | 15552 | 5652 | 257/237 | 32554/38562 | 2.5e3/3.4€3

4 1192 | 124416 | 48816 | 256/238 | 43013/54067 | 3.0e4/3.5e4

5 | 648 | 419904 | 168804 | 257/239 | 53631/69620 | 1.1e5/1.5€5
ML, 212  17/25
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Normal contact stress — T, and displacement —u,
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Norms of tangential stress || T;|| and velocity || ||
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Norms of tangential stress || T;|| and velocity || ||
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Model example
Q™ = (0,2) x (—0.05,1.05) x (0,1) Q= (
E™=ES=5e4, o™ =02717, o"=0.

P(t) = ¢4(t)(0, 0, 2)1e3 on g
de(t)(3, 0, —1)1e3 onlg }

and symmetric on I
10 timesteps

m
Iy

Viach (KAM V3B) TFETI + 3D quasistatic
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Dependence on h
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Ns,Np, Ng ...number of subdomains, primal and dual variables
it ..number of fixed point iterations (sum for all time steps)
Nm ... dual matrix multiplication
time [s] ..CPU time
n| ns np ng it Nm | time [s]
1] 4 4116 798 | 119 | 1851 | 3.5el
2| 32 | 32928 | 9336 | 138 | 4353 | 3.2e2
31108 | 111132 | 34809 | 163 | 5930 | 1.2e3
4 | 256 | 263424 | 86301 | 195 | 7440 | 3.1e3

Viach (KAM V3B) TFETI + 3D quasistatic

CM 11, 2.12 23 /25
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MatSol Multibody Contact Domain Decomposition  Parallel Solution
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VSB-Technical University, Ostrava, CZ

Numerically and Parallel Scalable FETI Based
Algorithms for Contact Problems of Mechanics
and Their Powerful Ingredients

T. Kozubek,
Z. Dostal, T. Brzobohaty, A. Markopoulos,
R. Kudera, V. Vondrak, M. Sadowska

Department of Applied Mathematics ’ ‘
VSB-Technical University of Ostrava ; :

Czech Republic
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MatSol Multibody Contact 'Domain Decomposition  Parallel Solution

Department of Applied Mathematics
VSB-Technical University, Ostrava, CZ

Outline

1. MatSol - Matlab Library with scalable solvers based on FETI(BETI)
2. Optimal TFETI(TBETI) based algorithm for contact problems
3. Main ingredients of TFETI(TBETI)

Parallel implementation

Pseudoinverse stabilization

1
2
3. Fixing rigid body motions
4. Domain decomposition correction
5. Contact direction correction
4. Benchmarks

5. Dynamics

1-3 December, 2010 Comp. mech. Il, 2010




MatSol Multibody Contact Domain Decomposition  Parallel Solution

Department of Applied Mathematics
VSB-Technical University, Ostrava, CZ

) Problem specification and mesh gen.
Ge_o.metfy modehng (problem type, material parameters, initial and
~—— S | boundary conditions, ...)

—>

Importer
STL, IGIS, CE’I;P;’“GT t
orma
CAD System VRML, ...
Integration
*Autodesk Inventor
MatSol
*Pro/ENGINEER Library with scalable solvers based on FETI and
*Solid Edge BETI domain decomposition methods
rSolidWorks T. Kozubek, T. Brzobohaty, A. Markopoulos
“Unigraphics Z. Dostél, V. Vondrak, R. Kucera, M. Sadowské

1-3 December, 2010 Comp. mech. 1, 2010
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problem F F ﬁ

—
Y
D
-3
1)

F subdomains are fixed or free
but with different defects

-
=
-
]
F Tt
Lidd
£ 11t

FETI-DP (partial splitting,

2. .
nonsingular)
FETI-DHE
3 F all subdomains are free with
: the same defect
TFETI

NAAAY
L
T 11t
by
Prtt
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MatSol

Jeparmen: f Applied Me therne tics
VSB-Technical University, Ostrava, CZ

PDamain Decomposition  Parallel  Solution

problem F

3 F all subdomains are free with

the same defect
TBETI

YYYY
Lty
L
Ry
R

1-3 December, 2010 Comp. mech. 1, 2010

MatSol

Department of Applied Mathematics
VSB-Technical University, Ostrava, CZ

Total FETI — primal formulation

Multibody Contact 'Domain Decomposition Parallel Solution

min % u TKM —Uu ! f energy functional B USC
u displacement Bgu = cg
K stiffness matrix

B constraint matrix

C constraint vector

Total FETI

Dirichlet b.c. are §
enforced by LM, N
Bgu= ¢y

1-3 December, 2010 Comp. mech. Il, 2010
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Total FETI — dual formulation

Multibody Contact "Domain Decomposition Parallel Solution

" F=Bk'B" [ )
_ pTpT B
(A;_RB B = BI = By c= EI _| A= A
d=BK"f-c 1 B, T e | Ay
_RT BB CB
_e= f 0 @ )
"R basis of the kernel of K, rigid body motions )
o amplitudes d
4 . . N\
Relation between primal [ _ K+(f—BT/1)+ Ro
_and dual variables: e

1-3 December, 2010 Comp. mech. 1, 2010
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Homogenization of equality constraints

mint A"FA-A"d subjectto A, >0,GA=e

Gl=e, A=G"(GG")'e
Gﬂ:e,l:y+/i < Gu=o,

A, 20 < u=2-4,

1-3 December, 2010 Comp. mech. Il, 2010
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Multibody Contact "Domain Decomposition Parallel Solution

Applying natural coarse grid preconditioner

Natural coarse grid projectors :
0=G"(GG")'G P=1-Q
Im OQ=Im G’ Im P=Ker G

1-3 December, 2010 Comp. mech. 1, 2010
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VSB-Technical University, Ostrava, CZ

Optimal estimates

Theorem : The following bounds for PFP hold:

Proof in C.Farhat, J.Mandel and F.- X.Roux CMAME 1994
BETI J.Bouchala,Z.Dostal, M.Sadowska, Computing 2009

1-3 December, 2010 Comp. mech. Il, 2010
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Multibody Contact "Domain Decomposition Parallel Solution

Optimality and scalability

Theorem:

The solutions of the discretized model problem
with

H/h<C
and a given relative precision may be obtained
by SMALBE/MPRGP at

O(1) matrix/ vector multiplications.
Z.Dostal, D.Horak, SINUM 2007 (scalar case)

Z.Dostal, T. Kozubek, V. Vondrak, A.Markopoulos, T.Brzobohaty, //NME 2009
J.Bouchala, Z.Dostal, M.Sadowska, Computing 2008, 2009

1-3 December, 2010 Comp. mech. 1, 2010
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Multibody Contact 'Domain Decomposition Parallel Solution

Many of this and much much more ....

Table of Contents - Preface.

? .ﬁ @ & @V Part I. Background
7 o

1.Linear Algebra.- 2. Optimization.

- -

SPRINGER OFTIMITATION 13
AND ITH APFLICATIONS -

Part Il. Algorithms

Zdenék Dostal 3. CG for Unconstrained Minimization

i i 4. Equality Constrained Minimization 5.
Uptlmal Ql!ﬂdfﬂtl( Bound Constrained Minimization 6. Bound
Prugrammmg and Equality Constrained Minimization
Algorithms

Part lll. Applications to Variational
Inequalities

7. Solution of a Coercive Variational
Inequality by FETI-DP method

&) Springer 8. Solution to a Semicoercive Variational
Inequality by TFETI Method.- References.-
Index.
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Primal formulation with Tresca friction

Multibody Contact "Domain Decomposition Parallel Solution

mintu' Ku—u' f+ i‘l’i ||Tlu|| st. Bu<c,,Bu=c,
i=1

jump of the (master and slave) displacement at projected to
7;” ... the tengent vector in 2D and to the tangential plane in 3D

associated slip bound

1

Removing non-differentiability

mc mc
T
2 |Tul = 3 max 7/ Tu

1-3 December, 2010 Comp. mech. 1, 2010
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Dual formulation with Tresca friction

Multibody Contact 'Domain Decomposition Parallel Solution

" F=BK'B : )
G=R"BT A B, Cr
X A=| 1 B=|T c=| o
d=BK" f-c
. f /IE BE CE
_e= R f ® L)
"R basis of the kernel of K, rigid body motions )
o« amplitudes d
- ; , \
Relation between primal [ " r+ (f—BT/I)+ Ro
_and dual variables: e

1-3 December, 2010 Comp. mech. Il, 2010
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Multibody Contact "Domain Decomposition Parallel Solution

Remark. The Tresca friction is a simple friction law
which violates some natural physical principles, but it
can be used to define a mapping whose fixed point is a
solution to the problem with the Coulomb friction.

* For more details: Hlavacek I, Haslinger J, Necas J, Lovisek J.
Solution of Variational Inequalities in Mechanics, Springer Verlag,
Berlin, 1988.

1-3 December, 2010 Comp. mech. 1, 2010
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Multibody Contact 'Domain Decomposition Parallel Solution

n | |
n
Scalability: cube over the obstacle
ST
52‘:: = =
~J
3
3 .
- B
/:" - =
:‘,/ g
pr—
16 =
8 —&— Preprocessing time 300
140} R - ® - Solver time
- -0 Total time 2501
120} o °
! S 200}
—100] 5
= . 2
o 80 > % 150f
E AN S
F eo0; v 2
E 100+
3
P-4
50
y.
oliiiii ‘ ;
10* 10° 10° 10’
Number of cpu's Problem size
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- Benchmarks

Multibody Contact "Domain Decomposition Parallel Solution

001 002 003 004 005 006 007 008 008
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1. ingredient: parallel implementation

Block diagonal structure of
the stiffness matrix =>
suitable for parallel
implementation

Multibody Contact ‘[omain Decomposition Parallel Solution

K' O ¢ 0O

K?*
I 0, | 0,
O O ! K"

Coercive and semicoercive
problems may be solved!

1-3 December, 2010 Comp. mech. Il, 2010
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Parallel programming

Typical use cases

| Configuration of the computational node
2x dual core CPU AMD Opteron 2210 HE

 Parallel for-LOOpS l—u 8GB ECC DDR2 667MHz RAM
— Many iterations loop
— Long iterations loop

» Offloading Work
« Large Data Sets

Ostrava, Czech Republic, cluster with
more than 30,000 processors.

http://lwww.itdi.eu -

IT4Innovations

MatSol Multibody Contact 'Domain Decomposition  Parallel Solution

Department of Applied Mathematics
VSB-Technical University, Ostrava, CZ

Matlab Distributed Computing Server

e e

* Local job manager

« MathWorks job manager
« Third-party schedulers
(Windows CCS, PBS Pro,

1-3 December, 2010 Comp. mech. Il, 2010
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MatSol
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Multibody Contact "Domain Decomposition Parallel Solution

Life cycle of a job

Schedule Queued Running .__\_‘Worlie/y
Job v Job &

r
Pending Job  Job WO"EE“

Job Job
Job " bmit —— v . Finished < Work/er/)
o8 2 . Worker
Tom e Jdob Job
Job _ )
ﬂ getAllOutputArguments Job Worker

Department of Applied Mathematics

1-3 December, 2010 Comp. mech. 1, 2010
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Distributed computations

1.

SR

N

Find scheduler or
job manager

Create a job

Create tasks and
associate them with
the job

Send job to the
front

Wait until job
finishes

Gather results
Destroy job

Multibody Contact 'Domain Decomposition Parallel Solution

>>sched=findResource ( ‘scheduler?,
"type’,’local’);

>>job=createJob (sched) ;

>>createTask (job,@rand, 1, {3,3});

>>createTask (job, Geye, 1, {4});
>>createTask (job, @ones, 1, {{4},{3}1})~

>>submit (job) ;

>>waitForState (job) ;

>>results=getAllOutputArguments (job)

>>destroy (job) ;

1-3 December, 2010 Comp. mech. Il, 2010 22
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Parallel computations

Fmd SCheduIer or >>sched=findResource ( ‘scheduler?, ..
job manager "type’,’local’);

Create a parallel
job and sets the
numer of tasks

Create parallel

Multibody Contact "Domain Decomposition Parallel Solution

>>pjob=createParallelJob (sched) ;
set (pjob, ‘MaximumNumberOfWorkers, 4) ;
set (pjob, ‘MinimumNumberOfWorkers, 4) ;

tasks >>createTask (pjob, @MyParTask, 1, {});
Send job to the .

front >>submit (pjob) ;

Wait until jOb >>waitForState (pjob) ;

finishes

Gather results >>results=getAllOutputArguments (pjob)
Destroy job >>destroy (pjob) ;

MatSol

Department of Applied Mathematics
VSB-Technical University, Ostrava, CZ

Parallel computation scenario

Send FEM models to workers and parallelize assembling of K, K+, R, fv, stresses,
searching contact pairs, multiplication procedures.

