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0. INTRODUCTION

In [20] the boundary value problem

(0,1) ((11—); = A(t) x + Jb[dsG(t, )] x(s) + f(¢),

0,2) jb[dL(s)]‘x(s) =1 (moo<a<b< o)

was studied. The equation (0,1) was considered in the sense of Caratheodory. Solu-
tions were sought as absolutely continuous functions on [a, b], the n x n-matrix
function A(f) and the n-vector function f(f) were assumed to be L-integrable on [a, b]
and the n X n-matrix function G(t, s) was assumed to be of bounded variation on
[a, b] in s for any t € [a, b], while

j "(16(t, @) + var® G(t, )2 di < o

Further, the m X n-matrix function L(r) was assumed to be of bounded variation
on [a, b]. Among other things, the adjoint to this problem was defined in such
a way that the Fredholm alternative for the existence of a solution to (0, 1), (0, 2)
held. Further a relation between the number of linearly independent solutions to the
given and the adjoint homogeneous problems was established. Let for ¢ € [a, b]

C(t) = G(t,a+) — G(t,a), D(t) = G(t,b) — G(t,b—),

G(t,a+) for s=a,
Go(t, s) =4G(t,s) for a<s<b,
G(t, b—) for s=0b

*) §4 was modified in accordance with the more recent results of St. Schwabik in [16].
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and
L(a+) for t=a,

M = L(a+) — L(a), N =L(b)— Lb-), Lf(t)=<L(t) for a<t<b,
L(b—) for t=b.

Then the adjoint boundary value problem to (0,1), (0,2) is to find a row n-vector
function y of bounded variation on [a, b] and a row m-vector A such that

(0.1%) ¥(t) = ¥(a) — j '1(6) A(5) ds — A(Lo(t) — Lo(a) —
- f "J(5) (Go(s, i) — Gofs, @) ds on [a, b],

(0,2¥)  y(a) + AM + —ry(s) C(s)ds =0, y(b) — AN — be(s) D(s)ds = 0.

a a

The given problem has a solution iff

Jb}f(s)f(s) ds = Al

for any solution (y, 4) of (0,1%), (0,2*). If the given problem is homogeneous and
has exactly r linearly independent solutions on [a, b], then (0,1%), (0,2*) has exactly
r + m — n linearly independent solutions on [a, b]. (The problem (0,1%), (0,2*) is
the well-posed adjoint of the problem (0,1), (0,2).)

The equation (0,1*) is a generalized (ordinary) differential equation in the sense
of J. KurzweiL ([8]) and it can be written in the form

dy _ D[— ¥ B(t) — 4 Lo(t) — Lby(s) Gofs, 1) ds],

dr

where B(t) is the Lebesgue indefinite integral of A(f). This suggests that generally we
can expect the symmetry of the given boundary value problem and of its adjoint
only if the original problem involves the generalized differential equation. Generalized
differential equations were introduced by J. Kurzweil in [8]. Solutions to them are
generally defined by means of the generalized Perron (Kurzweil) integral. In the
special linear case

(0,3) 3—: = D[A(t) x + C(t) x(a) + D(¢) x(b) + jb[dsG(t, s)] x(s) + f(1)]

a

in which we are interested, the Perron-Stieltjes integral is fully sufficient. An n-vector
function x is said to be a solution to (0,3) on [a, b] if, given t € [a, b], there exist
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the Perron-Stieltjes integrals

f TdA(s)] x(s) and J d,G(r, 9] %(5)

and it holds

x(1) = x(a) + j TaAE)] %) + (C() - C(@) x(a) +
+ (D) — D(@) x(b) + j "[46(t, ) — G(a, )] x(5) + 71 — 1(a).

Generalized differential equations were studied by several authors (cf. e.g. [8]—[10],
[12], [13] and [22]). In particular ST. ScHWABIK [13] treated the generalized linear
differential equation ’

©odx
(0,4) ~= = D[A(t) x + f(£)]

dt

with 4 and f left-continuous on [a, b] and of bounded variation on [a, b]. For the
similar “differentio-Stieltjes-integral” equation

(0.5) x(1) = x(a) + Y '[ TaA(9] () + /() — /(@)

involving the Young integral T. H. HILDEBRANDT obtained in [6] the fundamental
results (as e.g. existence and uniqueness of a solution in the class of bounded func-
tions, fundamental matrix to the corresponding homogeneous equation, variation
of-constants formula, relation to the adjoint equation) without supposing the
continuity of 4 and f from the left or from the right. Under the assumptions guaran-
teeing the existence of a solution to (0,5) we may apply all these results to (0,4)
(cf. [17]).

Another good reason for the investigation of boundary value problems for gener-
alized differential equations is that by means of the transformation due to W. R.
Jones [7] the integral boundary value problem (0,1), (0,2) is transferred to the
simple two-point problem for the equation (0,3) with A, G, f appropriately defined.
Even (cf. [19]) if G(¢, s) = G4(t) G,(s) we can convert (0,1), (0,2) into a two-point
boundary value problem for an equation of the type (0,4). Finally, let us notice that
also some practical problems (as e.g. those quoted in [18]) lead to boundary value
problems for generalized differential equations.

Boundary value problems for generalized ordinary differential equations were for
the first time mentioned in the book [1] by F. V. ATKINsoN (chapter XI). In [19] to
the boundary value problems

(0.4) gf = D[A() x + (1],
(0,6) M x(a) + N x(b) =1
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and

dx b
) E=p [A(t) x +(H,(t) Cx(a) + Dx(b)) + Hi(i) J [dG(s)] x(5) + f(t)],

(0,8) M x(a) + N x(b) + ~r[dLl(s)] x(s) =1, j‘b[sz(s)] x(s) = I,

the well-posed adjoints were found under the assumptions

(i) A, f are of bounded variation and regular on [a, b] (A* A(f) = A(t+) — A(f) =
= A(t) — A(t—) = A"A(t) for a < t < b, A*A(a) = A~ A(b) = 0 and analogously
for f), (AT A(t))> = 0 for a < t < b, M and N are constant matrices and  is a con-
stant vector

and

(ii) 4 is absolutely continuous on [a, b]; H,, H,, G, L;, L, and f are matrix
functions of the appropriate types which are of bounded variation and regular on
[a, b]; M, N, C, D are constant matrices such that the rank of the matrix [M, N;
C, D] is maximal; I, and I, are constant vectors,

respectively. (In [19] the Hildebrandt symbolics from [6] was used.) The latter
problem covers that of R. N. BRYAN from [2].

In this paper we continue the investigations from [19]. We treat again the problems
(0,4), (0,6) and (0,7), (0,8) and, moreover, the general problem (0,3), (0,2). For each
of them we find the well-posed adjoint and prove the corresponding “alternative
theorems”. The first one is treated in §2. Instead of (i) we assume only 4, f to be of
bounded variation on [a, b], (A*A(a))* = (A~ A(b))? = 0, (A*A(1))* = (A~ A(r))?
and det [I — (A*A(1))*] % 0 for a < t < b. (I is the identity matrix.) This and the
generalized Jones transformation allow us to obtain in §3 the desired theorems for
the problem (0,7), (0,8) under less restrictive hypotheses than (ii). It suffices if 4 is
of bounded variation and regular on [a, b] and such that det [T — (A*A(#))*] & 0
for a < t < b. Furthermore, the matrices C, D need not be complementary to M, N
and f need not be regular. Finally, §5 is devoted to the problem (0,3), (0,2), where
A, C, D and f are of bounded variation and regular on [a, b]; (A*A(t))*> = 0 for
a < t < b; G(t, 5) is of bounded variation and regular on [a, b] in each variable for
the other variable fixed and of bounded two-dimensional variation on [a, b] x [a, b]
(in the sense of Vitali); Lis of bounded variation on [a, b] and [ is a constant vector.
It is essential for our purpose to use the “‘alternative lemmas” for the ‘integro-
algebraic” system

hs) + P(i) ¢ + j "K(t,5) dh(s) = u(t) on [a,b],

Qc + J'bR(s) dh(s) =v.
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These lemmas are stated in §4. They follows from the recent results of St. Schwabik
[16] concerning linear operator equations in Banach spaces. The theorems of §5
allow us to generalize the corresponding results from [20] for the classical boundary
value problem (0,1), (0,2) to the case of | G(t, a)| + var} G(t, .) L-integrable on [a, b],
but not necessarily square integrable.

