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Abstract

This paper deals with integral equations of the form

:c(t)zf—k/ dAlz + f(t) - f(a), tela,b],

in a Banach space X, where —co<a<b<oo, € X, f:[a,b] — X is regulated
on [a,b], and A(t) is for each t € [a,b] a linear bounded operator on X, while the
mapping A:[a,b]—L(X) has a bounded variation on [a,b]. Such equations are
called generalized linear differential equations. Our aim is to present new results
on the continuous dependence of solutions of such equations on a parameter.
Furthermore, an application of these results to dynamic equations on time scales
is given.
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1 Introduction

The theory of generalized differential equations in Banach spaces enables the investi-
gation of continuous and discrete systems, including the equations on time scales and
the functional differential equations with impulses, from the common standpoint. This
fact can be observed in several papers related to special kinds of equations, such as
e.g. those by Imaz and Vorel [14], Oliva and Vorel [25], Federson and Schwabik [7],
Schwabik [27] or Slavik [33]. This paper is devoted to generalized linear differential
equations of the form

x(t)zf—k/ dA]z + f(t) — f(a), t€]la,b], (1.1)

in a Banach space X. A complete theory for the case when X =R™ can be found, for
instance, in the monographs by Schwabik [27] or Schwabik, Tvrdy and Vejvoda [32].
See also the pioneering paper by Hildebrandt [I2]. Concerning integral equations in
a general Banach space, it is worth to highlight the monograph by Hoénig [13] having
as a background the interior (Dushnik) integral. On the other hand, dealing with the
Kurzweil-Stieltjes integral, the contributions by Schwabik in [29] and [30] are essential
for this paper.

In the case X =R™ (i.e. for ordinary differential equations), fundamental results on
the continuous dependence of solutions on a parameter based on the averaging prin-
ciple have been delivered by Krasnoselskii and Krejn [16], Kurzweil and Vorel [18],
Kurzweil [19], Opial [20] and Kiguradze [15]. In particular, the problem of continuous
dependence gave an inspiration to Kurzweil to introduce the notion of generalized dif-
ferential equation in the papers [19] and [20]. For linear ordinary differential equations,
the most general result seems to be that given by Opial. An interesting observation is
contained in the fundamental paper by Artstein [2]. A different approach can be found
in the papers [21]-[23] by Meng Gang and Zhang Meirong dealing also with measure
differential analogues of Sturm-Liouville equations and, in particular, describing the
weak and weak*continuous dependence of related Dirichlet or Neumann eigenvalues on
a potential.

After Kurzweil, the problem of continuous dependence on a parameter for general-
ized differential equations has been treated by several authors, see e.g. Schwabik [27],
Ashordia [3], Frankova [8], Tvrdy [35], [36], Halas [9], Halas and Tvrdy [I1]. Up to
now, to our knowledge, only Federson and Schwabik [7] (cf. also Appendix to ABFS)
dealt with the case of a general Banach space X. Our aim is to prove new results valid
also for infinite dimensional spaces. In particular, in Sections 3 and 4 we give suffi-
cient conditions ensuring that the sequence {z,} of solutions of the generalized linear
differential equations

xn(t):fn+/d[An]xn+fn(t)—fn(a), tela,b], neN,



Preliminaries 3

tends to the solution x of (1.1). The crucial assumptions of Section 3 are the uniform
boundedness of the variations var’ A, of A, and uniform convergence of A, to A.
In Section 4, we present the extension of the classical result by Opial to the case
X #R™, where we do not require the uniform boundedness of var’ A, and the uniform
convergence is replaced by a properly stronger concept. Finally in Section 5, we apply
the obtained results to dynamic equations on time scales.

2 Preliminaries

Throughout these notes X is a Banach space and L(X) is the Banach space of bounded
linear operators on X. By || - ||x we denote the norm in X. Similarly, || - ||z(x) denotes
the usual operator norm in L(X).

Assume that —oo <a <b< oo and [a,b] denotes the corresponding closed interval.
A set D={ag,1,..., o)} C [a,b] with v(D) € N is said to be a division of [a,b] if
a=op<og < ...<oayp)=>b. The set of all divisions of [a,b] is denoted by D[a, b].

A function f:[a,b]— X is called a finite step function on [a,b] if there exists
a division D = {ag, a1, ..., ay(p)} of [a,b] such that f is constant on every open interval
(Oéj_l, Oéj), ] = ]_, 27 ey V(D)

For an arbitrary function f:[a,b] — X we set || f|locc = sup;cqp) [|f(f)][x and

v(D)
varh f= sup > |If(ay)—f(e;1)llx
DeDlab] i

is the variation of f over [a,b]. If var® f < oo we say that f is a function of bounded
variation on [a,b]. BV ([a,b], X') denotes the set of functions f:[a,b] — X of bounded
variation on [a, b]. equipped with the norm || f||zy = || f(a)||x + var® f.