Multibody Contact 'Domain Decomposition Parallel Solution

Send FEM
Assemble K,K+,R,f
Build
contact
conditions Gather f
Multiply by K+
Iterate

Gather result

Compute stress

Gather stress

1-3 Decer.\ber, 2010 Comp. mech. Il, 2010
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semi-coercive problem
p.,= 20 MPa
z
\___uniform decomposition Y,
< o 4 N
Y, vy U=VSE 0
E = 50000 MPa
u=0.277
E = 50000 MPa
= 0.35 P2~ 20 MPa
\_ AN METIS decomposition J

1-3 December, 2010 Comp. mech. II, 2010 25
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Numerical scalability

Tresca friction (f = 80)
uniform domain decomposition

Number of subdomains 4 64 1,024
Number of CPUs 4 24 24
Primal variables 15,972 255,552 4,088,832
Dual variables 1,694 50,634 942,954
Hessian multiplications 76 216 325
Total time (s) 13.81 141.8 4,330.01

1-3 December, 2010 Comp. mech. Il, 2010 26
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Numerical scalability

Tresca friction (f = 80)
METIS domain decomposition

Number of subdomains 4 64 1024
Number of CPUs 4 24 24
Primal variables 15,972 259,902 4,125,570
Dual variables 1,694 54,984 1,024,898
Hessian multiplications 76 324 1,289
Total time (s) 13.16 206.21  16,865.10

. 2

k = condition number K4 < Ky

1-3 December, 2010 Comp. mech. 1, 2010
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Numerical scalability

Coulomb friction (f = 0.1)
uniform domain decomposition

Numberofsubdomains 4 64 1024
24 24

Number of CPUs 4

Primal variables 15,972 255,552 4,088,832
Dual variables 1,694 50,634 942,954
Hessian multiplications 115 226 301
Total time (s) 19.34 143.02 4,216.34

1-3 December, 2010 Comp. mech. Il, 2010
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Parallel Solution

Multibody Contact

Domain Decomposition

Numerical scalability

matrix vector multiplication

1400 -

1200 | Tresca - uniform decomp

1000 - —&— Coulomb - uniform decomp.

800 -
—=®— Tresca - METIS decomp.

600 -

400 4

200 +

4 16 64 256 1024

number of subdomains

1-3 December, 2010 Comp. mech. 1, 2010
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Parallel Solution

Multibody Contact

Domain Decomposition

Parallel scalability

fixed number of elements 11 664

Tresca friction (f = 80)
uniform domain
decomposition

200

Mumber of cpu's

1-3 December, 2010

—&— Solver time
~% ~ Total time

200

Tresca friction (f = 80)
METIS domain
decomposition

—&— Solver time
~* ~ Total time

Mumber of cpu's

Comp. mech. Il, 2010

200

Coulomb friction (f = 0.1)
uniform domain
decomposition

—&— Solver time
%~ Total time

z =z z .
E E 100 \\ IE 100 ‘\\
. E _
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2. ingredient: stable pseudoinverse computation

Rigid body motions in 2D elastic structure

‘n yrecion Ku=f, felmK

erotation
T
u=K'f+Ra, R'f=o
y
KK'K =K
2D
N 1 0 1 0 -« 0
R =| 0 1 0 1 1
BRSS! Yo X X,

screw female

1-3 December, 2010 Comp. mech. 1, 2010
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Stable pseudoinverse computation
x=K'yeoKx=y

1. Singular Choleski 2. Choleski factorization
| factorization | combined with SVD

L <€ € = 2 if a suspected 'zero' pivot appears
1,i ’ o

use the SVD decomposition proposed by

universal € doesn’t exist C. Farhat, M. Géradin.

Active choice of the nonsingular and SVD part using fixing nodes.

Proposed by Z. Dostal, T. Kozubek, P. Kovar, A. Markopoulos, T. Brzobohaty,
Cholesky-SVD decomposition with fixing nodes to stable computation of a generalized
inverse of the stiffness matrix of a floating structure, IINME 2010

1-3 December, 2010 Comp. mech. Il, 2010
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Stable pseudoinverse computation

1. Singular Choleski factorization number of zero pivots = defect(K)

0

©000000000000
I
©°00000°000°0000
0000000007000
0000000000000
0oc00000°000°0
00000000000

2. Choleski factorization combined with SVD Active choice of the SVD part

1-3 December, 2010 Comp. mech. 1, 2010
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Stable pseudoinverse computation

P.. reordering into singular
and regular parts and
sparse reordering

1-3 December, 2010 Comp. mech. Il, 2010
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vector

Z. Dostal, T. Kozubek, P. Kovar, A. Markopoulos, T.
Brzobohaty, Cholesky-SVD decomposition with fixing nodes to
stable computation of a generalized inverse of the stiffness

Cond=13359, n.iter = 306 Cond=2643, n.iter = 198
1-3 December, 2010 Comp. mech. 1, 2010 35
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Algorithm for choosing M uniformly distributed fixing nodes.
Given mesh and M > 0.

1.Split the mesh into M submeshes using the mesh partitioning
algorithm.

2.Verify whether the resulting submeshes are connected. If not a
graph postprocessing may be used to get connected submeshes.
3.Take a node lying near the center of each submesh.

1-3 December, 2010 Comp. mech. Il, 2010 36
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Graph preliminaries

Adjacency matrix D — entry dij is equal to 1 if the
corresponding nodes i and j are adjacent in the mesh, and
zero otherwise.

Walk of length & — a sequence of distinct nodes of the

given mesh (V;,V,,,syeh that all the edges
are preée/p; irpﬁl)e mesh forall i =1,2, ... ,k-1. In other
words d =1Vi=1..,k-1.

i°Yi+1
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Lemma. Let D be the adjacency matrix of a given mesh and

let

B=D"
Then each entry bij of B gives the number of distinct (i,j)-walks of
length % in the mesh.

Corollary. Let D be the adjacency matrix of a given mesh and
e=[e], e =1,1=1,..n.

Then the number w(i,k) of distinct walks of length £ starting at
node i is given by

w(i,k) =[D"e]..
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Remark 1. Since the mesh is approximately regular, we expect
that more walks originate from the nodes that are near a center
of the mesh rather than from vertices that are far from it.

Remark 2. The node with index i which satisfies
w(i, k)= w(j,k)Vj

for sufficiently large £ is in a sense near to the center of the
subdomain associated with the submesh.

) -1
Remark 3. Notice that the vector p= llmHDkeH DFe

. . . . . k—©
1S a unique nonnegative eigenvector which corresponds to the

largest eigenvalue of D (known as the Perron vector of D).
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Variant A

7
0y i i
4:’,’::"’:....
//”’"...
=

material A: E =2.1e5 MPa, pn=0.3,t=1 mm
material B: E =2.1e3 MPa, m=0.3,t=1 mm
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Domain Decomposition

Parallel

Solution

Variant A
°
a b c
>—-=0
e (o) © 0 ©
) °
() © 0 o
S— )
d e f
a b c d e f
cond(A) 2.27E+07 2.27E+07 2.27E+07 2.27E+07 2.27E+07 2.27E+07
cond(A,)) 2.79E+11 3.97E+08 3.03E+07 7.52E+06 6.49E+06 9.72E+05
cond(A*) 2.79E+11 3.97E+08 3.03E+07 6.60E+07 2.29E+07 2.35E+07
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Domain Decomposition

Variant B
a b c
cond(A) 3.44E+012 3.44E+12 3.44E+12
cond(AJJ) 1.79E+18 3.44E+12 3.44E+12
cond(A¥) 2.62E+18 3.44E+12 3.44E+12
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Variant B

Matlabs function Chol applied on the matrix A; of the order 2640 finished
with zero pivot at the line 2636. The results indicate that our method can
be especially useful for large shells with irregular discretization.
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Multibody Contact "Domain Decomposition Parallel Solution

Moore-Penrose pseudoinverse, K is SPS

&
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3. ingredient: domain decomposition correction

Spanner with a screw female

QT Q3T 10
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4. ingredient: contact direction correction

Parallel

AN

contact
between beam
and obstacle

normal
dirrection
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Mining industry: clamp joint of the ste

Multibody Contact 'Domain Decomposition Parallel Solution

el arc support

Pressure arising from the
surrounding massif
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Multibody Contact "Domain Decomposition Parallel Solution

Coulomb friction

f=0.1
E=2.1e5 MPa,
M=0.3

t, =ty =10 mm

ty =t =40 mm

primal variables 65562

dual variables 3112
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Multibody Contact 'Domain Decomposition Parallel Solution

8 bodies
/7 floating

1-3 December, 2010 Comp. mech. Il, 2010



MatSol Multibody Contact "Domain Decomposition  Parallel Solution

Department of Applied Mathematics
VSB-Technical University, Ostrava, CZ

Mining industry: clamp joint of the steel arc support

Displacemer HMH stres
Displacemas,

Strass HvH

1-3 December, 2010 Comp. mech. I, 2010

. M g}$d9!h ) Multibody Contact 'Domain Decomposition Parallel Solution
ng?ﬁeggi:‘.;l I.e heme I.CS . .

PARALLEL
ANSYS dynamic

solution: 27
hotire

PARALLEL
ANSYS static

solution: 1
hotir

MATSOL static with
direction
corrections: 15 mins
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Comparing TBETI and TFETI

Domain Decomposition

Parallel Solution

Solution time

Total time

matrix-vector
multiplications

primal variables

dual variables

max(abs(u))

max(totalU)

1-3 December, 2010

MatSol

Department of Applied Mathematics

250 subdomains f=0.1
2.41 hr. Solution time 2.54 hr.
2.55 hr. Total time 3.33 hr.
2126 matrix-vector 1882
multiplications

1592 853 primal variables 713 751
261 553 dual variables 261 553

1.303 mm max(abs(u)) 1.378 mm
1.548 mm max(totalU) 1.616 mm

FETI

Multibody Contact

VSB-Technical University, Ostrava, CZ

Comparing TBETI and TFETI

Comp. mech. Il, 2010

BETI

Domain Decomposition

Parallel Solution

1-3 December, 2010
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1.548
1.611
0.774
0.387
0.017

1.548
1.611
0.774
0.387
0.017
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Comparing TBETI and TFETI

TBETI
Normal contact stress |
[MPa] ‘
TFETI '

Multibody Contact "Domain Decomposition Parallel Solution

1636.1
256.3
39.4
54

1536.2
2445
38.2
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Comparing TBETI and TFETI

Multibody Contact 'Domain Decomposition Parallel Solution

1636.1
256.3

/ 39.4
Normal contact stress |

~ 5.4
[M Pa]

1536.2
244.5
38.2
52
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Comparing TBETI and TFETI

0.257
-0.151
-0.560
-0.962
-1.378

Displacemen
t Uy

] ‘
0.224

-0.158
-0.540
-0.921

-1.304
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Comparing TBETI and TFETI

R, =15 mm E,=E,=2.1e5 MPa
R, =17.5 mm By=p, =03
R; =25 mm F=5kN
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Comparing TBETI and TFETI

Method TFETI TBETI
Solution time 1.82 hr. 1.51 hr.
. Total time 2.17 hr. 3.06 hr.
subdomains 1024 1024

matrix-vector
multiplications

primal variables 4 088 832 1 849 344
x dual variables 926 435 926 435

593 667
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Comparing TBETI and TFETI

analytical solution TFETI TBETI
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Comparing TBETI and TFETI

Multibody Contact 'Domain Decomposition  Parallel

Solution

* TFETI
o TBETI
—analytic

1400
1200
1000 [

o5
800

600 [

400

200

max contact stress
TFETI relative error = 1.1759 %
TBETI relative error = 0.6324 %
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5. ingredient: fixing rigid body motions

e

LA

outer ring

inner ring

fixation

1-3 December, 2010 Comp. mech. Il, 2010
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Fixing rigid body motions

- a
1.7 T
min,u Ku—u f
Bu<c
! ! additional
Bu=o0 condition
Bu=c, Bu=o
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M

wow 10 2008
15:00:13

ELEMENTS

+ 1 688 000 primal variables Parallel
» 408 000 dual variables Solution time 1.75 hr
* 10 bodies, 9 floating

« 700 subdomains

2364 matrix-vector multiplications

Total time 1.83 hr
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Car industry: ball bearing

3750163

5066 Te-003

=2 10007

-3.350e-002

4. 592¢-002

Scalable TFETI algorithm for the solution of multibody contact
problems of elasticity (IJNME 2009), Z. Dostal, T. Kozubek, V.