The boundary value problems (0,4), (0,6) and (0,7), (0,2) are also studied in [21].
The assumptions are similar as here. Only instead of the regularity of the occurring
functions we assume these functions to be left continuous.

1. PRELIMINARIES

1,1. Notation. Let —o0 < a < b < c0. J = [a, b] denotes the closed interval
a <t =<band J®=(q,b) its interior. #,, denotes the space of all real p xg-
matrices equipped with the norm

a
A =(a;;)€ Rpy ”A“ =, nllax ‘zl|ai.il .
i= j=

(Rp1 = Ry, Ry, = #;.) Given an arbitrary A € &, ,, rank (4) denotes its rank
and A" its transpose. If p = g and det 4 + 0, then A" denotes the inverse of 4. The
identity p x p-matrix is denoted by I, and the zero p x g-matrix is denoted by 0, ,.
(Usually we write briefly I or 0.) Let us notice that for x = (x4, X, ..., X,)' € &,

BV, , denotes the Banach space (B-space) of all p x g-matrix functions of bounded
variation on J equipped with the norm

Fe®BY,,~ |F|lay = |F(a)| + var3 F.

(BY 1 = BV, BY 14 = BY7;.) (If no confusion may arise, indices are omitted.)
Given F € #v, F, denotes the continuous part of F, F, = F — F_ and, further, for
telJ

A*F(t) = F(t+) — F(t), AF(t) = F(f) — F(1—), AF(t)= F(t+) — F(t—).
(A"F(a) = A*F(b) =0, AF(a) = A*F(a), AF(b) = A"F(b).)
The function F e #7 is said to be regular on J if A*F(f) = A™F(t) on J. (Thus
A*F(a) = A"F(b) = 0.) The space of all p x g-matrix functions of bounded
variation and regular on J is denoted by #¥°5 , (or briefly #7°%). The space of all
p X g-matrix functions F of bounded variation on J such that A*F(a) = A™F(b) =

=0 and F(t+) = F(t—) = F(a) for all te(a, b) is denoted by A", , (or briefly
A Ny = A). (Evidently if F e 4, then F(f) = F(a) on J.)
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Given an arbitrary matrix function G(t, s) defined for ¢, s € J and given an arbitrary
net subdivision 6 = {a =1, < t; < ...<t,=b,a =5 <5 <...<s,=b} of
J x J, let us denote

AA; 4G = [[G(ty4 1, Sus1) = G(tjs Sis1) — G(tjr1s ) + G(tj, s,

w(G; o) = Ep_‘, iAAMG.

j=1k=1
Then
wy xs(G) = sup, w(G; o)

denotes the Vitali two-dimensional variation of G on J x J. (See [5], III §4.) The
matrix function G is said to be of strongly bounded variation on J x J if

wyxs(G) + varl G(a, *) + var) G(+, a) < oo .

The space of all n x n-matrix functions of strongly bounded variation on J x J
is denoted by %% . If G € %Y, then

vary G(*, s) < w;,(G) + var G(+,a) forall selJ,
var, G(1, *) < w,,,(G) + var5 G(a, +) forall telJ.
(See [5] or [14].) For G e ##7", we denote
AYG(t,s) = G(t+,s) — G(t,s),  AFG(t,s) = G(t, s+) — G(t,3),
ATG(t,s) = G(t,s) — G(t—,s), A;G(t,s)=G(t,s) — G(t,s—),
AiG(t,s) = G(t+,s) — G(t—,s), A,G(t,s) = G(t,s+) — G(t,s—) .
Let us notice that if G(t, s) = G,(t) G,(s) with G;, G, € B, then G € BV (cf. [5]).
1,2. Integrals. Generally, (¢ F dG stands for the Perron-Stieltjes integral. Since we
deal only with functions of bounded variation, the o-Young integral (Y-integral) is

fully sufficient for our purposes. For the definition of this integral see [5] II 19,3.
Let us recall here only that if F, G € BV, then the expression

(R, 9) J "F(r) dG.(1) + ¥ Fl) AG()

(with the ordinary Riemann-Stieltjes integral) has a sense and its value defines the
Y-integral [} F(f) dG(f). The relationship between various types of the Stieltjes
integral was discussed in detail in [15]. The basic properties (substitution theorem,
integration-by-parts formula, indefinite integrals etc.) of the Y-integral have been
formulated and proved in [5]. We give here only some more complicated or less
known formulas. (The list of properties of the Y-integral is given also in [19].)
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Let F, G, H(t, ) and H(*, s) e #¥ for allt, s e J, let H(t, s) be bounded on J x J
and let K € %v". Then

a2 [ Fe)ace + r[dzr(t)] 6(1) =

o

= F(b) 6(5) ~ F(a) G(a) + %, [AF() A~G() — A*F() A*G(9)]

(22 (1o (['n.9460) = [ ( [ TR0 (e ) i) +

o a a s

+ Y [ATF(?) H(t, 1) A=G(t) — A*F(1) H(t, 1) A*G(1)] ;

(123) o) = j F(s) dG(s) e #¥" and A*a(t) = F(t) A*G(i),

a

A~ ®(t) = F(t) A™G(t) forall teJ;

(1,2,4) J k(i) [d, J K(t, ) dG(s)] - J ' < I F(5) [4.K(, t)]) dG(1) ;

a a a a

125 ¥(i) = j 6(s) diK(s, ) B,

while

#04) = [ 6 k(s 14) and #(0-) = [ 66 k(s 1)

a

(1.26) j :F(z) [d, '[ :dsK(t, 9 G(s)] - f : [ds f :F(t) dK(1, s):l 6(s)

for arbitrary ¢, d € J.

(The statements (1,2,4)—(1,2,6) have been proved in [14]. The assertion (1,2,4)
follows also from the integration-by-parts formula (1,2,1) and from the Dirichlet
formula (1,2,2).)

1,3. Generalized linear ordinary differential equations. The fundamental results
concerning generalized linear ordinary differential equations

dx

(1,3,1) o= D[A(t) x + f(1)]
and
(1,3,2) gﬁ — D[A() x]

have been summarized in [17]. (Essentially they were proved by T. H. Hildebrandt
in [6].) Let us recall here only the basic facts.
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Let
(1,3,3) AeBYV,,, f€BY,, and
det [I — (A" A(1))*] . det [1 — (A*A(t))*] =0 forany telJ.

Then there exist unique n x n-matrix functions U(t, s) and V(1 s) defined on J x J
and such that

(1,3.4) Ul s) =1 + f TdA()] UGs, 5)
and
(1,35) V(ts) =1+ f V(t, o) dA(o)

for all t, s € J. The functions U and V have the following properties.
(i) There exists M < oo such that
(1,3,6) varb U(+, s) + vara V(+, s) + var U(t, *) + var V(t, ©) £ M
forall t,seJ.
(ii) Given arbitrary t, s, r e J,
(1,3,7) U(t,r)U(r,s) = U(t,s), Ut 1)=1,
V(t,r) V(r,s) =V(t,s), V(1) =I.