Given f:[a,b] — X, the function f is called regulated on |a,b] if, for each t € [a, b)
thereis f(t+) € X such that lims ., || f(s) — f(t+)||x =0 and for each t € (a,b] there is
f(t—) € X such that lims_;_ || f(s) — f(t—)||lx =0. By G([a,b], X) we denote the set of
all regulated functions f: [a,b] — X. Fort € [a,b), s € (a,b] we put AT f(t)=f(t+)—f(t)
and A~ f(s)=f(s)—f(s—). Recall that BV ([a,b], X) C G([a,b],X) cf. e.g. [29, 1.5].
Moreover, it is known that regulated function are uniform limits of finite step functions
(see [13, Theorem 1.3.1]) and that they can have at most a countable number of points
of discontinuity (see [13], Corollary 3.2.b]).

In what follows, by an integral we mean the Kurzweil-Stieltjes integral. Let us
recall its definition. As usual, a partition of [a,b] is a tagged system, i.e., a cou-
ple P = (D,&) where D={ag, a1,..., a0y} €D[a,b], £ = (&, - -, &) € [a, bV (P)
and ;1 <& <q; holds for j=1,2,...,v(D). Furthermore, any positive function
d:[a,b]—(0,00) is called a gauge on [a,b]. Given a gauge J, the partition P is called
d-fine if o1, 0] C (& —0(&5),& +0(&;)) holds for all j=1,2,...,v(D). We remark
that for an arbitrary gauge ¢ on [a,b] there always exists a d-fine partition of [a,b]. It
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is stated by the Cousin lemma (see e.g. [27, Lemma 1.4]).
For given functions F':[a,b] — L(X) and ¢g:[a,b] — X and a partition P = (D, §)
of [a,b], where D = {ag, c1,..., 0y}, € = (&, .- -, &upy), we define

v(D)

S(dF, g, P) =Y [F(ay) — Faj-1)] 9(&).

J=1

We say that I € X is the Kurzweil-Stieltjes integral (or shortly KS-integral) of g with

respect to I on [a,b] and denote [ = fab d[F]g if for every £ >0 there exists a gauge
d on [a,b] such that

HS(dF,g,P)—IH < ¢ forall §— fine partitions P of [a,b].
X

Analogously, we define the integral fab F dlg] using sums of the form

v(D)

S(F,dg, P ZF &) lg(ey) — gla-1)] -

For the reader’s convenience some of the further properties of the KS-integral needed
later are summarized in the following proposition.

2.1. Proposition. Let F:[a,b] — L(X) and g:[a,b] — X.
(i) If Fe BV([a,b], L(X)) and g € G([a,b], X), then ff d[F) g exists and

(i) If FeG([a,b], L(X)) and g€ BV ([a,b], X), then fab d[F] g exists and

(i) If FeBV(la,b],L(X)) and g€ G([a,b],X) then both the integrals fade[g]
and ff d[F|g ezist, the sum Y, ., ATF(T) Atg(r) — Y aerpy AT (1) A7g(T)

converges in X and

/ade[gH/abd[F]g

=F(b) g(b) — F(a)gla)— Y _ ATF(t)ATgt)+ Y A F(t) A g(t).

a<t<b a<t<b

[ g < [ v Fllglx <ot ) lgle. (2)

b
| aimg| < 21F )< gl
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(iv) If Fe BV([a,b],L(X)) and g is bounded on [a,b] are such that the integral
fab d[F|g exists, then both the integrals f;H(t) d[ [1d[F]g] and fabH d[F]g
exist and the equality

[ el [ awg] = [Cra

holds for each H € G([a,b], L(X)).

PRrROOF. Let F € BV ([a,b],L(X)) and g€ G([a,b], X). Then the integral f; d[F] g exists
by e.g. [28, Proposition 15]. The estimate (2.1) follows directly from the definition of the
KS-integral, as
v(D)
IS(dF, g, P)||lx < Z varg) . F) [l9(&)llx <(varl F) [lglloo

for all partitions P=(D,¢), D= {ao, .y} § = (61,82, -+, 6(p))- This proves the

assertion (i). The assertion (ii) holds by [24, Lemma 2.2], (iii) follows from [24, Corollary

3.6] and (iv) from [24, Theorem 3.8]. O
In addition, we need the following convergence result.