I| Vondrak, T. Brzobohaty , A. Markopoulos

MatSol Multibody Contact 'Domain Qg@oosition Parallel Solution

Department of Applied Mathematics
VSB-Technical University, Ostrava, CZ

Roller bearing of wind generator

Bodies

4270

silbdomans 700 = = = T O ==E=E=— s - =
Primal variables 2,73 M ' ¥ H i .—
Dual variables 459,8 k %‘ %;

Iterations

mech. Il, 2010
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Visteon Headlight

||"
)

12 bodies
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Visteon Headlight

64 subdomains

||||!!

|
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e o 9
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Visteon Headlight - Total Displacement
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700 bodies
3000 subdomains
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Extension to dynamics

Multibody Contact "Domain Decomposition Parallel Solution

R. Krause, M. Walloth , A Time Discretization Scheme Based on Rothe's Method for
Dynamical Contact Problems with Friction -Computer Methods in Applied Mechanics

and Engineering, Vol. 199, pages 1-19 (December 2009). - Available as INS Preprint
No. 0802.

begin [forz-e<0,T>,0=T0<Tl---<TnZT’Ti:iAT:|

Step 1. { Solution of predictor displacement}

T+AT T+AT T+AT

min [%(up’ed )T M(u‘”ed )— (Mu, + ArMuT)T ul! }

pred
T+AT

pred
T+AT

subjectto Bu”"\" <c,, and Bu” =c,

Step 2. { Solution of contact stabilized displacement}

1 2 1 1 !
min |:5(ur+A‘r )T K (u‘r+A1) - (_ Mupred - 5 Aur + E(f;+A‘r + f; )) ur+Ar}

ATZ T+AT
subjectto Bu_,, <c,and Byu_, =c,

T+AT T+AT

Step 3. { Solution of velocity}

u

T+AT T T+AT

2
=u +_(ur+Ar - upmd )
AT
end
1-3 December, 2010 Comp. mech. 1, 2010 71
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X3 a .
- oone
0.0088

0.0059

0.0030

-0.0000

2 739 198 primal
596 771 dual

Solver time of one step 50s
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Extension to dynamics

V =5 ms!

9.765¢-001

7.324¢-001

4.882¢-001

2.441¢-001

2.507e-014
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Extension to dynamics

1.34

1.34
1.00

1.00
0.67

0.67
0.33

033
0.00

0.00
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Multibody Contact "Domain Decomposition Parallel Solution

1. Brzobohaty, T., Dostal, Z., Kovar, P., Kozubek, T., Markopoulos, A.: Cholesky—SVD
decomposition with fixing nodes to stable evaluation of a generalized inverse of the
stiffness matrix of a floating structure. Accepted for publishing in IINME, 2010.

2. Dostal, Z., Kozubek, T., Vondrak, V., Brzobohaty, T., Markopoulos, A.: Scalable TFETI
algorithm for the solution of multibody contact problems of elasticity. Int J Numer Meth
Eng 82,No. 11, p. 1384-1405 (2010),

3. Dostal, Z., Kozubek, T., Horyl, P., Brzobohaty, T., Markopoulos, A.: Scalable TFETI
algorithm for two dimensional multibody contact problems with friction. J Comput Appl
Math. 2010, 235(2) (2010), 403-418.

4. Dostal, Z., Kozubek, T., Markopoulos, A., Brzobohaty, T., Vondrak, V., Horyl, P.:
Theoretically supported scalable TFETI algorithm for the solution of multibody 3D
contact problems with friction. Accepted for publishing in CMAME 2010.

5. Dostal, Z., Kozubek, T., Markopoulos, A., Brzobohaty, T., Vlach, O. Scalable TFETI

with preconditioning by conjugate projector for transient contact problems of elasticity,
in preparing 2010.

Thank you for your attention
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Efficient parallel contact shape optimization
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Outline

« Contact shape optimization problem
— Parallel sensitivity analysis
— 3D Hertz optimization problem
— Numerical results

« Total FETI & BETI domain decomposition
— Parallel solution of state problem
— BETI & FETI methods
— Sensitivity analysis

« Conclusions and future work
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Contact shape optimization

min J(a,U(x))

10{ eU,_,
I(a,u(ax))... objective function

U(ar) solves contact problem

Variational inequality

a,(u,v—u)y=b (v-u), vveC,
2

mintu' K(a)u—u' f(a),

s.t. Bla)u < c(a)

; 2 Department

of Applied Mathematics

General shape optimization scheme

optimal

non optimal
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Solution using MatSol

function fem=problem(alpha)
Settings of
fem.geom ...Geometry def.
fem.mesh ...Mesh informations
fem.opt
fem.opt.dv___...Design variables
fem.opt.lb ... Lower bounds
fem.opt.ub |... Upper bounds
fem.opt.Aeq...Equality constr.
fem.opt.beq
fem.opt.Aiq ...Inequality constr.
fem.opt.biq

function
alphaopt=optimize(objective)

opt=feval(problem)

alphaopt = fmincon(objective,
opt.dv, opt.Aiq, opt.biq,
opt.Aeq, opt.biq, opt.Ib, opt.ub,
optimoptions)

Function [f,g]=objective(alpha)
Solves state problem and
sensitivity analysis

; 2 Department
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How to speed-up optimization process?
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General shape optimization scheme

; 2 Department

of Applied Mathematics

Finite difference sensitivity analysis

ou(a) u(a+he)—u(a)
oa, h h

where

u(a + he;) solves
mintu’ K(a+he)u—u' f(a+he)

subject to B(a + he,)u < c(a + he,)

and e, = (O,...,O,I,O,...,O), i=1,...m

« Advantage
— Simple implementation

» Disadvantages

— m+1 assemblies of
stiffness matrix

— m+1 solution of contact
problem (m+1
decompositions of K)

— numerically unstable
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Parallel MATLAB and MatSol

« Parallel MATLAB - what does it mean?
— MATLAB® Distributed Computing Server™
— Parallel Computing Toolbox™

— Job managers or schedulers (local job manager,
Mathworks job manager, Windows CCS, LSF, PBS Pro,

)

— http://www.mathworks.com/products/distriben/
« MatSol uses Parallel Computing Toolbox
- Paral_lél implementation of algorithms
— Pa_r»a'ilel preprocessing and postprocessing
« Star-P: alternative solution of Parallel MATLAB
= http://www.interactivesupercomputing.com/

; 2 Department
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MATLAB Distributed Jobs

Worker
Distributed
Computing Server

Client Scheduler Worker
Parallel Computing summg or Distributed
Toolbox Job manager Computing Server

_ _ Worker
Several different tasks are solved in parallel Distributed

within one Ciient’s jOb Computing Server
Parallel tasks cannot communicate each other.
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3D Hertz optimization problem

<

;\.,n

e min Y%u'Ku-u™f
e 9 and 16 design variables
with box constraints

e[ Vol(Q)=Vol(Q,)

of Applied Mathematics S
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3D Hertz problem — initial design

7001
6001
1500
14001

13001

2001

100
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3D Hertz problem — optimized
Cubic spline function with 3x3 nodes = 9 design variables

Objective function values

il
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t“ \’\ ” ‘\ | I u A |

|
Ll Hn i |*'l
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G
n
—
—
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3D Hertz problem — optimized

Cubic spline function with 4x4 nodes = 16 design variables

i Objective function value
u T T T

z-‘m’li ’J || | |
'lﬂi.' \ l'lll +L \{ | \Ti.} | [n I' E \\;
il T it ll‘l* | f‘u['{"-,mi;ti UL
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3D Hertz problem — contact pressure
Initial design Optimized design

10000

2000
8000

1500
16000

14000 11000

2000 500
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3D Hertz problem — von Mises stress

Initial design Optimized design
7000
2000
8000
5000
1500
14000
e 11000
2000
1000 500
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Parallel speed-up

State problem Sensitivity analysis

Uloha Sequential Parallel Speed-up
2D Hertz 5DV 0.4s 2s 5s 0.4x
2D Hertz 10DV 0.4s 4s 6s 0.67x
3D Hertz 9DV 15s 135s 30s 4.5x
3D Hertz 16DV 15s 240s 40s 6x

Cluster COMSIO

HP Blade server, 18x AMD Opteron Dual Core 1.8GHz,
16x4GB +2x6GB, total 76GB

Infiniband interconnect

MATLAB Distributed Computing Server — 24 licences

; 2 Department

of Applied Mathematics

Number of parallel processes is limited by

number of design variables!
®
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Total FETI — primal formulation

mm% UT Ku- LIT f energy functional BI u ¢
displacement BEU = C¢
stiffness matrix BBU =c,

constraint matrix
constraint vector

O N =

Total FETI

Dirichlet b.c. are
enforced by
Lagrange
multipliers

L

; 2 Department

Total FETI solution of state
problem
mini A" F(a)Ad—A"d(«) subject to A, >0, E(a)A = g(a)

F(a)=B(a)K*(a)B(a)" K*(a) = diag (K (@),...K ()

d(a) = B(a)K™(a)f(a) - c(a) Ay B, 0
Fo) e By HHH
gl@)=R(a)" f(@) 4 B,

R(Q) is a-priori known! span{R. ()} = null K(a)

¢

Reconstrugtion (@) =K (@)(f (@)~ B(a)T/I(“)) +R(a)g

formula with appropriate vector £ ¥
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Changing the shape of the bodies, they
have to be remeshed in each design
optimization step!

®
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Total BETI solution of state problem

D“":-::é:?r.:g‘ ﬂ nm
oy N S
At L Pt B DA I |
T amﬂuanﬁﬂ s ien | .

aas“:‘g'&;,?:; u min J(U) subject to

-h,_ 3 \ ﬁr‘"‘ 177 - B B
T Bu c,B.u=0,Bu=0
Jw)=1u"S)u-u'r(a) S(a)=D, +(§ M. + K,-)T VI__IG M+ K,-)

@) = dlag(Sl (@), S (a)) r(a)=M/V'N
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Total BETI solution of state

prohlem
mini A" F(a)A - A"d(«) subject to 4, >0, E(a)A = g()

Fla)= B(a)S () Ba)’ S'(a) = diag( S (a),...S (@)
d(@) = B(a)S (a)r(a) - () [ 4, [ B, [ o
E(a)= Ra) Ba)" A= A |,B= B. |.c= o

E E

| B

9(@)= Ra) r(a) A
R(Q) is a-priori known!  span{R (&)} = null S()

L

Reconstruction ~ U(@) = S(a)(r(a) - B(a)T/l(a)) +Ra)$

formula 6N

with appropriate vector &£ €
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Finite difference sensitivity analysis

ou(a) _u(a+he)—u(or) « Advantage

da. h — Simple implementation

’ - Disadvantages

where — m+1 assemblies of
u(ar + he,) solves stiffness matrix

. T}( , . h - mr-gélesr?wlu(trlﬁ-ElOf contact
minzu’ K(a+heu—u f(a+he) gecompositions of K)
subject to B(a + he, )u < c(a + he;) — m+1 constructions of R

— numerically unstable

« Does "semi-analytical”
and ¢, = (0....,0,1,0,...,0),i =1,...m  method exist?

1
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Semi-analytical sensitivity analysis

I.= {i !B (u(a) = c,.(a)} ... indices of nodal variables in contact
Ig={iziel.nA(a)>0} ... indices of nodal variables in strong contact
I, ={iziel. AA(a)=0} ..indices of nodal variables in weak contact

w'(a, ) = lim L (u(cr + hfp) - u(@))

Only one assembly and

solves one decomposition of
. T r= stiffness matrix for all
minz"K(e)z—z" f(a. ) B=c, i<l m

s.t. By (a)z< ¢, (a, ), By(a)z=c,(a, B)
f(a.p)=f(a.p)~K'(a. Bu(a)+ B (a, B (@)
By(a) =[B(a)],, .es(e. ) =] fla. )= Bl(a. fu(@)]

By () =[B(@)],, .cy(e.f)=] f(a.f)~B.(a. fu() ]

; 2 Department

of Applied Mathematics i

BETI & FETI based sensitivity analysis

mind " F(a)u—pu'd(a,f) s.t. p,>o0,E(x)u=g(a,p)

where

F(a)=B(a)K*(a)B' (), d(a,f)=B(a)K"(a)f(a, f)-C(a, p),
E(a)=R"(a)B' (@), g(a,p)=R"(a)f(a,p)

— B ) w !
B(“)Z[BW((Z))} E(a,m{?((z gﬂ, u=[z } (e, ) = (. B)

u'(a,f)= K" (a)(f(a.f) - B(a) u(a.B))+R(a)¢
with such appropriate ¢

K* and R is known from state problem analysis, /,, is empty in reality!
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Scenario of parallel solution

Subdomain 1 Subdomain 2 Subdomain 3

Assemble K+

Build
contact
conditions Gather f
Mul.tiplv K+

4
Iterate Gather result . l

F
F
r
.