(iii) If A e #¥°, then for an arbitrary se J or te J, U(+, s) or V(t, +) is regular
on J as well.

The notation U and V for the evolution matrix functions to (1,3,2) and to
d \
(1,3,8) EL = D[-y* 4(1)],
) T

respectively, are kept throughout the paper. Let us notice that owing to (1,3,6) and
(1,3,7) U and Ve ¥27".

Given an arbitrary ¢ € %, the unique solution x to (1,3,1) on J such that x(a) = ¢
is given by

(139) (i) = U(t, a) (c — f(a)) + £(1) - j [4U(t ]4(s) on J.

If besides (1,3,3) also (A*A(f))> = (A~ A(1))* on J, then the corresponding evolu-

tion functions U and V fulfil the relations .

(13,10)  V(t,s) = Ut, s) + V(8 s) (A*A(s))? — (A*A(D)* U(t,s) for t,seJ.
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In particular,
(1,3,11) V(b,s) = U(b,s) + V(b, s) (A* A(s))* (V(b, a) = U(b, a))

and therefore V(b, *) — U(b, -) € #". Furthermore, if (A*A(f))*> = (A A(t)? =
on J, then the evolution functions U and V coincide on J and if, moreover 4 € #¥R,
then U is regular on J in both variables. For f e 87K, the variation-of-constants
formula (1,3,9) becomes

x(i) = U(t, a) c + j'U(:, $df(s).

1,4. Adjoint matrices. Let M, N € &, , be such that rank (M, N) = m. Then there
exist matrices P, Q € &, ;,-m and P, 0 € &, ,, such that

(0 det<’Q’ Z)#o;

(ii) ~MP +NQ=0,,3,-, and —MP+ NQ =1,;

(iii) Py, Q; € B, 2p-mand Py, 0, € R, ,, being arbitrary other matrices fulfilling (i)
and (ii), there exist a regular (2n — m) x (2n — m)-matrix R and a (2n — m) x
x m-matrix S such that

P,=PR, Q;=0QR, P,=P+PS, 0,=0+ 0S.

(For some more details see e.g. [3] XI or [19].)

The matrices P, Q and P, Q fulfilling (i) and (ii) are called respectively adjoint and
complementary adjoint matrices to M, N.

2. TWO-POINT BOUNDARY VALUE PROBLEM FOR GENERALIZED
LINEAR ORDINARY DIFFERENTIAL EQUATION

Let Ac BV yp, f€BYV y, M and Ne A, , and | € #,,. In this paragraph we con-
sider the boundary value problem

1) j_: = D[A() x + f(1)],

(2.2) Mx(a) + Nx(b)=1."

Without any loss of generality we may assume 0 < m < 2n and rank (M, N) = m.
Throughout this paragraph we assume

(23) det[I— (A*A(1)’] + 0 and (A*A(1))*> = (A A(r))* forany telJ.
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Lemma 2,1. An n-vector function x is a solution to (2,1), (2,2) iff
e x)=UCa) - f@) + 50 - [[406 99 o 7,
where the n-vector ¢ fulfils the linear system “
(29) DM -+ NU(b, @] = NV(5, )50 ~ (8) + [ 405, 9079] + 1

Proof. Putting (1,3,9) into (2,2) we get that x is a solution to our boundary value
problem iff it is given by (2,4), where c satisfies the system

[M + NU(b, a)] ¢ = N[U(b, a) f(a) — f(b) + Jb[dsV(b, $)]f(s)] + 1.
Since U(b, *) — V(b, *) e A (cf. (1,3,11)),
[[Tar.976 = [T 950

wherefrom the lemma immediately follows.
By the well-known theorem from linear algebra we obtain.

Corollary 2,1. The homogeneous boundary value problem

(26) =~ pla() ],
(2,7) M x(a) + N x(b) =1

has exactly r = n-rank ([M + NU(b, a)] linearly independent solutions on J.

Definition 2,1. Let P, Q be adjoint matrices to M, N, then the boundary value
problem

(2,9) (Lyr = D[y 4],
(2,9) y'(@P +y'()0=0

is said to be adjoint to (2,1), (2,2).

Remark 2,1. The condition (2,9) does not depend on the choice of the adjoint
matrices (cf. Sec. 1,4 (iii)).
In some cases the following equivalent formulation of the adjoint boundary value

problem appears to be more appropriate. To find an n-vector function y and an
. m-vector A such that y is a solution to (2,8) on J and 2

(2,10) y(a@) + *M =0, y\(b)— AN =0.

192



If the couple (), 1) is a solution to (2,8), (2,10), then according to the definition of the
matrices P, Q we have

y'(a)P + y'(b) Q = (—MP + NQ) = 0.

On the other hand, if y is a solution to (2,8), (2,9), then since the rank of the matrix
(=M, N) is maximal, there exists by Sec. 1,4 (ii) 1€ £, such that y'(a) = —A'M
and y'(b) = A'N. Thus, both the formulations are really equivalent.

Lemma 2,2. An n-vector function y is a solution to (2,8), (2,9) iff
(2,11) y\(t) = y'NV(b,t) on J,
where y € R, satisfies the linear system
(2,12) y'[M + NU(b,a)] = 0.

Proof. By the definition of the evolution matrix function ¥, an n-vector function y
is a solution to (2,8) on J iff

(2,13) y'(t) =6'V(b,t) on J,

where § is some constant n-vector. Let (y, ) be a solution to (2,8), (2,10). Since by
(2,13) y'(b) =8'=A'N and y‘(a) = 8'V(b, a) = I'NV(b,a) = —2'M, we have
y'(t) = A'NV(b, t) on J and A'[M + NU(b, a)] = A'[M — M] = 0.

Corollary 2,2. The adjoint boundary value problem (2,8), (2,9) has exactly
r* = m-rank (M + NU(b, a)) linearly independent solutions on J.

Proof. By Lemma 2,2 the adjoint problem has at most r* = m-rank (M + NU(b, a))
linearly independent on J solutions

yi(t) = yjNV(b,t) (j=1,2,...,1%),

where y; are linearly independent solutions of (2,12). Let these y; be linearly dependent
on J. Denoting by I' the r* x m-matrix formed by the rows y;, we get that for some
nonzero k€ #,. k'I'NV(b,a) = k'INU(b, a) = 0, while I'IM + NU(b, a)] = 0.
Since rank (M, N) = m and by (1,3,7) det U(b, a) = 0, it follows that k'I'(M, N) = 0
and k'I’ = 0, which contradicts the definition of I.

Theorem 2,1. Let P, Q and P, § be respectively the adjoint and the complementary

adjoint matrices to M, N. Then the given boundary value problem (2,1), (2,2)
Sulfilling (2,3) has a solution iff

1) OB = Y@@ - [ OO = 6@ P + Y6
for any solution y of the adjoint problem (2,8), (2,9).
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Proof. The system (2,5) has a solution iff
b
1=y o) - v @@ - [Tavte, 91 79}

for any solution y of (2,12). Given y € &, let us put y)(f) = y'NV(b, 1) on J. Then
according to Lemma 2,1, the problem (2,1), (2,2) has a solution iff

Yl = () £(b) — 33(a) f(@) — f "Tayy9)1/0)

for any solution y of (2,12). For any such y we have
y)(a) P + y)b) @ = y'[NV(b,a) P + NO] = y'[-MP + NO] = y'.
This together with Lemma 2,2 completes the proof.