Compute stress

Gather stress . - -

F\ i
;‘ Department December 2,

of Applied Mathematics

MATLAB Parallel Jobs

Task
—
Job
% %
All Results
%
Results Scheduler Task
—
or Worker
Job Job manager Results
_—
All Task
<DL e
Results Worker
y Results

o
r
o

Only one task is solved in parallel within one client’s job.
Parallel tasks can communicate each other.
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Total BETI vs. Total FETI-sequential code

Prim/Dual
10368/6480

48000/20256

279936/70848

10368/6480
48000/20256
279936/70848

Pre-Post

48s
16s

470s
44s

7680s
350s

3x
10.7x
22X

Sol

10s
8s

30s
30s

500s
430s

1.25x
1x
1.2x

Total

58s
24s

500s
74s

8180s
780s

2.4x
6.8x
10.5x

Pre-Post

768s
256s

7520s
704s

122880s
5600s

3x
10.7x
22X

Sol

160s
128s

480s
480s

8000s
6880s

1.25x
1x
1.2x

Total

928s
384s

8000s
1184s

130880s
12480s

2.4x
6.8x
10.5x

; 2 Department

of Applied Mathematics

December 2,

Total BETI vs. Total FETI-parallel code

State problem Sensitivity analysis

Prim/Dual
10368/3108

48000/9021

279936/30036

10368/3108
48000/9021
279936/70848

Pre-Post

34s
24s

152s
29s

3500s
143s

1.4x
5.2x
24x

Sol

2s
2s

6s
8s

49s
150s

1x
0.75x
0.33x

Total

36s
26s

158s
37s

3549s
393s

1.4x
4.3x
9x

Pre-Post

243s
151s

1370s
258s

31500s
1959s

1.6x
5.3x
16x

Sol

13s
14s

50s
66s

441s
972s

0.9x
0.75x
0.45x

Total

2565
165s

1420s
324s

31941s
2931s

1.6x
4.4x
11x
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Two Cylinders

e min Y2uTKu-u'f PR
+ 3 design variables box constrained

; 2 Department

of Applied Mathematics

Two Cylinders - optimization

Contact stress normal
Stress hmh 2000
1800
1600
1400
1200
1000
800
600
400
200

_ 7
oA
S

2000
1500
81600
1400

et e

e T oy :;;»:_._‘ 1200
o

1000
BOO
BOO
400
200
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Two Cylinders - history

Optimization history
1700 T T T T

1650 -

1500 - .

1450 L L * —
0

of Applied Mathematics S
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Conclusions and future works

« Efficient solution on parallel computers
— MATLAB distributed computing server
— Scalable Total FETI algorithm
— Efficient sensitivity analysis
« BETI vs. FETI
— BETI do not need remeshing of interior of bodies
— Matrices resulting form BETI are full
— Assembling of BETI operator is very time consuming

 Future works

— Fast/sparse aproximation for BETI

— Massive parallel solution — both sensitivity and domain
decomposition parallelism
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Thank-you

HTTP://IWWW.AM.VSB.CZ/MATSO
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Computational

(geo) micromechanics

R. Blaheta, P. Byczanski,
R. Kohut, V. Sokol et al.
Computational Mechanics I, Ostrava

Context

Project GACR: Multiscale modelling
and X-Ray tomography in geotechnics

Experience

o X-ray CT

o Laboratory preparation and testing of
geocomposites

o FE modelling

Aims — interconnection of the
knowledge, better understanding of
behaviour of geocomposites,
development of homogenization
techniques, FE software and solvers



U Kumamoto Zwick 1494
CTU Prague= » (600 kN)

new ICT project new ICT project

load

« ultra-
sound
« AE
‘perme
Ability

.

IGN - Hubert
32-core SMP system
128GB RAM

new IT4 project

Multiscale « Large difference in characteristic dimensions
* Impossible to cover by unique model

HCtCI‘O geneity * Requirement for special approaches

MACROSCALE

t

up-
scaling

v

MICROSCALE




Grouting and geocomposites

</

. Grouted area

= Macroscale 50-100m

= Global model = rock
blocks and main
fractures

= Microscale 0.001m —
small fractures,
grouted fractures

Microscale properties influence
the macroscale behaviour

Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010

Decovalex -APSE damage of granite rocks

Falburs Putiem

Damage of
granite is
also
included by
macrostress
due to
continuum
damage
model

= Macro stress e
influences damage -
In microscale -

= Damage influences - x,/
flow in macroscale - . - . .V . . . . |

Micromechancs of Geomaterials, Ostrava,

1/30/2011 September 2010



Decovalex — flow in fractured rocks

1
¥
i

ety

P2




Multiscale - scale separation

Macro — meso - micro scale

REV representative volume element
Upscaling and homogenization

Special case: periodic and layered structures

Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 9

Heterogeneity & multiscale

macroscale e(x)=¢(x)+&(x)
/ o(x)=oc(x)+o(x)
/ = i Microscale variables =
/ . mesoscale o
/ : N \ macroscopic fields
[~ e LB "l + local microscale fluctuations
I‘I\\ L /’f 1
_® S, m £=y e
O ~—_ _ I =
A i O s 1
l :——LW®n+n®m¢§
REV with inner 2V
microstructure 1
o=— J; o(x)dV =
Blocks homogeneous V
from macroscopic point of view

1
o =—L(t(x)®x)dS
Heterogeneous domain of interest V

Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 10



Upscaling

- volume
- testing

| | i

11

‘ RVE — representative volume element V

= Definition I: RVE is a cell that
sufficiently accurate represents
the overall macroscale
properties of interest (increasing
the size does not change
calculated material parameters
(Size effect)

= Definition IlI: statistically

homogeneous
l. IQ" '()
A AN
NACNCRCRC e a unit periodic cell for
N\ iodi
iy o periodic
VI ¥y 5 microstructure

Micromechancs of Geomaterials, Ostrava,

1/30/2011 September 2010 12



Upscaling scheme

macroscale

Q Lu, =L (K, = f, in Q+ BC

B L, =—divo, o =ke, ¢ =&(u,)
B3 k==

B

mesoscale - microscale

\_ = / N Zhuh _ Z’h (K)u, =0 in V + BC

_ Lu,=—divo,oc=ks,s=¢(u,)
scale separation

o= <0'> = ‘V‘_l LO'()C) dx

k: o=k or c-c=k&-2

Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 13

Homogenization Lu, =L, (k)u, =0 in V +BC

£,-KUBC u(x)=¢,-x oncx2

0,-SUBC t=0-n=0,-n ond)

periodic u(x)=¢&, x+v(x)on 0, v(x) periodic
mixed (u(x)-¢,-x)(o(x)-n(x)—0c,-n(x))=0 on éQ

(6)=Ce, = C™

&

(e)=8, (0)=0, <g> ST = O :( Sipp)_l

Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 14



Influence of BC and test volume size

The homogenized
coefficients are unique only
for well separated scales

and REV size of Test Volume

Otherwise there is a CPP <L PP <P
dependence on BC d €

: : cf. Reuss lower — Voight upper bounds
And there is a size effect ght upp

regarding size of SD — 5
partition of sample and <Sapp> <CPP <O < <Capp>
averaging of the test results ok o € &,k

for SUbsampleS gives difference and SD size

Equivalence of mechanical

and energetic definition as <8 : 0> = <€> : <0'>
well as size criterion — Hill
condition

Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 15

1D homogenization

1D periodic microstructure Reference cell (0,1)
problem K09 k, in (09%)
ATy X) =
—[k(x)u'(x)]'=0 in Q kyin (5.1)
BC: o-n=0,n on 0Q BC: u=¢g, x+p ondQ
G=0,=0 & =¢&,, plecewise constant &,,¢&,
- 1 1

g=1% 10y €=7%t 7%

2k 2k o =0 constant= ke, =k,¢,
Ezi:l l+L :>(1+é)ga:28
c k 2\k K

:>E:2k1(1+2)‘15

Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 16



Homogenization — 1D periodic medium

1D peiodic medium
Basic cell, RVE

ki Kk, Material coefficients
<:|____ |:> Application of load, flux => constant flux
o o
NOTES
P The same result
= [cay=-Yo, o|_2 for any test
&= & - - volume being a
‘ ‘ v 2 kl k2 k multiple of basic
cell (the sarr]le
— 2k k proportion o
h=—>12% Application of different BC: material
components)
k +k here preserve constant flux o
1 2 O - Big difference
=> give the same result k from arithmetic
average
Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 17

Asymptotic theory for periodic media

(1) 5) -
u, —>u

d ou
— ¥, *_ : []
ox (-l f);c:)

1/30/2011

PDE with rapidly oscillating
periodic coefficients, €=I/L,
A:=A(x/¢)

Ue = U* — boundedness in HT,
weak convergence

u* is solution of a boundary value
problem with constant coefficients
A*

A* is constant, known as
effective property

local correctors

Micromechancs of Geomaterials, Ostrava,

September 2010 18



Local correctors
_____ Local — global

’7 approaches

o = \\i_

Dirichlet
BC '

submodel \
o.
——
Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 19

Standard FEM on macroscale

Standard FEM on mesoscale
o BC, pure Neumann
o Aligned and nonaligned (voxel) grids

Accuracy and heterogeneity
Heterogeneity and efficient solvers

Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 20



FEM — voxel/aligned grids

Discretization by standard Voxel discretization
finite elements

J,'%gmmm

R

H. Andra,
Workshop on Microstructure Simulation and Virtual
Material Design, Kaiserslautern, 2006 CT

Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 21

‘ Solvers

= Large scale problems
= Jumps in coefficients

22



Parallel solver — P. Arbenz, ETH

e PCG with smoothed aggregation (SA) multilevel
preconditioning

AB~ly = b. y = Bx.

Solving with B means applying one multigrid V-cycle.

« P. Arbenz, G.H. van Lenthe, U. Mennel, R. Miuller, and M. Sala:
"A Scalable Multi-level Preconditioner for Matrix-Free u-Finite

Element Analysis of Human Bone Structures". Internat. J. Numer.
Methods Engreg. 73 (7): 927-947 (2008), doi:10.1002/nme.2101.

23

FEM on macro and mesoscale

Figure:
e -(ku’y=11n (0, 1)
: R k €{1;10},
periodic €=1/30
hom. Dirichlet BC

; o <«— accurate / ' o accurate = P1 solution,
| ~ homogenized \ . h=1/30
o o standard FEM =

omt : f ' _ L P1 solution, h=1/15
" ' ' o homogenized =

' standard FEM : P1 solution, h=1/15,

N S S S S W\ homogen. coeff.

JE A A - . TN A (constant)

Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 24



Efficient multilevel solvers

Multigrid, AMG, AMLI, DD methods

Fine and (auxiliary) coarse grids/problems
Intergrid transfers

Coarse grid elements homo/heterogeneous
Analogy with multiscale

25

Multigrid — auxiliary macroscale

Two Grid method Two scales
initial  #,, 7, =b—Au,

while |r,|> ¢
2 Smoothing u, <u, +a)D_1(b—Auh)

a Coarse grid +RTA_1R| h— A
correction Hy < U, u R “,)

o Smoothing  u, < u, +@D™' (b— Au,)
end

Multigrid = system with A is solved iteratively
by TG using still coarser level(s)

Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 26



Efficient multigrid

-(kw’y’=11in (0, 1), k e {1;10}, periodic e=1/30
hom. Dirichlet BC

An = coarse grid, homogenized coeff .

X 0
B 1/2 1 1/2 . c 0 —c
- 1/2 1 1/2 c 0 —c
Xiv1/2 i
c=H(x,,,,) = (——ljdx
x{ k(x) An = RAR"
Aggregations

28



Aggregations — jumping coetfficients

we shall investigate aggregations within the two-
level Schwarz framework

show that if elements in aggregations are at least
as stiff like elements in the surrounding THEN the
two-level Schwarz is robust w.r.t. coefficient jumps

29

Stitt agoregations

-div( k grad(u) )=f

Vi, =span{¢y, ..., ¢, }. FE space and nodal basis functions

Vo = span{v, ..., ¢n }, aggregations N < n

fT-'---"-j = Z ‘J‘??I(—)} , L;S’ij - {“. 1} . Z ?ﬂ’\?j g Mg \VJ‘} EI‘ 7 ?ﬂ’\?j = ]_
J

T'eT! < ex. i :1 C interior (supp{t;})

TeTleTeT, \T".

T, =T VT,

reTy= Sp={SeT.3i: 1.5 Csupp{¢:}}

STIFEF AGGREGATIONS V1 € T}f VSeSr kr < kg

30



Stiff aggregations

/RN

|
-51 = K-'; 3 =

('f-) Qu =vy, vg = 21 g, Qg = 'lf(fi)

(i) ..., a5 =|supp{yi} |71 [ w(x)de

SUpp{:}

Stability constant K, does not depends on h, k_max / k_min

Constant K, depends on the domain decomposition (K,=3 for
layered decomposition)

Efficient and robust two-level method

31

Multilevel methods — model 1D problem

e & K,k =| 1/1€0 | 1/1e1 [ 1/1€2 | 1/1e3 | 1/1e4
1 2

P

standard TG method 7 46 | 451 - -

TGH=TG+homogenized
coarse problem

TGHC=TGH+corrected
transfer

AG=TG+aggregation
transfer 23 10 8 8 8

7 27 - - -

A 4

7 7 7 7 7

A 4 A 4 A 4 A 4 A 4

Numbers of iterations - solving the system from FE discretization of a 1D model
problem with periodic microstructure, period size 1/15, discretization h=1/30
(microstructure is fully resolved on fine grid), coarse system from discretization
with H=1/15 and the variants exploiting homogenization ideas.

Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 32



Schwarz — exact solvers

Stability estimate : v="> u, v = IL(O).
DlvilB=> j K|V (I, (6,) )| dx
<cX Mo avsc3 fi

» Heterogeneity outside overlap
= Inside overlap
» Two-level methods

33

‘ Heterogeneity

/AN T
AAdnvanan

VY'Y 47 14 Vit 4 AV /
lﬂ” VIATaar Y da dar vy
VNN / /Y
YA/ A AA UI 41/
A W dunni




= thresholding to p=0.3

Aggregations

= thresholding to p=0.7

‘ Numerical results

= number of iterations (32385 DOFs)

":‘1—: CGlp=01 p=03 p=05 p=0.T p=0.9
1" 365 14 14 14 14 14
10° 695 11 11 10 9 7
104 1538 11 10 9 8 fi
108 4046 11 10 9 8 B
108 ||10273 13 11 9 8 6
10 || 25735 14 12 10 8 i

(b) H/h =8, H=1/16

= Size coarse spaces

oz > 1
h fmez =1|p=01 p=03 p=05 p=0.7 p=0J
1/32 719 855 927 1059 1231 1666
1/64 2463 | 2088 3377 3871 4613 6301
1/128 9023 11361 12716 14795 18098 24757

36

_//’/ AN/ / J/ /, //] / /‘/ 4'///// / ) /‘,/ / y ; // /‘/
vy /| / /L / /(’I /| Z 35 / /{/ ’ ’ / /11 / /
Y/ /, / / ‘N Y/ /? ]?7 A7 i 4
/ /4 4/ Y i S /l AN /)
V4 , i 44 /V/ ViVAR 4 44 , | @ /V/ /
/ /] V/ /V V| . /] V4 /] |/
A0/ I / A1/ /11 1A/ ',7 /| / /| /)
/M v / / / /) / /4/ A1/ / /’, / /
W/ ) /x ‘/ 7 /] /1 2/ 1/ 4/; ‘/ f Y )
' /\/ i 4 A/ AV sV /\/ v Y/ AV
AN/ / A7 /.f y /) : NN/ / A7 /] y ‘/ A/
/I / ﬁ/ /] W/ . 1/4/ l/ 4// /) A /1
Vavird avardvd vavd var v v Vavird ; // /| /1] 1/ /y /
Vd 4V /7/ /| vd dvard )’/ 0s ;gf v / / } /| ; /' /| vdrav;
/4711 i) /; ’ /| /,f y. LA /A /1 /M Vi 1/ / v ',:
A7 / /l/f/ A1/ /L'//' , 1/ 1 /ﬁ» 1/1/], A4/, A/,
1 2 3 4 5 5 [ 0 1 2 3 4 7
35




Homogenized parameters of

geocomposite
BC 3aBC 1aBC
loading E(MPa) v E(MPa) v

direction x 2367.82 0.2861 2318.21 0.3060
direction y 1947.20 0.3054 2018.21 0.2676
direction z 2369.74 0.2860 2319.60 0.3043

Reuss bound: Eg = 1837.71 MPa, vg= 0.2565
Voight bound:  E, = 2387.57 MPa, v, = 0.3141

Reuss and Voight bounds for E and v are determined from
Reuss and Voight bounds for the effective material tensor C_,

Geocomposite seems to be softer in direction y

Sensitivity of macro response to changes
in local material properties ( +10 %)

3aBC(z) 1aBC(z)
AR, | Avy. | AE.. | Avpl
[%o] [%o] [Yo] %ol
E* +0.01 | +0.07 | +0.04 | +0.00
vt 000 | +0.00 | -0.00 | +0.00 -
E,* +0.14 | +028 | +022 | +0.00 sﬁ;‘:gg’s"t?ntocoal
vyt 0.01 | +0.07 | -001 | +0.23 | parameters
E; +0.99 | +0.17 | +1.04 | +0.03
y,* +0.01 | +0.80 | -0.03 | +0.82
E} +8.81 | -0.59 | +8.60 | +0.10
vt +0.77 | +9.06 | +0.08 | +9.00
E,vinitial | 2369.74 | 0.2860 | 2319.60 | 0.3043




Sensitivity to selected voxel grid

x = grid 1: 230 x 238 x
37 =2 025 380
nodes (6 076 140
degrees of
freedom),

w grid2: 115 x 119 x
37 = 506 345

» o e @ 100 nodes (1 519 035
degrees of
freedom),

= grid3: 58 x 60 x
37 = 128 760
nodes ( 386 280
degrees of
freedom),

w grid4; 29 x 30 x
37= 32190
nodes ( 96 570
degrees of
freedom). 3

10

60

g0

100

m 20 30 40 &0

‘ Sensitivity of macro response
to voxel grid density

E.

. i .
Material [MPa] v, [

grid 1 grid2 grid 3 grid 4

0 void 0.01 0.001 0.735 0.705 0.600 0.387

1 PUR1| 200 0.100 1.386 1.108 0.855 0.667

2 PUR2| 500 0.175 5.543 5.466 4.870 3.640

3 PUR3| 2100 0.250 9.670 10.226 | 11.545 | 13.379

4 coal 2600 0.320 | 82.667 | 82.495 | 82.131 | 81.927

The elasticity parameters of the individual materials and the volume fractions of materials

40



to voxel grid density

Sensitivity of macro response

E [MPa] Change in [%)] of the homogenized
type of BC grid 1 grid 2 gﬁd 4 grid 4

3aBC(x) 2368 1 2 3

3aBC(y) 1947 2 5 12

3aBC(z) 2370 0 1

1aBC(x) 2318 1 2

1aBC(y) 2018 ? 1 4 10

1aBC(z) 23197 0 1 3

avelaged 2223 1 2 6
Voight bound | 2383 0 1 2

The sensitivity of the homogenized elasticity modulus to the grid density

41

The computation of elastic behaviour of
geocomposites is

Possible

Stable

Verified with laboratory experiments
Strength and nonlinear behaviour
Some challenges

42



Nonlinear geocomposite

Coal — PE
composite 30

- Pure coal
Geocomposites:

brittle _n;? — Coal+PUR BBWF
=20 - Coal+PUR BBS  —
i /“V‘ — Coal+OMR
£ /N
TR
E 10 A | \‘% =
E
(=]
i |

1] 0,05 0.1 0,15 0,2
Axial strain (--)

quasi-brittle/plastic behaviour

Micromechancs of Geomaterials, Ostrava,

1/30/2011 September 2010 43

‘ Inelastic behaviour in uniaxial /triaxial
loading o _

TN ERTE! = Finding the ultimate load
=g o Anisotropic strength

o Depends heavily on local
stress singularities
= Nonlocal approach

= o Need for knowledge of local
tttttttt material properties

o continuum/discrete models

o Inverse analysis
= Finding the full strain-stress

curve

44



Homogenization of inelastic features

INPUT:

OUTPUT:

Complete stress-strain
curve for characterization
of REV behaviour and
modelling on macroscale

Z —
» L = = Pyre coal
30 b Y dircction - [T T Y
i = CoalPUR BEWF
, “m CoalPUR 883
_ H - Coal+OMR
E Pl
4; i (L] { |
H] . . 1
a Uniaxial compression d |
test on a digital 11l
specimen e
Stmin (10°%)
Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010 45

‘ Damage mechanics

e

|||||

(a) ¢, K,0
b) f(e,xk)=c—-Kx <0

K is internal damage
parameter, f damage
function, (b) admissi

(c) k20, K f(g, k)=0 bility condition, (c)

(d) o=g(k), g'20
(e) o=(-w)Ee

complementarity cond.,
(d) damage law, (e)
secant type Hooke law

1/30/2011

Micromechancs of Geomaterials, Ostrava,
September 2010

46




Local failure

Stress analysis in in coal
geocomposite sample
under compressive loading

.";: '{'\ s

L. SRR P

T S
l:_EJ'ﬁ

[s] 5.1

30/01/2011 47

Max tension in layers — loading 10 MPa

5
“l mesh
I ] Hm— mesh j4
35t
————— mesh |2
" 3- | ) ' S u— mesh j8
q “ . - j1: 230x238x37
PIAW'A Wi\ | \ i2: 115x119x37
" j4: 58x 60x37
o8t N\ j8: 29x 30x37
0 5 10 15 20 25 30 5 nodes

layers

48



Nonlocal stress

pressure 10 MPa, 1aBC
53 - max. principal tension (=0) in layers (mesh j1, aver.1,2,3)
coal

—  meshjl

—  meshjl-aver.2

45| \ | ———— meshjf-aver.1

—  meshji-aver.3
35k \ \/ /\ |
- A W | i
A

MPa
w 'y

averl — 1 layer neighborhood

= (27 hexahedra)
o aver2 — 2 layer neighborhood
& / /\ (125 hexahedra)
. aver3 — 3 layer neighborhood
2 . (343 hexahedra)

49

Mi(o(y),y) = V(o1(y) — 02(y))? + (o2(y) — 03(y))? + (o3(y) — o1 (y))?]/(202(v))

Afo,y) = A(a(y),y)
sz y) ff} [:'*’{I y)gu {I)dff
w&m}={fﬁﬁ = - vl <d

z—y| =>d

50



local strength condition for sup A (o(y),y) < 1.

micro-stresses yell
(point) non-local strength AL 0 Y . o)
condition A {U’ y) =A (U - (y)’ y)
A9 ey y) < 1

non-local strength condition for the sup,cq A (62, y) < 1
whole body a |

51

‘ S.E. Mikhailov

= local strength condition for micro-stresses

supA (o(y),y) < 1.
yefd

= (point) non-local strength condition

A9(o;y) < 1
A9 (1Y) = Alo,y) = A (G(y).y), Gi(y) = fﬂ piske(€, y)ow(z)de
= non-local strength condition for the whole body

sup,eq A (0%,y) < 1
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Stochastic: Paper 3D Stochastic Modelling
of Heterogeneous Porous Media 2006

. g
g | i i,j+'l? ,J ik LT,
o o’ ™

11 neighbourhood for (iik) 12 neighbourhood for (i,j+1 k) combined 15 neighbourhood

= Determination of probabilities of neighbourhoodness of given
components

= Frontal type stochastic generation

= Monte Carlo, Markov chain

= Checking global properties — mercury porosimetry
= Data for Liberec-type granite

Micromechancs of Geomaterials, Ostrava,
1/30/2011 September 2010
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Thank you for your attention !

Micromechancs of Geomaterials, Ostrava,

1/30/2011 September 2010
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Identification of material parameters
/ Calibration of models

R. Blaheta, R. Hrtus, R. Kohut,
O. Jakl, J. Stary et al.
Computational Mechanics Il, Ostrava

Institute of Geonics Cz. Acad. Sci., Ostrava 1

Outline

Inverse problems

o ldentification of material parameters or calibration of the model - tasks
requiring optimization of the difference between computed and
measured data

o Inverse problem with apriori given (heterogeneous) distribution of
material but unknown material properties

o Solution scheme and parallelization
Geo-application

Discrete model - Least-squares formulation
NM, GA and gradient methods

Numerical experiments with NM and GA
Conclusions

Institute of Geonics Cz. Acad. Sci., Ostrava 2



Parameter identification

o)
= use for identification

time depend./indep. l |

heat conduction / Computed results /L’ (objective rlssf;jﬁ?mmimon)
m regression = |least B e TR T -------- -

square minimization / e /

Of problem Initial input parameters Optimized input parameters
parameters Fo------ J e EEEEEEEELEET EEEEEE D
. . " YES I
= use for calibration of ! / e No Model :
parameters ontimized?
the model | l - |
. g 1 1
- nu merlcal mOdeI - :‘SL i MNumerical Model Updated input parameters i
FEM solution of N !
2
l I
1 |
| |
1 |
| 1

Institute of Geonics Cz. Acad. Sci., Ostrava 3

‘ Identification of parameters

= Geocomposites
= CT scan of sample
= Materials — CT values

= ldentification of local
material properties

= ldentification with use of
several loading cases

Institute of Geonics Cz. Acad. Sci., Ostrava 4



APSE problem

l. Initial stress
Il. Elastic stress
due to _
construction Tunnel face
phases
ll.  Heating Dry Wet
phase Lelt slde 1, RIGNT SI0E
V. Damage, o= Hr Heater
spalling, banogcol N=North
EDZ I‘j c JS S = South
evolution s 77 g
® . KIONDE4 5 Kunus:wm.
Heaters
Sensors in sooomsco
diff. depths
Institute of Geonics Cz. Acad. Sci., Ostrava 5
: : B T
‘ Calibration
-
B imemee

1 m wide pillar

» Due to an underground water flow in a vicinity of the pillar it is difficult
to use simple heat conduction model with heat capacity and
conductivity from lab tests

= Therefore, we consider heat capacity and conductivity and heat
convection parameters as unknown and try to fit the measured
temperatures

= Change of heat conductivity a capacity induce change in heat flow in
the model.

» Correctness of the calibrated model. The change of parameters
provides model, which meets the observation data and seems to
provides reasonable results (to justify physical correctness is generally
difficult)

Institute of Geonics Cz. Acad. Sci., Ostrava 6



. Linear heaters
The calibrated model (nonstationary)
lll-—momr,us

o dry side i'ummni {nxmmu'
Boundary conditions: KQ0US4GE2 © I

No flux to tunnel

U U wel side  koooswcme 2“0 Kopoescol

T T
Heat convection ' Lxﬂm&m
to holes Linear heaters
Temperature 14.5 °C at Parameters: k1,k2,k3
the whole outer boundary c1,c2,c3
h1,h2,h3
Institute of Geonics Cz. Acad. Sci., Ostrava 7

‘ Discretization/computation with GEM sw

Holes diam. 1.75m,
epth 6.5m
“pillar width 1.03 m

main 105 x 125.56 x 118 m

— 99 x 105 x 59 = 613305 nodes

~ Element sizes in the focused area
7x6.44 x5 cminx,y,z.

Time stepping: 580 time steps

Institute of Geonics Cz. Acad. Sci., Ostrava 8



Calibration via parameter identification
FEM : (k19k29619029"‘) — uFEM
F(k1 91k219jcl : Czja . ) — Z [MFEM (xi 9 tj) o uz]:lz
i

(k,k,,c.,c,,...)=argmi F(k ,k,,c,c,,...)

We use the discrete heat conduction model. Calibration of
discretized model. Mesh dependence of optimal parameters ?
Objective function includes the model evaluation. Another point
of view: model create a constraint for the aim function.
Properties? Weighting, regularization in the objective function.

Institute of Geonics Cz. Acad. Sci., Ostrava 9

Parameters

Dry side

wel side FOCORATNI O 8D KOmeso

KOMOGAGE0 @ @ D KODNeaoo
00807

E} T i Toa ) ) ) o0 g

Figure 3: The dependence of the cost functional F on Ay (left). ¢ (center) and Hy (right).



Convergence of MN for 9 parameters

45 a
| "
“ J e !
29 45
azp|
1 28h 11 —~
& 4
40 - | £
= 27 | =
w B : 2
H ]
3= r 26} ‘ £
-]
25 7
36
24p |
3 25 ooy et
0 10 200 300 400 SO0 &d 700 B0 2% 100 20 300 400 S0 600 700 800 10 200 300 400 500 &M 70D 800
.
u p 800 It‘ ’r- Iterations Iterations

Figure 2: The convergence of - the cost functional F' (left), parameter Ay (center) and ¢y (right).

» Stop criterion AF, Ap < 0.001

Institute of Geonics Cz. Acad. Sci., Ostrava 11

‘ ACCU.I‘ELC DQ0066G0]
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Right: After 60 days of heating, _ w
depths 1.5, 3.5 and 5.5m g e

Below: After 5 days, depth 3.5m _

Temperature fields

+ wet dry,

lside  side | powsco ) 9

) .z.. .I../ ‘_-_.d_______—-d'-‘_—'_'_ J .r:.- -~y
- h _.-“)r ] 4 \\\ ...’.I

| \_:7_‘“———--_.__‘____‘—_% -

. | DOO00EEGOL

Institute of Geonics Cz. Acad. Sci., Ostrava
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Decrease of computational work:

continuation in discretization parameter At

9 parameters,
FEM (At = 0.0005,
580 steps)

stop if AF <107

realistic initial gues
540 iterations of MN

790 calls of FEM
F=33.6283
time = 56452m04s

A
FEM (At =0.01, 28 steps)

stop if AF <107 B

realistic initial guess  FEM (At = 0.001, 280 steps)
167 iterations of MN stop iff AF <107

249 calls of FEM
F=36.0679

time = 8440m58s

guess from A C

220 calls of FEM
F=33.6357
time = 14h19m08s

Convergence
from both realistic
and non realistic
initial guess

L6literations of MN FEAf (At = 0.0005, 560 steps)
stop if AF <107

gues fromB

36iterations of MN

A.’.'“EA/I 560 time ste[pz . i 62 calls Of FEM
rr iy G b wice shorter time,
2 13p 418 F=33.6323
4 1308 262 Twice less NM iterations time = 4h27m47s
. @
Institute of Geonics Cz. Acad. Sci., Ostrava 14



Gradient methods - nonlinear least squares

F(k,k,,c,,¢,,..) = F(p)=R(p)' R(p)
R:R" — R"™ N parameters, M measurements, (N < M)

p>0, unconstrained after an exponential transformation

© R is differentiable, R(p)~ M ,(p)=R(p,)+J(p.)(p—Dp.)

Gauss — Newton method, Levenberg — Marquardt

p¢— p-=argmin M _(p)' M _(p) (linear LS)

p =p =) J(p)+u Il J(p) R(p), GN = pu. =0
o Convergence dependent on nonlinearity of R and residuum R(p")

Institute of Geonics Cz. Acad. Sci., Ostrava 15

Nelder-Mead (simplex) method

(7- 17 - A g . 1
6l glEptD) Initial simplex New simplex
... . around initial _ Adaptation to local
F,}\[‘\l'\} < F{ .’f[‘““/"’}‘? < “’:~F'[ K.Lf|.})+1;) = .
s 2 ) guess x,, landscape, decreasing

values at vertices

generally in RN

{Te

k(p) = (1+p)k— px®r+D)

Reflect the point Expand Contract Shrink
with highest F

Stop — small decrease of functional & small size of simplex

Easier when the aim is decrease of F not exactly finding min F

- typically only 1-2 function evaluations at each step, while many other
direct search methods use #param. or even more function evaluations.

Institute of Geonics Cz. Acad. Sci., Ostrava



Genetic algorithms

GA with N = Ng4 individuals

(1)
(2)

(3)

O

(3)

generate N random vectors ke i=1,....N
for given generation, evaluate (i parallel)

F; = F(x), if F; is not known yet,

select TN parameter vectors k') with smallest values
F;: so called parents. Then create (1 — 7)N new
vectors (childrens) by crossing randomly selected
parents,

create a new generation by taking the selected
parents and created childrens with mutating some of
them,

evaluate stopping test and GOTO (2) if results are
still not satisfactory.

Institute of Geonics Cz. Acad. Sci., Ostrava

N — size of generation = 20
Y2 of parents are selected, 72 new off is generated
Coincidence F(GA) = 34.381 < F(NM)
In 24 generations — lucky guess

Method is sensitive to parameter bounds

Heat conductivity A [W/(m-K)], volume heat capacity c
[MJ/(m3-K)], heat conduction coefficient H [W/(m2 -K)].

K=[l<ai ,bi>

For vectors x,y
Crossing
i =X+ 04y —x;),

o, randomly
selected

Mutation
I =X A;‘Z_m ;
o randomly

selected,
mutat. range A;

17

NM vs. GA, problem with 8 parameters

A ¢ A, ) A C; H, H,
NelderMead | 2.984 | 2.640 | 4.605 | 1.504 | 5478 | 1.830 | 5.524 | 8.284
GA. 3.008 | 2.559 | 4.460 | 1.811 | 8.635 | 2.890 | 5.662 | 7.346

Institute of Geonics Cz. Acad. Sci., Ostrava



A model problem and testing

zero heat flux

original temperature of rock T,

surrounding
rocks

=

heat =source
Qﬂ a-— ﬁt

initial temps

heat flux
H(T=T,)

mat 2

| S—

erature T,

zero heat flux

T, K1

Comparison of methods

c2. k2

Xn|} 188l 0182

Identification of 4 material
parameters

Measured=computed
temperatures in 8 points and
8 times (0.2, 0.5, 1.0, 4.0,
20.0, 30.0, 50.0,100.0)
years

Institute of Geonics Cz. Acad. Sci., Ostrava 19

20 member populations

algorit | nmbr of A, Cq A, C, F
hm solutions
NM 150 2.9996 | 2.4046 | 5.9994 | 4.8041 | 0.0025
DR 740=200 | 3.0653 | 2.4672 | 5.9338 | 4.7471 | 0.0404
+27*20
EIR | 1220=200 | 3.0158 | 2.4209 | 5.9809 | 4.7868 | 0.0119
+51*20
ELR | 890=200 | 3.0828 | 2.4628 | 5.9308 | 4.7629 | 0.0506
+34*20
exact - 3.0000 | 2.4030 | 6.0000 | 4.8060 0

Stopping rule:
NM : the difference F(par,, ) — F(par,.) in the simplex < 0.001

DR,EIR,ELR: the difference F(par

worst )

Institute of Geonics Cz. Acad. Sci., Ostrava

— F(par,.g) in the family < 0.001




Steepest descent with apriori line search

Input: p” ¢, A _
Output: p’ L osrie)
for (k=0,1,2,...) do k2 )

g* app  gracd (F. z*, &);

T
FeEEER

: aF

& T

t* « LINESEA RCH;

prtl  oF 4 trdb:

if |F () — F (p*)| < € then

BREAK;
end

end

r &« k;

return p";

Institute of Geonics Cz. Acad. Sci., Ostrava 21

min F' (x).
TcR™

We solve above equation iteratively- each iteration has a form

ghtl =gk 4t d*, d* = —GFVF (:Bk) :

stepsize t* = p’*, such that jj is the smallest nonnegative integer
j satisfying the following inequality for constants o € (0,1) and
p€(0,1)

F (2% + pf d¥) — F (aF) < 0pI VF (%)

and using assumption that there exist constants A, > 0 and \* > 0
such that
AeldI? < d GFd < A* |,
then if (G¥ =1) inf {F(2)} = Jim F (z%)
—00

zcRn

Institute of Geonics Cz. Acad. Sci., Ostrava 22



Parallel processing

Application of
parallel
computing

o within numerical

model = FEM
solution of

o within an
optimization
method for
regression

Institute of Geonics Cz. Acad. Sci., Ostrava

START

Initial input parameters

Optimized input parameters

(objective function mini

1 i 1
1 \ YES 1
1 i 1
| NO Model "
Input parameters P
1 optimized? 1
1 1
| “ |
=
E I i
o : Mumerical Model Updated input parameters ;
E g L i
= | i
i i
1 1
1 Regression !
1 Computed results 2 1
1 1
1 1

/ Observations

Optimization method and parallelization

Gradient methods

o /- computation of gradient
o /. starting from different initial values to avoid local

minima

Nelder-Mead (simplex) direct method
o //: starting from different initial values to avoid local

minima

Genetic algorithms

o /I: easy, parallel evaluation of new generation

Combinations

Institute of Geonics Cz. Acad. Sci., Ostrava
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Parallelization in model evaluation

= FEM + backward Euler

= one — level Schwarz method for U
systems M+AtA, ILU on subdomains

4P\ At | 107 107* 107 107t 10 10t 107
1 12 12 17 27 39 61 110
4 14 14 17 25 40 68 137
8 16 18 22 25 40 84 167
16 16 18 22 25 41 99 228
24 16 18 22 26 42 97 262 55 mil. DOF

Table: #iterations (Time step size x #subdomains)

' APSE problem
FEM 560 time steps iency
# p # it time | s |
2 1372 418
4 1398 262
8 1476 181

BG Blue Gene

Institute of Geonics Cz. Acad. Sci., Ostrava 26



Continuous (not discretized) formulation
discrete measurements = function z = z(x,t)

min LS functio nals
D J(k)=1 [ dr [ Kutk,x.0)-z(e0f dvva [ (VA d

subjected to : u(k,x,t)is solution of the given parabolic problem

with heat conduction coefficient k

2) J(k,v) =" f_g Hgt(v(t)—z(t))—V-(kV(v(t)—z(z‘))H;dx + K
subjected to : e(k,v) =0, whereeis the solution of "error equation"
%e+Ae=%v+V(va)— fin Qx(0,T >

e(x,0)=v(x,0)—u,(x)+BC

Institute of Geonics Cz. Acad. Sci., Ostrava 27

Summary

We discus identification/calibration of model with
application in geoengineering

Discuss numerical realization of identification using
discrete parabolic model

NM robust, reasonably efficient

GA less robust, efficient on parallel platforms, incomplete
convergence

Combination, multiple run

Continuation approach recommended

Choice of parameters — stable and unstable minima
Other applications

Institute of Geonics Cz. Acad. Sci., Ostrava 28



Conclusions

We saw an application problem(s) for
identification/calibration

Discuss numerical realization of identification using
discrete parabolic model

o Choice of optimization method

Experience with Nelder — Mead algorithm

Discussion of other optimization algorithms

Choice of parameters — stable and unstable minima
Computational expense, parallel computing, continuation
approach