Corollary 2,3. Let Ae BV, det [I — (A*A(1))*] + 0 on J and fe BYR. Then

n,n>

the problem (2,1), (2,2) has a solution iff
b
[roa0=0@r+reo

for any solution y of the adjoint problem (2,8), (2,9).
(Since any solution y of (2,8) is regular on J (cf. Sec. 1,3 (iii)), the proof follows
from (2,14) by integration-by-parts formula (1,2,1).)

Remark 2,2. The condition (2,14) is independent of the choice of the matrices
P, Q, P, O (cf. Sec. 1,4 (iii)).

From Lemmas 2,1 and 2,2 we can, analogously as in Theorem 2,1, derive the neces-
sary and sufficient condition for the existence of a solution to (2,1), (2,2) in the fol-
lowing form:

Theorem 2,2. The problem (2,1), (2,2) fulfilling (2,3) has a solution iff
Y(O)16) - 9@ @) = [ 61 = 2
for any solution (y, 2) of the adjoint problem (2,8), (2,10).
Corollaries 2,1 and 2,2 yield immediately the following
Theorem 2,3. Let the homogeneous boundary value problem (2,6), (2,7) have

exactly r linearly independent solutions on J, then the adjoint problem (2,8),
(2,9) has exactly r* = r + m — n linearly independent solutions on J.
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Analogously as Theorem 2,2 we could prove the following

Theorem 2,4. Let (2,3) hold and let g € Y, and p, g € R,. Then the boundary
value problem to find an n-vector function y and an m-vector A in such a way that y
is a solution on J to the equation

L D[ 4() + 0]

and
y'(a) + A*M =p', y'(b)—AN=gqg
has a solution iff

(1) x0) - 9@ &)~ [0 = ¢ x) - p'x@

a

for any solution x of the homogeneous problem (2,6), (2,7).

3. INTEGRAL BOUNDARY VALUE PROBLEM FOR GENERALIZED LINEAR
INTEGRODIFFERENTIAL EQUATION WITH A DEGENERATE KERNEL

Let

(31) Aeavy,, det(I—(A*A(1)*)+0on J; Cand DeB¥r,;

HeBVn,, KeBYV ,,; [€BV s Li€BV i ps Lr€BY pyns

Mand NeZ,,,; l,€R, and ,eXR,,.
We are looking for a solution x of the equation
d b
6 E-»p [A(t) x + (i) x(a) + D(i) x(8) + H() j [dK(s)] x(s) + f(t)]
T a
on J which is of bounded variation on J and such that

(3.3) M x(a) + N x(b) + r[dLl(s)] () = Iy,
I TALA($)] %(6) = I

Without any loss of generality we may assume
(3.4 K,L, and L,e#¥®; 0<m; <2n and rank(M,N)=m,.

(Given Fe #¥ with A*F(a) = A"F(b) =0, there exists F, e 7" such that
F—F,eX)
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Analogously as in [19] we put for te J

65 a0)= [[LE10, ") = [FLE1. «© =0,

/

u(t) = x(b), w(t) = J t[dK(s)] xts) , z(t) = w(b).
It follows that

M x(a) + Nx(b) + q(b) = 1;, r(b)=1,, q(a)=0, r(a) =0, u(a)=x(a),
v(a) = x(b), w(a) =0, z(a)=wb).

Let us denote for te J
A(1) 00 C(r) D(t) 0 H(z)]
L(f)000 00
Ly(1) 000 00
() =10 000 00 R
0 000 00
K() 000 00
| 0 000 00
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o
(=)

(== NN Nl

oo;«ooooz‘
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L

f.”ﬂﬂ=[ o ]’ “omr

m+2n+2p,1
m+2n+2p,1

m=m; + m,, =2m+2n+2p, v=m+3n+2p.
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Then o € B, det(I — (A*L(£))>) =0 on J, o BV, M and N eXR,,,
rank (#, &) = p, x € R, and the problem (3,2), (3,3) is equivalent to the two-point
problem

(3.6) T = D) ¢ + 0(0],

(3,7 M E(a) + N ED) = x

in the following sense. If x is a solution to (3,2), (3,3) and if the functions g, r, u, v,
w, z are given by (3,5), then the v — vector function & = (x', ¢', r', u', v', w", z")" is
a solution to (3,6), (3,7). On the other hand, if £ = (x', ¢', r', u', v', w', z')" is a solu-
tion to (3,6), (3,7), then the n-vector function x formed by its first n components is
a solution to (3,2), (3,3) and the other components g, r, u, v, w and z fulfil (3.5).

By Theorem 2,2, the problem (3,6), (3,7) has a solution iff

(3:8) n'(b) ¢(b) — n'(a) ¢(a) — r[dﬂ‘(S)] o(s) = A'x
for any solution (#, 1) of the problem

(3.9) %’: = D[-n* #(1)],

(3,10) n(a@) + 2 =0, n(b)— AN =0.

According to the definition of &, .#, 4", ¢ and x, the problem (3,9), (3,10) is
equivalent (in the same sense as (3,2), (3,3) is equivalent to (3,6), (3,7)) to the problem
of finding ye #¥,, 4, € #,, and 1, € &, such that y is a solution on J of the
equation

(3,11) ‘(‘j_y‘ -D [_ VA = 23 Ly(t) — 2 Lo(t) — r ¥(s) dH(s) K(t)],

T
and

G12)  y(a) + AM + J V() dC() = 0, () — AN — J' ") dD(s) = 0.

Thus we have

Theorem 3,1. The boundary value problem (3,2), (3,3) fulfilling (3,1) and (3,4)
has a solution iff

b
61 YO @@~ [[O1E = A1+ L
for any solution (y, Ay, A,) of the adjoint problem (3,11), (3,12).

197



Remark 3,1. Let us notice that the equation (3,2) admits in our case only solutions
with bounded variation on J. This follows from the relationship between the equa-
tions (3,2) and (3,6). Symmetrically we can show that if g #7", and p, g€ %,

then the problem of finding an n-vector function y, 4; € #,,, and A, € &, such thaty
is a solution on J of

(3,14) ‘Z—YT‘ = D[— Y A() — 23 Ly(f) — 25 Ly(r) — f :y‘(s) dH(s) K(?) + g‘(t)]
and

(3.15)  y(a) + 4M + jby‘(s) dc(s) = p*, y\(b) — A\N — J by‘(s) dD(s) = ¢'

admits only such solutions (y, 4, 4,) that y € #¥",. Moreover, the following theorem
is true.

Theorem 3,2. Let (3,1) and (3,4) hold. Let g € Y, and p, q € R,. Then the bound-
ary value problem (3,14), (3,15) has a solution iff

6 x() = 9'@) x(@) = [0 &) = 4 (8) ~ ' x(0)

for any solution x of the homogeneous problem.
dx

(3.16) il D[A(t) x + C(t) x(a) + D(t) x(b) + H(t) J‘b[dK(s)] x(s):l ,

a

(3.17) M x(a) + N x(b) + 'r[dL,(s)] x(s) =0,

I TL(s)] (5) = 0.

€

Remark 3,2. Let
C(t) x(a) + D(¥) x(b) = F(f)(Cx(a) + D x(b)) on J,

where F e 7%, and C, D € &, , are such that

kM,N
ran C,D=m1+q'
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Let us choose (2n — m, — q) x n-matrices C, D arbitrarily in such a way that

M, N
rank |C, D|=2n
C, D

mele] w=[3]

Then there exist adjoint and complementary adjoint matrices P, Q and P, Q such that

and let us denote

_MF+NQ= OZn—-ml,m1’ —MP'*'NQ:IZn—m,

(cf. [19] §4). Let us put Fy(t) = (F(t), Oy 20-m, -4) for t € J. For any solution (y, 4,
2,) of (3,11), (3,12) we have

W@ P + y'(b) Q = [~MP + NQ] + ( f ) dFl(s)>[—— §P + NQ] =

a

- j Y ($)dF(s)
and ‘
yN(a) P+ y\(b) 0 = 4;.