Use of continuous (not discretized) model

o 0O O O

Institute of Geonics Cz. Acad. Sci., Ostrava 29

Conclusions

Adaptation of the thermal model to real situation

o Calibration parameters NM robust, reasonably efficient

o Accuracy GA less robust, efficient on
Inverse analvsis parallel platforms, incomplete
y convergence
o Nelder — Mead algorithm Combination, multiple run
Continuation approach recommended
1 Gauss-Newton Choice of parameters
o Genetics algorithms — stable and unstable minima

Modifications of the price functional
o Relative differences > w; [Uggy-uyl / |ujl

0 Stresses Yw; [Upgy-uyl / Uyl - wloy|

Institute of Geonics Cz. Acad. Sci., Ostrava 30



Thank you for your attention
and comments
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Semismoothness and other properties of elastoplastic
operator

Stanislav Sysala

Department of Applied Mathematics and Computer Science
Institute of Geonics AS CR, Ostrava

email: sysala@ugn.cas.cz

- J

Computational Mechanics |1, 1.-3.12.2010 Page 1

4 )

Motivation

Nonsmooth Newton method
System of non-linear equations:
F:R"—=R": F(u)=f
- F' is generally non-differentiable and implicit function

- F'is locally Lipschitz function

Nonsmooth Newton iterates:

wjr1 =u;+ V,  (f — F(uy)), V;€0F(uy)

- J

Computational Mechanics 11, 1.-3.12.2010 Page 2




4 )

Local convergence assumptions (Kummer 1988; Qi, J. Sun 1991)

e F'is locally Lipschitz function,
e [ is semismooth at u,

e all V € OF(u) are non-singular.

Other useful property:
e F' has a potential (generalized derivatives are symmetric)
e [ is strictly monotone (generalized derivatives are positively definite)

- Semismoothness, Lipschitz continuity, monotonicity and potentiality will be
investigated for the elastoplastic operator.

- Non-singularity of the generalized Jacobians depends generally on the load
Increment.

G J

Computational Mechanics |1, 1.-3.12.2010 Page 3

4 )

Contents

Semismooth functions.

Generalized projected mapping onto a convex set.
Elastoplastic constitutive problem.

One-time-step elastoplastic problem.

Classical isotropic yield functions.

Example of elastoplastic operator.

Soen ey b =

Conclusion.

- J

Computational Mechanics 11, 1.-3.12.2010 Page 4




1 SEMISMOOTH FUNCTIONS

(" )

1 Semismooth functions

Clarke’s generalized derivative

X, Y - finite dimensional spaces, F': X — Y - locally Lipschitz function
Dy - set of points in X where F'is Fréchet differentiable

DF(x), x € Dp, - Fréchet derivative of F at x

Generalized derivative (Clarke 1983):

r;—x, ;€EDp

OF (z) = conv{ lim DF@;Z-)}

Example: F(z) := max{0,z}, lim DF(z) =1, lim DF(x) =0,

0F(0) = conv{0,1} = [0, 1]
- J

Computational Mechanics |1, 1.-3.12.2010 Page 5

1 SEMISMOOTH FUNCTIONS

4 )

Definition of semismooth function (Qi, J. Sun 1993)

F: X — Y - locally Lipschitz continuous function is
semismooth at z € X if

(i) F is directionally differentiable at z,

(ii) for any Az € X, Ax — 0, and F° € OF (z + Ax),

F(zx + Ax) — F(x) — F°Ax = o(||Ax])).
strongly semismooth at x € X if
(ii)* for any Az € X, Az — 0, and F° € 0F (z + Ax),
F(z + Az) — F(z) — F°Az = O(|| Ax|]?).
g J

Computational Mechanics 11, 1.-3.12.2010 Page 6




1 SEMISMOOTH FUNCTIONS

4 )

Examples and properties of semismooth functions

e C'(O)-functions are semismooth on O C X.
o CL1(O)-functions are strongly semismooth on O C X.
e Max-function is strongly semismooth.

e Scalar product, sum, compositions of (strongly) semismooth functions
are (strongly) semismooth.

e If ' is Lipschitz continuous on X and (strongly) semismooth a.e. on X
then F' is (strongly) semismooth on X.

e Let /': X — X be Lipschitz continuous and strictly monotone on X.
Then F' is (strongly) semismooth on X if and only if F~! is (strongly)
semismooth on X (Gowda 2004, Meng, D. Sun, Zhao 2005).

g J

Computational Mechanics |1, 1.-3.12.2010 Page 7

1 SEMISMOOTH FUNCTIONS

\

Implicit function theorem for semismooth functions

Let Z: Y x X — X be a locally Lipschitz function in a neighborhood of
(g, %), which solve Z(y,z) = 0. Let

[0,Z(y, ), 0L (y, )] := OL(y, x).
If 0,Z(y,z) is of maximal rank, i.e.
2Ax =0, T2 € 0,Z(y,z) = Axz=0,

then there exist an open neighborhood O; of 4 and a function I': O; — X
such that F'is locally Lipschitz continuous in Oy, F'(y) = & and for every y
in Oy

I(y, F(y)) = 0.
Moreover, if Z is (strongly) semismooth at (7, Z), then F' is (strongly) semis-
mooth at . (Clarke 1983, D. Sun 2001) P

Computational Mechanics 11, 1.-3.12.2010 Page 8




2 GENERALIZED PROJECTIVE MAPPING ONTO A CONVEX SET

(

2 Generalized projective mapping onto a convex set

Assumptions
W is finite dimensional space, G : W — W fulfils:

(G1) G is Lipschitz continuous on W, i.e 3L > 0 :

|G(©1) = G(©s)|| < L[[©1 — Oz V01,02 € W,

(G2) G is strictly monotone on W, i.e. Ja > 0

(G(©1) — G(6,),0; —0,) > a||®; — 6,y|* VO,,0,cW,
(G3) G is (strongly) semismooth on W
(G4) G is potential on W, i.e 3V5: W — R:

DVs(©) =GO) VO eW.

G J

Page 9
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2 GENERALIZED PROJECTIVE MAPPING ONTO A CONVEX SET

\

Definition and basic properties of the projection

K - closed, convex and non-empty set in W
g : W — K, ¥ :=1g(P):
(P-G(),0-%Y)<0 VOeK
Let (G1), (G2) hold. Then
e IIx is a single-valued mapping onto K,
o [Ix(G(Ilk(P))) = Ik (P),
o lIx(P)=G '(P)ifand only if G'}(P) € K,
o (Ix(P) —k(PR), P — ) > a|llx(P) — g (R)|* VP, P eW,

° ||HK<P1) — HK(P2)|| < éHPl — P2|| VPl,PQ e W.
. J

Page 10
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2 GENERALIZED PROJECTIVE MAPPING ONTO A CONVEX SET

\_

Potential function Il R
Let (G1), (G2), (G4) hold and U is a potential to G. Let
Un(P) := (P, Uk(P)) — ¥e (lx(P)), PeW
Then
DV (P) =1Ig(P) VPeW.
Proof idea: using of a proximal mapping (Moreaux 1965):
f - convex, proper, lower semicontinuous function on W:
.1 9
prov(P) = g gin { 1P - O + £(0)
The mapping P +— Ilx(aP) is a proximal mapping with
1 1
f(©) = a‘PG(@) - §||@||2 + I (©)
y
Computational Mechanics |1, 1.-3.12.2010 Page 11

2 GENERALIZED PROJECTIVE MAPPING ONTO A CONVEX SET

(

Specification of the set K

K={06eW: &) <0}, P: W — R fulfils

®1) ® is convex on W,

®(0) <

(®1)
(¢2)
(®3) @ is a.e. differentiable on TV,
(P4)
(®5)

®4) d is a.e. differentiable on 0K.

®5) If © € Dy, then 3 Og such that & € C'(Og) and
D® is (strongly) semismooth on Og.

(®6) If © € OK and © € Dy, then DP(O) # 0.

\_

\

Computational Mechanics 11, 1.-3.12.2010
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2 GENERALIZED PROJECTIVE MAPPING ONTO A CONVEX SET

\

Semismoothness of 11,

Theorem 1 Let G fulfil (G1)-(G3) and ® fulfil (1)-(P6). Then Ik is

(strong) semismooth on W .

|dea of the proof:
1. W - space partition:

M, = {PeW: L=Ik(P)=G'(P) €int(K)},

M, = {PeW: £ =Tk(P) € 0K, P € int(Ngu(Z))},
Nin(Z) = {P e W: Hg(P) =},

My = {PeW: S =1Ik(P)€dK, ¥ Ds}.

It is only sufficient to prove the semismoothness on M, M a Mj since the
measure of W \ (M; U My U Ms) in W vanishes. y
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2 GENERALIZED PROJECTIVE MAPPING ONTO A CONVEX SET

Idea of the proof - continuation R

2. Semismoothnesson M; = {P € W : ¥ =1Ig(P) = G (P) € int(K)}:
¥ =g(P) =G (P), G is (strongly) semismooth, M; is open.

3. Semismoothness on My = {P : X =1lx(P) € 0K, P € int(Nxkn(X))}:
I1x is constant in a neighborhood of P € M.

4. Semismoothness on M3 ={P € W : ¥ =1lx(P) € 0K, ¥ € Dy}
Let P € M3 and X := Il (P). KKT conditions:

G(X) — P+4Dd(%) =0,
P(X)<0,7>0,70(2)=0,i=1,...,m.
The second conditions can be equivalently rewritten:
®(X) + max{0, —®(X) — 5} = 0.
g J
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2 GENERALIZED PROJECTIVE MAPPING ONTO A CONVEX SET

\

Idea of the proof - continuation

LetZ: W xW xR —=W xR,
GX) —P+yDP(X
pmy = | O P
®(¥) + max{0, —®(X) — v}

Then

I(P;%,7) = 0.
T is (strongly) semismooth in a neighborhood of (P;X,7) and thus it is
sufficient to prove

o _ oy
7° =0, I° € 9 I(P;%,7) = — 0
07y 0y

\A similar implication is proved in (Meng, D. Sun, Zhao 2005). y
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2 GENERALIZED PROJECTIVE MAPPING ONTO A CONVEX SET

Derivative of II; in a vector representation R
Let G be differentiable, ® be twice differentiable, W = R" and
M, = {PeR": ¥ =1Ig(P) €int(K)},
My, = {PeR": ¥=1Ig(P) €K, Peint(Ngn(X))},
My = {PeR": I =Mg(P)€dK, X#G (P), X € Dy}
Then
’ (DG(Z)), Pc M,
Dl (P) = C(X,7) = 0, P € M,,
| A"+ AT'B(B"TAT'B)'B"AT!, Pe M,
with
A= DG(X)+vD*®(X), B=DdX), X =Ik(P).

- J
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3 ELASTO-PLASTIC CONSTITUTIVE PROBLEM

(" : s )

3 Elasto-plastic constitutive problem

Notation and assumptions

1. Additive decomposition of the strain tensor: € = &€ + &€P.

2. Linear elastic law: o = D%, Dy, = Dy = Dy

3. Simple combination of kinematic and non-linear isotropic hardening:
B=aX, k=H(E), a>0, H: R" - R"

X, éP - kinematic (tensor) and isotropic (scalar) hardening variables,
3, k - corresponding hardening thermodynamical forces,
H fulfils (G1)-(G4) and H(0) = 0 and can be extended on R.

4. Generalized stress and strain: ¥ := (o, 3,k) and G(X) = (e®, X, &P),
G:W—->W,W:=SxSxR, G(O) := ((D%) '0,,a 'Oz, H1(6,))
G J
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3 ELASTO-PLASTIC CONSTITUTIVE PROBLEM

\

Notation and assumptions - continuation

5. Yield function: @ : W — R, (0,8, k) := p(o — B) — (gy, + K),

oy, > 0 ... initial yield stress or shear yield stress or cohesion or...
p: S—R,S=R & fulfils ($1)-(Pg).