Consequently, by Theorem 3,1, the problem (3,2), (3,3) has a solution iff

YO0 - Y@ (@) = [ [EIO = (@ P + 6 01 + 2
for any solution (y, 1) to
dy'

Y b1 40) - W@ P+ YOO LO - 2 1) - [ 0 [T K .

y(@) P+ y'(b) Q - f by‘(s) dF, =0

Analogously as in Theorem 6,2 of [19] we can deduce from Theorem 2,3 the
following

Theorem 3,3. Let (3,1) and (3,4) hold. Let the homogeneous problem (3,16), (3,17)

have exactly r linearly independent solutions on J. Then its adjoint (3,11), (3,12)
has exactly r* = r + m — n linearly independent solutions on J.
(Couples (y;, ;)€ BV, x Ry (j =1,2,...,p) are said to be linearly dependent
on J if there exists a nonzero p-vector (kiy, k, ..., k,) such that ki y4(t) +
+ ky yaot) + ... + k,y,(t) =0o0n Jand kdy + kydy + ... + kA, = 0.)

Thus we generalized Theorems 6,1 and 6,2 of [19].
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4. AN “INTEGRO-ALGEBRAIC” SYSTEM
Let

41) KesBv, K(-,s)eBvx, and K(a,s)=0 forany selJ;
Pe#vy,, Pla)=0; ReBYV,,; ueBYVE, u(a)=0;
Q€ERnn> VERy.

In §5 we shall reduce the boundary value problem (0,3), (0,2) to an “integro-
algebriac” system of the form

42) W) + (i) c + JDK(t, $)dh(s) = u(t) on J,

Qc + jbR(s) dh(s) = v,

where h € Y, regular on (a, b) and vanishing at a and c € %, are looked for. The
system (4,2), the corresponding homogeneous system

(4.3) h(t) + P(f) ¢ + J bK(t, s)dh(s) =0 on J,

0c + rR(s) dh(s) = 0

a

and the adjoint system for (x, y) € BY", X R

(49 20 +7 RO + [ aKE =0 on 1,

70 +rx‘(8)dP(S) =0

shall be treated in this paragraph. In particular we shall prove two lemmas needed
in §5.

Lemma 4,1. The system (4,2) fulfilling (4,1) has a solution iff
(4,5) -[ "0 du(s) + 30 = 0
for any solution (x,y) to (4,4).

Lemma 4,2. Let (4,1) hold. The homogeneous systems (4,3) and (4,4) possess at
most a finite number of linearly independent solutions on J. If (4,3) has exactly r

linearly independent solutions on J, then (4,4) has exactly r* = r + m — n linearly
independent solutions on J.
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The necessity of the condition (4,5) for the existence of a solution to (4,2) follows
readily. In fact, let (h, c) and (%, 7) be solutions to (4,2) and (4,4), respectively. Then
according to (1,2,4) we have

@6) [ 20 dut) + yv =

Ja

_ ‘F:x‘(t) [d {h(t) + P + j :K(t, 9 dh(s)}] . {Qc + f :R(t) dh(t)} _

= [{e0+ 7m0 + [ :x‘(S) 4.K(s t)} any + fro+ | jx‘(t) dP(r)} c=0.

Ja

To prove the lemmas completely we have to make use of the following general theorem
due to St. Schwabik ([16]).

Proposition. Let & be a Banach space and Z* its dual. Let % = &* be a total
space (i.e. y(x) = 0 for all ye ¥ implies x = 0) which is also a Banach space.
Let T: Z — & be a completely continuous operator and let the operator T" : % —
— Z* be such that y(Tx) = T" y(x) for all xe & and y e ¥ and T'(¥) = ¥. Then
either (a)
the equation
4.7) x+ Tx =%
has in & only one solution for any X e &
or (b)

the equation
(4,7) x4+ Tx=0

has r, 0 < r < oo, linearly independent solutions in % .
In the case (b), the equation

(4,8) i ‘ y+ Ty=0

has also r linearly independent solutions in %.

Moreover, the equation (4,7) has a solution in Z iff y(%) = 0 for any solution y
of (4,8). Symmetrically, the equation

y+Ty=7
has a solution in ¥ for § € ¥ iff §(x) = O for any solution x of (4.7").
(For the proof see [16].)

In the sequel we denote by ¥, the space of all column n-vector functions of
bounded variation on [a, b], regular on (a, b) and vanishing at a. Furthermore, let
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us put p=max(m,n), £ =¥, x R, and ¥ = BY 'y x &. Then Z and ¥ are
Banach spaces equipped with the norms

x=(hc)ed - x|z = |hlay + [c] = vargh + |¢]
and

y=0"1)e? = |yly = oy + 7' = (@] + varzz® + ]

respectively. The space % can be identified with a subspace of Z*. The value of the
functional y = (x',7") € @ on x = (h, ¢) € & is given by

b
(x, p) = I x'(8) dh(t) + y'c.

Furthermore, let us put

(9) B(i) = P1), 0= [ Ofm] -1,
R(r) = [ORE‘S] 5= [O:m,l] it m<n(p=n)
and

B(§) = (P(1), Oppm-v)» 0 =(Q, Opms) — L
Rl)=R(t), t=v if mzn(p=m).
Then (4,2) becomes
(4,10) W) + B(t) ¢ + '[ "K(t, $) di(s) = u(t) on J,

a

c+0c + jbﬁ(s) dh(s) =7,

where (h, ¢) € 4 is looked for.

Let us notice that while the systems (4,10) and (4,2) are in the case p = n identical,
they differ a little from each other if p = m. In the latter case we have the following
relationship between the systems (4,2) and (4,10). If (h, c) is a solution to (4,2) and
if d is an arbitrary m-vector such that the n-vector formed by its first n components
coincides with ¢, then (h, d) is a solution to (4,10). On the other hand, if (h, d) is
a solution to (4,10), then (h, c) where ¢ is an n-vector formed by the first n components
of d is a solution to (4,2). This indicates that if p = m, then the homogeneous
system

b
(4.11) W) + B(i) c + .[ K(t,s)dh(s) = 0 on 7,
~ b—a
¢+ 0c +JR(S) dh(s) =0
has exactly m — n linearly independent solutions on J more than the system (4,3).
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Let us put

a

e + J' "K(t, 5) dhs)

T:x=(hc)eZ -

ge  + rﬁ(s) dh(s)

Then T'is a linear continuous mapping of & into itself. (Clearly T(Z) = 8%, x &,,.
Moreover, since K is by (4,1) bounded on J x J and K(t+, *),K(t—, *) € BV, ,
for any t € (a, b), we have by the convergence theorem for Y-integrals ([5] IT 19,3,14)
for any he #v¥",and t € (a, b)

lim '[ "K(t + 7, 9) dh(s) = J‘ "K(t+, 5) dh(s)

=0+ J,
and
b b
fim J' K(t + %, 5) dh(s) = J K(i—, s) dh(s).
=0 J, a
Consequently

o(t) = J' "K(t, ) dh(s) e BY°R

for any h e #v,. It follows immediately that T(Z) < #.) Furthermore, given x € Z
and y € %, we have by (4,6) (Tx, y> = {x, T"y), where

Y R(r) + jbx‘(S) d,K(s, 1)
‘; e .
»0  + f x'(s) dP(s)

a

T :y=(x,7)e¥ —

Since by Theorem 3,2 of [14] T'is completely continuous and by Lemma 5,1 of [14]
% is a total subspace of Z*, all the assumptions of Proposition are fulfilled. Applying
Proposition to the systems (4,10) and (4,11) we get Lemmas 4,1 and 4,2 immediately.
{The adjoint systems (4,4) and

(4,12) 2'(6) + ' R() + J bx‘(s) d,K(s,t) =0 on J,

b .
P +93 4+ j 2'(s)dF(s) =0

are in a similar relationship as the systems (4,3) and (4,11). If p = n, then the system
(4,12) has exactly n — m linearly independent solutions on J more than the system

(4:4).)
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Analogously as Lemma 4,1 we can prove the symmetrical assertion

Lemma 4,3. Let (4,1) hold and let o.€ BY",, B € R,. Then the system of equations
for (x. 7)€ BY ", x Ry

x'()) + ' R(t) + fbx‘(s) dK(s,t) = a'(f) on J,

b
yQ + f 2() dP(s) = B
has a solution iff

J.btx‘(s) dh(s) + B¢ =0

a

for any solution (h, ¢) to (4,3).

5. INTEGRAL BOUNDARY VALUE PROBLEM FOR GENERALIZED LINEAR
INTEGRODIFFERENTIAL EQUATION WITH A GENERAL KERNEL

Let
(5.1) AeBVy,, (ATAt)*=0onJ, GeSABYV,
G(+,s)e BV 5, forany seJ, C and De BVY,, feBVY,
M and Ne®,,,, Le#Y,,and le,.

Let us consider the boundary value problem (P): to find an n-vector function x of
bounded variation on J which is on J a solution to the generalized linear integro-
differential equation

dx

b

53 = D[A(t) x + C(i) x(a) + D(t) x(b) + '[ [d.G(t, 5)] x(s) + f(t)]

T a
and fulfils the additional condition

b
(53) M x(a) + N x(b) + J [AL(s)] x(s) = 1.
Without any loss of generality we may assume further
(5.4) C(a)=D(a) =0, G(a,s)=0onJ, Lia) =0,
G(t, .)e BV Y, forany teJ, Le BV ,.

Let U denote the evolution matrix function for the equation

j—: = D[A(t) x]
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According to (1,3,10) the function U coincides with the evolution matrix function V
corresponding to the adjoint equation

2 D[y 4]

Denoting U(t, a) = X(t) and U(a, t) = Y(¢) for te J, we get Y(f) = X~ () on J
and U(t,s) = X(1) X *(s)on J x J,whileXand X' e ¥} ,and X(a) = X "*(a) =
= I. The variation-of-constants formula (1,3,9) now becomes

5 x() = X(i)c + X(t)JltX"l(s) dh(s) — X(1) A=X (1) A=h(t) +
+ x() j X1(s) df(s) — X(t) A~X~1(6) AF(1) = X(i) ¢ + X(i) f X~1(s) dh(s) +

+ th(t, ) dh(s) + X(i) J X1(s) df(s) + f "H(t, $) d1(),
where ’ ’ ’
0 for t,seJ and t=+s,
—X(t)A"X"!(t) for t=s,

H(t,s) = {

ce R, and
(5.6) h(t) = C(t) x(a) + D(f) x(b) + '[ b[dSG(t, )] x(s) on J.

Evidently, h € 7°F and h(a) = 0. Inserting (5,5) into (5,3) and (5,6) and applying
Dirichlet’s formula (1,2,2) we find that an n-vector function x is a solution to the
problem (P) iff x is given by (5,5), where he 7", and c € %, satisfy the “integro-
algebraic” system :

(5.7) h(t) — {C(z) + D(1) X(5) + f 14,6t 9)] X(s)} ¢ -
- ﬂp(t) X(B) X~(s) + r[d,,a(t, )] (X(e) X~ (s) + H(o, s))} dh(s) =
_ J b{D(t) X(5)X~1() + f 14,6(, )] (X(o) X~*(s) + H(o, s))} d(s) on J,

b

{M + N X(b) + j j[dL(s)] X(s)} ¢ +J

a

{N X(5) X~1(s) +
+ J '[4L(0)] (X(0) X~*(s) + H(o, s))} dh(s) =

a

=1 [{vxe e + | 9L (X(0) X~6) + (e N}
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Let us denote for t,se J

(5.8)

(69 = -0 X(0) X0 - | 0.6 ] (0 X6 + (5 9),
P) = —C(i) - D) X(b) - j :[a,c(t, )] X(0).

ult) = - j:K(t, 0)df(o),

0  =M4+NX(b)+ J :[dL(a)] X(o),

RO =N X)X + [ O] 00 X0 + (. 0),
o =1- ‘[:R(a) (o).

Lemma 5,1. Let &, ¥ € Y, , be such that

Then

Proof. Let o={a=to<t;<..<t,=Db, a=s5,<58<..<s,=b}

sup () #(0)] = M < .

E(t, ) = j’ "[4,6(t, 0)] #(o) W) e SBY".

be an arbitrary net subdivision of J x J. Then

i) =3 3 ||[ 1660 0) - 6l6-0 N #00) 260 -

206
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gzi’;

Jj=1k=1

[4,(6(t,, 0) — Glt;-1, 9))] &(0) sv<sk-1>|| <

=

-

[ radstes o) - Gt ) 20 a"(sk-l)“ "
+ \Us"[d.,(aoj, o) = Gilty-1,0)] 96) (7(s) — ¥(s-0)| 5
<M (5, §a85,0 + (5t (600, ) = G- )

(316 - ¥} 8

< M {ry.(6) + (vard #) (3 vark (60t ) = 0= )}



Given an arbitrary subdivision {a = 1, < 7; < ... < 1, = b} of J,

r

_SI(EIHG(U, 7)) — G(t;, 1i-q) — G(tj—1, ) + G(t;-1, ’ti_l)u < wyus(G).
Hence
.ilvar": (G(t.i’ ) - G(tj—l’ ')) = waJ(G)

and
W(E; 6) £ Mw;,(G) (1 + var} ¥).

Clearly Z(a,s) =0 on J and var, Z(+,a) < oo (cf. (1,2,5)). Hence Ze SBY"
follows.

Lemma 5,2. Let us put
' G(t,s+) for t,seJ and s<b,

Qt,s) =
G(t,b) for t,seJ and s=b.
Then Qe BV .

Proof. Let c={a=1ty<t; <..<t,=b, a=sy<s;<..<s5,=Db} be
an arbitrary net subdivision of J x J. Given an arbitrary 6 > 0, we have

w(G; ©) =,~=ix killG(t,-, Se + 8) — G(tj, 5,-1 + 8) — G(t;_y, 5, + 8) +
+ G(tj- 1, 8e-1 + 9)]| = wyui(G),
where G(t, s) = G(t, b) if s = b. Consequently also
w(2; 6) = lim wy(G; 6) < w,,,(G).
50+
Lemma 5,3. The functions (5,8) fulfil all the assumptions (4,1).
Proof. By Lemmas 5,1 and 5,2
K(e9) = = () X() X76) ~ [ T9.6( ] X(0) X9 +
+ A3G(t,5) X(s) A" X" Y(s) e S BY .
The remainder is trivial.

Definition. The problem to find an n-vector function y of bounded variation on J
and an m-vector A such that y is a solution on J to the generalized linear integro-
differential equation

(59) o= o[-y - 2w - "(5) 4,605, 0]

dz a

207



while
(510) y'(a) + A'M + jby‘(s) dC(s) =0, y'(b) — A'N — J.by‘(s) dD(s) = 0

is called the adjoint boundary value problem (Py) to the problem (P).