6. Principle of maximum plastic dissipation:
find ¥ :=(0,8,x) € K: YTP(P;X)>TYP(P;0) VOecK
K:={6eW: &(0) <0} ... set of admissible generalized stresses
YP(P;0) := (éP,0,) + (—X,03) + (—&?)0O, ... dissipation functional,
P:=(éP,—X,—2P) = (¢ —é°,— X, —&P) ... plastic strain rate
Equivalent formulation:

find e K: (P,O-X)<0 VO €K or P& Ng(X).
\ y
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3 ELASTO-PLASTIC CONSTITUTIVE PROBLEM

\

Elasto-plastic constitutive initial value problem

Given:
e the history of the strain tensor € = &(t), t € |0, tmax],

e the initial values

Find:
e the generalized stress X(t) = (o (t), B(t), k(1)) € K:
(P.O-5)<0 YO K, P (é—ét—X,—&)

e the generalized strain

N ' Y
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3 ELASTO-PLASTIC CONSTITUTIVE PROBLEM

4 )

Time discretization of constitutive elasto-plastic problem

Time discretization: 0 =ty <t < ... <t <... <ty = tmax-
Implicit Euler method:

: : P(t;) — P(t)— Pl — G2
P = P(ty) ~ (k)mk(kl): kAtk:( 8

with
Zk‘ = E<tk) — <0-k',7/6k:7 K’k‘)'

and a trial generalized strain

t =P _
Pk = (52_1+A5k37Xk:—175k_1>7 Aéfk—&'k,—&k_l,

- J
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3 ELASTO-PLASTIC CONSTITUTIVE PROBLEM

4 )

One-time-step elasto-plastic constitutive problem

Given:
o P, = (62_1,Xk,_1,§z_1) such that X,_; = G_l(Pk_l) e K
o Aék =€k — €k—1
Find: >, = (O'k,,,@k, /ﬁ)k) € K:
(Plz o G(Ek’>7 © — Ek) S 0 VO e K7 Plz — (62—1 + Aeka Xk—17§Z—1>7

or
Yk =g (Py),

Compute:
Pk = (82, Xk,, éz) = G(Ek)

- J
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3 ELASTO-PLASTIC CONSTITUTIVE PROBLEM

4 )

Correctness of the extended function H
H: Rt — R* fulfils (G1)-(G4) and H(0) =0, xk = H(&P)

- possible extension to the whole R such that (G1)-(G4) hold
- it is necessary to verify that x; > 0, where ¥ = I (P})

- it holds
O:/ﬁo</£1§...</£k§...</€]\[

- this is in accordance with mechanical assumptions

- J
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4 ONE-TIME-STEP ELASTOPLASTIC PROBLEM

\

4 One-time-step elastoplastic problem

2 C R? - investigated domain with partially fixed boundary
V C [H*(Q)]? - space of kinematically admissible displacement

f € V* - the load (a combination of surface and volume loads)

Find: ugp €V, o, Br, ki, 627Xk7g§;:

/Q(O'k,s(v»da: = fr(v) Yv eV,

(O'k,,Bk,/ik) = HK<5Z_1+5<Auk)an—17§Z_1> a.e. in §,
(ESZ,X]Q,E:TQ) = G(Jk,ﬁk,ﬁk) a.e. in Q,

where Aug = ug — Ug_1.
g J
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4 ONE-TIME-STEP ELASTOPLASTIC PROBLEM

\

Reformulation of the one-time-step problem

Let
(ko (P), g p(P) k(P)) = IIg(P), PeW,
Tk : S — S; Tk’(n) = HK,U(&:Z_l + ank—lvéi—n —Ok—1
Then

Aa'k =0k — Op—1 = Tk(A&‘k)

Find: ug € V, O'k,IBk,KJk, €E,Xk,§ZZ

L(Tk(e(Auk)),s(v»dw _ Afi(v) YwevV

(oK, Brs ki) = lk(ef_; +e(Aug), Xg—1,8, ;) a.e. in Q,
(€Z,Xk,§i) — G<O-k7/6k7’%k) a.e. in Q?
G J
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4 ONE-TIME-STEP ELASTOPLASTIC PROBLEM

4 )

Properties of T},(n) = Uk (e5_; + M, Br—1, Kk—1) — Ok—1

Let
e the constitutive mapping G fulfils (G1)-(G4),
e the yield function ® fulfils (®1) — (P6),
Then
o U (n) = (n,Te(n) + or—1) — 5((D) "' T(n), Te(n)), D7, = Ty,
e T} is Lipschitz continuous and monotone on S,
e T} is (strongly) semismooth on S,
e the generalized derivative of T}, are symmetric and positively semidefinite.

- J
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4 ONE-TIME-STEP ELASTOPLASTIC PROBLEM

4 )

Derivative of the elastoplastic operator 7},

Let
b, = (52—1 + 1, Xx—1,5,_1) € D,
HK<P77) = (HK,U(PU>7 HK,B(Pn)a HK,H<PT)>) )
Tx(n) = Ug.(F) — ok-1.
Then
Ol - (Py)
DT, = LA PR

If G"*(P,) = (6k—1+ DN, Br—1, kk—1) € int(K) (elastic region), then
Ti(n) = D*n, DTi(n) = D*.
- J
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4 ONE-TIME-STEP ELASTOPLASTIC PROBLEM

4 )

FEM discretization of elastoplastic problem

Ty, - triangulation of €2 with linear simplex elements
V}, - approximation of V}, (piecewise linear functions)

Non-linear operator: Fyp : V, — Vj,

(Fen(vn),wi)n =Y [KKT(e(vn)lc), e(wp)|c)da Yo, wy, € V.

Kery,

Vector representation: v, € V3 — v e R", f, €V, — f € R",
Fir: R" — R", fk<V) = th(vh) Vv, € V},.
One-time step elastoplastic problem:

find Aug € R Fi(Auy) = Ay,

Fi. - similar properties as T}, semismoothness depends on h.

J
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5 CLASSICAL ISOTROPIC YIELD FUNCTIONS

4 )

5 Classical isotropic yield functions

Scalar isotropic functions
Definition: S := R3%3

sym?

p: S—>R, ¢lo)= gp(QO'QT) VQ € Orth

Eigenvalues representation: o = Z?Zl 0;€e; X e;
p(o) = @(01,09,03) = P(02,01,03) = p(01,03,02) Vo €5,

First derivative (Ogden 1984):

- J

Computational Mechanics 11, 1.-3.12.2010 Page 28




5 CLASSICAL ISOTROPIC YIELD FUNCTIONS

\

Second derivative of isotropic function (Carlson, Hoger 1986)

Let o € S, 01 # 02 # 03 # 01. Then the eigenprojections of o fulfil

1
E=]] ——(o-oI)=e®e, i=123

3 - 2
RPN SR (R [

— (04— 0v) (04— 0c) | 0o
—(op +0c) 15 [(aa ob) + (00 — 0c)|Ea @ Eq —
— (0y— 0.)(Ey, ® By — E.® E, )}
where a # b # ¢ # a and
(06°/00)T = oT+To, I,T =T, (E;QFE;)T =(E; TVE; YT €8S
. J
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5 CLASSICAL ISOTROPIC YIELD FUNCTIONS

4 )

The second derivative of scalar-valued isotropic functions (Carlson,
Hoger 1986)

- Isotropic function ¢ is twice continuously differentiable in a neighborhood
of o € S, 01 # 09 # 03 # 01 if ¥ is twice continuously differentiable in a
neighborhood of (04,05, 03).

- The same implication holds for semismoothness of Dy a neighborhood of
o €S, 01 F# 0yF 03F 01

- J
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5 CLASSICAL ISOTROPIC YIELD FUNCTIONS

4 )

Assumptions on isotropic function

D:W R, B(a,8,r)i=p(c—B)— (0, + ")

@ : S — R, ¢ is isotropic, ¢(0) = 0 and
(pl) @ is convex on S,
(p2) ¢ is a.e. differentiable on S.

(p3) ¢ is a.e. differentiable on the set
K..={oceS: ploc)=c}, c>0.
(p4) If o € D, then F0g, ¢ € C*(Og ).
(p5) If o € K. and o € D, then Dy(o) # 0.
g J
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5 CLASSICAL ISOTROPIC YIELD FUNCTIONS

Von Mises yield function R
%(0.8.8) = plo — B) ~ (0 + ). 9(0) = |/ Sdev(@)]r
1 1
p(o) = gtr( o) = 3(011 + 099 + 033), dev(o) =0 —p(o)l.
- o is isotropic and convex on S, ©(0) =0
- @ is not differentiable only for o0 = p(o)I, otherwise is C'° smooth
- @ is differentiable on K. ={o: ¢(o)=rc}, ¢ >0
3 Idev - ( ) & ( )
Dy(o) =1/ 57(o), D p(o) = ,
2 ldev(a)llr
dev(o)
n(o) = , I gepo = dev(o).
|dev(e)]l
g J
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5 CLASSICAL ISOTROPIC YIELD FUNCTIONS

4 )

Drucker-Prager yield function

®(0,8, k) = plo = B) = &(co+ K), ¢lo):= \/glldev(U)HF +p(o),

plo) = %tr(a) = %(011 + 099 + 033), dev(o) =0 —p(o)l,
co > 0 - initial cohesion, n,& > 0 - given parameters
-  is isotropic and convex on S, ¢(0) =0
- @ is not differentiable only for o = p(o)I, otherwise is C'"™° smooth

- ¢ is not differentiable on K. = {0 : ¢(o) =c} only at o = ({¢/n) 1

3. n I, —n(oc)®n(o)
D = 4\/= I, D? =
plo) =4 /ghle) + I, Dp(o) o)
g J
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5 CLASSICAL ISOTROPIC YIELD FUNCTIONS

4 )

Tresca yield function
(I)<0-7/37 KJ) — QO(O- o /6) o <0yo + /i)a SO(O-) - @(Ula 02, 03) +— Omax — Omin,
- convexity of ¢ follows from

Omax = Sup (ov,v), opm = inf (ov,v)
|V||=1 V=1

- ¢ is C™ smooth at (si, s2,83) ER?, s, £ 55,1 # J
- hence ¢ is C*° smooth at o €S, 0, #0j, 1 # j
- ¢ is a.e. differentiable on K, = {(s1, $2, 53) 1 $(s1, 82,53) = c}, ¢ >0

- hence ¢ is a.e. differentiable on K. = {0 : ¢(o)=c}, ¢>0

- J
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5 CLASSICAL ISOTROPIC YIELD FUNCTIONS

\

Derivative of Tresca yield function
Let 51 > So > s3. Then ¢(sq, s9,53) = $1 — S3 and

Di¢op=1, Dyp=0, Dsp=—1, D*p=0.

Then
D¢(G>:€1®81—83®€3:E1—E3, o1 > 09 > 03,
1 Do?
Dle) = oo o) { o (2t osllom

—[(01 —09) + (01 — 03)|E1 ® By — (05 — 03)(E2 @ E5 — E3 ® E3) }
1 Ho2
_(03 - 01>(03 — 0‘1) { do o (Ul + O'Q)Io.—

—|(o35 —01) + (03 — 02)|E3 ® Eg — (01 — 02)(E1 @ E; — E; ® Es) }
g J
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5 CLASSICAL ISOTROPIC YIELD FUNCTIONS

4 )

Mohr-Coulomb yield function

(I)(G7/37 KJ) — 90(0- - B) o 2<CO + /{) COS¢7

SO(O-> - @(O—la 02, U3> = (Umax - Umin) + (O-max = O'mjn) Sinlp

=S (1 + Sinw)o-max T (1 — sin ¢)0min

co > 0 - initial cohesion
Y € [0,7/2) - frictional angle

- similar properties and derivatives as Tresca yield function

- J
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6 EXAMPLE OF ELASTOPLASTIC OPERATOR
4 )

6 Example of elastoplastic operator

Von Mises yield criterion with nonlinear isotropic hardening

¢(o, k) = \/g”dev(a)HF—(ayowLm), Dee® = \tr(e®)I+2ue®, k = H(EP)

T(n) = Den — 2u\/§’7+ﬁ(0(7})),

\[Hdev Dr—=3py—(oy+H(E_ +7) =0 if ®(a(n), kr—1) >0,
. dev(o)
n(o) = , O = Op_1 + D*®

- J
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6 EXAMPLE OF ELASTOPLASTIC OPERATOR

4 )

Potential and derivative of the von Mises operator

Vr(m) = {m,Tln) + onc) — (D) Ti(m), Tu(m)) =

(n,
(Do) o (m). o) - 32
DTy(n) = { D5, ®(o(n), kr-1) <0,

D® — 20(BL e + 7R @A), (o(n), Ki_1) > 0,

B(n) = \/gv\ldev( m)IIF', F(n) = 3u+H’?()5k ) — B(n)

Properties of T}, and DT}, ensuring quadratic convergence of the Newton
method was investigated in (Blaheta, 1997).
G J
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7 CONCLUSION
4 )

7 Conclusion

Elastoplastic problem was formulated by the generalized projective map-
ping.

Such a formulation is suitable for investigation of the operator properties

like semismoothness, differentiability or potentiality.

e |t is possible to consider some generalization like non-linear elastic law,
perfect plasticity, other hardening law or non-associative plasticity.

Positive definiteness of the tangential operator for plasticity with harden-
ing has not been investigated within this framework yet.

- J
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7 CONCLUSION

4 )

Thank you for your attention.

- J
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