Remark 5,1. It follows immediately from (1,2,3) and (1,2,5) that y € #¥® for
any solution (y, 2) of (Pg).

In the following we shall need the variation-of-constants formula for the equation
dy' .
(5,11) Eyé = D[—y A1) + ¢'(1)] .

Lemma 54. Let A€ BY°Y,, (A*A(f))> = 0 on J and g € B¥ K. Given an arbitrary

n,n>

V€ R,, the unique solution y of (5,11) on J such that y'(b) = y" is given by

5.12) 90 =069 - [ T (069 + 150,
where

0 ‘ for t,seJ, t=*s,
(.13 His. 1) = {A+X(t)X_1(t) for t=s.

Remark 5,2. It follows from (1,2,3), (1,3,4) and (1,3,5) that under our assumptions

5.1),
0 H(t,1) = A*X()) X71(t) = A*A(r) = A" A(f) = -X(1) A"X(¥)

and
H(t,a) = H(a, t) = H(t, b) = H(b,t) = 0

for any t € J. Consequently for any te J
. .
-[ [dg'($)] H(s, f) = A*g'() A*X(1) X~1(t) = A*g'(1) A* A(1) .
t

Proof (of Lemma 5,4). We show here only that (5,12) is really a solution of (5,11)
on J. The uniqueness can be proved similarly as it was done in [17] for the equation
(1,3,1).

Let us denote ¢'(f) = A*g"(t) A*A(t) for t € J. Then ¢'(t4) = ¢'(t—) = ¢'(a) =
= ¢'(b) = 0 for any t e J. Hence for any te J A*¢'(f) = —¢'(t) and by (1,2,1)

f@‘(ﬂ ) =~ 40) - | Tap (] 46) - A0 A%AD) =

= —0'(1) A(f) — A*@'() A(r) — AT @\(t) AT A1) = A*g'(1) (AT A4(1))* = 0.
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Furthermore by (1,2,2) for any te J

[ ([[rerenve.9) ase = [‘tawen (v 0 aa0) + a0 a%00.
Thus inserting (5,12) into .
[ECRCE

we get by (1,3,5) for any te J
j "(5) dAGs) = 7 f "U(b, 5) dAGs) - j Tdg'6)] j U(s,0) dA(0) — A*g'(1) A A(1) =

=y'U(b, 1) - r[dg‘(S)] U(s, 1) — ATg' () A% A(r) — 7" + ¢'(b) — ¢'(1) =
= y'(1) = »'(b) + g'(b) — 9'(1) -

It follows immediately that y is a solution to (5,11) on J.

Theorem 5,1. The boundary value problem (P) fulfilling (5,1) and (5,4) has a solu-
tion iff "
j y'(s)df(s) = A'l
for any solution (y, %) of the adjoint problem (Pg).
Proof. Sufficiency. By Lemmas 4,1 and 5,3 the given problem (P) has a solution

iff given an arbitrary solution (> y) of the system

b
(5,14) (0 + 7 R(Y) + f £(5)dK(s, ) =0 on J,

a

70 + wa‘(s) dP(s) =0,

a

(where K(t, s), R(t), P(t) and Q are defined by (5,8)) it holds

(5.15) 0= Jq,x‘(t) du(t) + y'v =

= - J:x‘(t) [d, J bK(t, 5) df(s)] +9'1—9 J bR(t) ds(r) -

a a

Let (, y) be an arbitrary solution of (5,14). Then according to (1,2,4)

rx‘(t) du(t) + y'o = — j b (j:x‘(S) [d.K(s, )] + 7' R(t)) df(t) + 7'l =

= J‘bx‘(t) df(t) + »'I.
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We shall show that (y, —v) is a solution to (Pg). By (5,14); we have
(5,16) ‘
b b :
20 = =7 RO = [ 20 aK6 0 = {0 + [0 ap)] x5 X770 +

+ j " [ds {w 1)+ | 1) [4.6(0, s)]}] (X() X)) + H(s. 1),

t a

since by (1,2,6)

(76 o[ o660 (xe) 210 + e )] =
- J ' [ds J' :x‘(a) [4,6(c, s)]] (X(s) X(1) + H(s, ).

t

(H(s, ) is defined by (5,13) and by Remark 5,2 has the same meaning as in (5,5).)
It follows immediately from Lemma 5,4 that (¢) is a solution of (5,9) on J such that

b
£(b) = —y'N + J £(s) dD(s) .
Finally, since by Remark 5,2 for any se J
b b

j [4,G(s, o)] H(o, @) = 0 and J‘ [dL(c)] H(c, a) = 0,

(5,14), and (5,16) yield
b b
x\(a) = —y'N X(b) — y‘j [dL(0)] X(0) + J x'(c) dD(o) X(b) +
b b ! ‘ b

+ [ 2 (6) [ds j [,G(s. )] X(a)] .y _j £(s) dC(s) .
Consequently, the couple (x, —7) is a solution to the problem (Pj). This completes
the proof of the first part of the theorem.

Necessity. Let x, y € #7 % and A € #,,. Then by (1,2,1), (1,2,6) and by the substitu-
tion theorem for Y-integrals ([5] II 19,3,7)

(5,17)

ﬁy‘(t) [d, (x(t) - j :[dA(S)] x(s) — C(t) x(a) — D(f) x(b) — j :[ds(;(t’ 9] x(s))] +
+ r [d, (y‘(t) + J:y‘(s) dA(s) + 2 L(1) + j :y‘(s) dG(s, t))] x(f) =

= [y‘(b) - J:y‘(t) dD(t)] x(b) - [y‘(a) + f :y‘(t) dC(t)] x(a) + A f :[dL(,)] x(1) .
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In particular, if x and (y, 4) are solutions to (P) and (P{), respectively, then (5,17)
yields

f:y‘(t) df(e) = & {M x(a) + N x(b) + f :[dL(t)] x(t)} ~ 2.

Remark 5,3. Let us put

U:xe#V,->Ux=(hc)e?V, x &,,
where

¢ =x(a) and h(t) = C(t) x(a) + D(1) x(b) + Jb[dsG(t, s)] x(s) on J

and
Vi(h,c)e? ', x R, > V(h,c)=xeBYV,,
where

x(i) = U(t, a) ¢ + (1) — f TaU(t )] h(s) on 7.

We know from the foregoing that if x is a solution to the homogeneous boundary
value problem (P,) on J

dx-

& _p [A(t) x + C(i) x(a) + D(1) x() + f [4,6( 9)] x(s)],

dt
b
M x(a) + N x(b) + f [dL(s)] x(s)
then Ux is a solution to the system

(5.18) h(t) + P(t) c + JwK(t, s)dh(s) =0 on J,

0c + fR(s) dh(s) —0.

Conversely, if (h, ¢) is a solution to (5,18), then V(h, ¢) is a solution to (P,). Obviously,
x and (h, ¢) being solutions to (P,) and (5,18), respectively, then VUx = x and
UV(h, ¢) = (h, ¢). Thus we have a linear one-to-one correspondence between the
solutions of (P,) and of (5,18). In particular, it follows from Lemma 4,2 that the
problem (P,) has at most a finite number of linearly independent solutions on J.
Moreover, if (P,) has exactly r linearly independent solutions on J, then (5,18) has
also exactly r linearly independent solutions on J and its adjoint (5,14) has exactly
r* = r + m — n linearly independent solutions on J. Since by the proof of Theorem
5,1 a couple (y, X) € BY", x A,,is a solution to (P3)iff (y, — 4) is a solution to (5,14),
the following theorem is true.
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Theorem 5,2. Let the conditions (5,1) and (5,4) be fulfilled. Then both the homo-
geneous boundary value problem (P,) and its adjoint (P3) have at most a finite
number of linearly independent solutions on J. Moreover, if (P,) has exactly r
linearly independent solutions on J, then (P§) has exactly r* = r + m — n linearly
independent solutions on J.

To complete the Fredholm theory for the boundary value problem (P) we shall
show that the problem (P,) is a well-posed adjoint to the nonhomogeneous problem
(P*) corresponding to (Pg).

Theorem 5,3. Let p and qe &,, g€ BY'X and let (5,1) and (5,4) hold. Then the
boundary value problem (P*) to find (y, 1) € BY", x R,, such that y is a solution
on J to

Y p [_ Y A(r) = 2 L) - f V)46 ) + 9‘(‘)]

dr a

and

y'(a) + A'M + fby‘(s) dC(s) = p*, »y'(b) — A'N — jby‘(s) dD(s) = q',

a a

has a solution iff

[(T00140) = @50 = '@
for any solution x to (Py).

Proof. By Lemma 5,4 and by the formula (1,2,6), the problem (P*) is equivalent
to the system of equations for (y, 4, 7)€ 87", X &, X &,

(5.19) () = U, ) + 2 J [AL()] (UGs, 1) + H(s, 1) +

+ j :y‘(s> [ds [ :’[d,a<s, 2] (UG, ) + H(s, r))] - f[dg‘(s>] (Us, 1) + Hs, )

on J,
0@ =)0 + 2 [ L] UG 0) + [ EC [« ] 14,660, )] (e 9] -
- (o069 = —2m - [0 )+ 7',

('(B) =)y = AN + j V(5) dDGs) + '
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where H(s, t) is given by (5,13). Inserting (5,19); into (5,19), and (5,19),, we reduce
the system (5,19) to the system for (y, 1) € Y, x &,

e 0 -2 e+ [ + s o) -
- [vofa {pove.s + [Tooe e + 1@ )] -
- - [0 6106 + 6 0) + 00 ) on s,
2 {M + NU(b, a) + J :[d;L(s)] UGs, a)} +
v [vofafew + po)vea + (o6 o ue af |-

P = U(b,a) + f [d0'()] Us, ) .

The system (5,20) has a solution iff
0= [{ove.o - [Tawron @ + me b as + [ - 0,0 +
+ [Toenue afe=re g fve.ge- [ve.9 any} +
« :[dg‘(t)] fveae [y + a.s) 0]

for any solution (h, c) € Y7, x &, to the system (5,18) (cf. (5,8) and Lemma 4,3).
Let us denote for teJ '

*(i) = U(t, a) c - [ W) + H(t, 9) dis).
Then x(t) is a solution of the equation .
33 = D[A(1) x — h(1)]
on J. Furthermore, x(a) = c, '
W) = — {C(t) + D(1) U(b, a) + J "[4.6(t, 0)] (U (e, @) + H(s, a))} ¢+
' f b{D(t) Ulh, ) + I "[4.,6(t, )] (U(o, 5) + H(o, s))} dh(s) =
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= —C(f)c - D(r) {U(b, a)c — rU(b, ) dh(s)} -

- :[dsG(t, N {utsa)e - [0+ s 0) dh(a)} _

a

= —{C(t) x(a) + D(f) x(b) + J:[dsG(t, 5)] x(s)}

and

0- {M + NU(b,a) + r[dL(a)] U(e, a)} ¢ —

a

- [v .0 + [t .9 + .9} o) -

b
= M x(a) + N x(b) + j [dL(s)] x(s) -
This completes the proof.

Remark 5,3. Let us consider the boundary value problem ()

(5,21) ‘;—’t‘ = A(t) x + C(t) x(a) + D(t) x(b) + r[dsc(t, s)] x(s) + £(2) »

a

(5.3) M x(a) + Nx(b) + j "TAL(s)] x(s) = 1

where

(5,22) A, C and D are n x n-matrix functions L-integrable on J; f is an n-vector

function L-integrable on J; G is an n x n-matrix function such that
var? G(t, *) < oo for any te J and

Jb[varz G(t, *)] dt < 0 ;

a

M,Ne®,.,; Le%#Y,, and leAR,.

Solutions to (5,21) are sought as absolutely continuous functions on J fulfilling (5,21)
almost everywhere on J. (Let us notice that

j 1466 9] x9)

for any x € 7", and t € J. Hence owing to (5,22)

)

< [varz 6(t, )] [ ay

j"[dsa(r, 51 505

dt < ©.)
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Without any loss of generality we may assume L and G(t, -) to be regular on J for
any te J.

Let us put
Ay(f) = f As)ds, CD) = J ‘C(s)ds, Dyt) = f ‘Ds)ds, fi(t) = f f(5) ds
and

t
Gy(t,s) = J‘ G(r, s)dz.
Then the equation (5,21) is evidently equivalent with the generalized integrodifferen-
tial equation
b

(5.23) :_x _ D I:Al(t) x + C(t) x(a) + Dy(1) x(b) + j [4,G,(1, 5] x(s) + fl(t):l

T a
(cf. (1,2,6)). The functions A;, Cy, Dy, f; and L certainly fulfil the conditions (5,1),
while f,(a) = 0 and C,(a) = Dy(a) = G,(a, s) = 0 for any se J. Moreover, given
an arbitrary net subdivision {a = to < t; <...<t,=ba=s,<s5 < ...<s5, =
= b} of J x J, we have

dz

IIA

DI DY

=1 k=1 j=1k=1

b q b
< | Y |6(z ) — Gz, s-y)| dr g-[ [var® G(r, )] dr < o
a k=1 a

Lﬁwm—m»m

-

and

b
Gy(t,s;) — Gy(t,5;-4)]| gj [var} G(r, -)]dt < co forany teJ.

p
2
Jj=1

Thus G, € %7 . Applying Theorems 5,1—5,3 to the problem (5,23), (5,3) we get
immediately the following statements generalizing Theorems 3,1 and 3,2 of [20].

Corollary 5,1. The boundary value problem (n) fulfilling (5,22) has a solution iff
b
f y'(s) f(s) ds = 2'1
for any solution (y, 2) € BY ", X Ry, of its adjoint (ng)

' _ D[_ Y A(f) - 2 L) — f V) 66s. ) ds]’

dr Ja

y'(a) + A'M + J'by‘(s) C(s)ds =0, y'(b) — A'N — jby‘(s) D(s)ds = 0.

a a
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Corollary 5,2. Let (5,22) hold. Then both the hombgenzous problem (m,)
b
X~ () x + () x(@) + D) x() + j [4,6(:, )] x(s).
t e
b
M x(d) + N x(b) + J [dL(s)] x(s) =

and its adjoint (nﬁ) have at most a finite number of linearly independent solutions
on J. Moreover, if (n,) has exactly r linearly independent solutions on J, then (ng)
has exactly r* = r + m — n linearly independent solutions on J.

Corollary 5,3. Let (5,22) hold. Let A(f) = [} A(s)dson J and ge BY°5; p, g € &,
Then the problem to find (y, 2) € BY, X R,, such that y is a solution on J to the
generalized integrodifferential equation

‘Z_yt‘ =D [—y‘ A,(1) = 2 L(1) — f:y‘(S) G(s, 1) ds + 9‘(’)]

and

b b
»a) + AM + f V() C(s)ds = p» () — AN — f V(s) D(s) ds = ¢
has a solution iff i

j [de' (9] ) = ' () - p' x(@)

for any solution x to (m,).
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