2.2. Theorem. Let g, g, € G([a,b], X), F, F,, € BV([a,b], L(X)) for n€N. Assume that

lim [|gn — gllee =0, lim [|F, — Flloo =0 and ¢* :=sup var’ F,, < oc.

nILn;O Q?{fb] H /at d[Fy] gn— /at d[F]gHX> =0. (2.2)

PROOF. Let € >0 be given. By [I3, Theorem 1.3.1], we can choose a finite step function
g:la,b] — X such that ||g —g|lec < €. Furthermore, let nyg € N be such that

Then

lgn — glloo <& and ||F, — Flloc <& for n > nyg.

For a fixed ¢ € [a,b], by Proposition 2.1/ (i) and (ii), we obtain for n > ny

| [ o [
< L 1) =)+ [ -p13], 4| [ a0,

< (varg Fy) [lgn = Glloo + 2|10 = Flloo 9]l v + (varg F) 1§ — glloo

<" (I9n = gllo + llg = Glloc) + 2|91l B € + (varg F) e
< (2@*+2H§H3V—i—vargF)5:K5,
where K = (2¢* + 2||g||pv + var}, F) € (0, 00) does not depend on n. This proves (2.2). O

2.3.Remark. In the case that X is a Hilbert space, Theorem 2.2/ has been already given by
Krejéi and Laurengot [17, Proposition 3.1] or Brokate and Krejéi [6, Proposition 1.10].
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3 Uniformly bounded variations

Given A€ BV ([a,b], L(X)), f € G([a,b],X) and T € X, consider the integral equation
t
:z:(t):5+/ d[A]z+ f(t) — f(a), tE€E]Ja,b]. (3.1)

A function z:[a,b] — X is called a solution of (3.1) on [a,b] if the integral fab d[A] = exists
and x satisfies the equality (3.1) for each t € [a, b].
For our purposes the following property is crucial

[I—A~A@)] ' e L(X) forall te€(a,b]. (3.2)

In particular, taking into account the closing remark in [29] we can see that the following
result is a particular case of [29, Proposition 2.10].

3.1.Proposition. Let A€ BV ([a,b], L(X)) satisfy (3.2) Then, for every T € X and every
f€G(a,b], X), the equation (3.1) possesses a unique solution x on [a,b] and x € G([a,b], X).

In addition, the following two important auxiliary assertions are true:

3.2.Lemma. Let A€ BV ([a,b], L(X)) satisfy (3.2), f € G([a,b],X) and T € X and let = be
the corresponding solution of (3.1) on [a,b]. Then

Varg (x—f) < (Varg A) 2]l < 00, (3.3)
car= sup ||[I— A_A(t)]_lHL(X) €(0,00)
te (ab]
and
z(®)llx < ca([|Zllx + If(a)llx + | flloc) exp (ca varl, A)  fortela,b]. (3.5)
ProoOF. i) Let D={ap,a,... ,a,,(D)} be a division of [a,b]. Then
v(D)
> et = st — ataj-n) + flag)||
j=1
v(D) a; v(D) .
=S| 7 ] < 3 v ) oll] = (vard 4) o] < o,
j=1 v%-1 j=1

ie. (3.3) is true.
ii) For t € (a,b] such that [[ATA(t)||(x) < 1 we have

1

I—A"A@®)! <
I O o <72 IA=A®)][£ex)

<2

(cf. e.g. [34, Lemma 4.1-C]). Therefore, 0 < c4 < oo due to the fact that the set

{tela, bl [A7AM | Lix) = 5}
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has at most finitely many elements. As ¢4 = 0 is impossible, this proves (3.4).

iii) Now, let = be a solution of (3.1). Put B(a) = A(a) and B(t) = A(t—) for t € (a, b]. Then, by
[29, Corollary 2.6] and [29, Prop031t10n 2.7], we get A— B € BV ([a,b], L(X)), var B <var? A,
A(t) — B(t)=A~A(t), and [’ d[A— B]x=A"A(t) z(t) for t € (a,b]. Consequently

I —ATA(t)]z(t) = :J?—I—/ d[B]x + f(t) — f(a) for te (a,b]
and (cf. Proposition 2.1/ (1))
llz(t)|| x < K1+ K» /t dh] ||z||x for té€](a,b],

where
K1 =ca(|Zllx +If(@)llx + I fllc), K2=ca and h(t) = var, B.

The function h is nondecreasing and, since B is left-continuous on (a,b], h is also left-
continuous on (a,b]. Therefore we can use the generalized Gronwall inequality (see e.g. [32,
Lemma 1.4.30] or [27, Corollary 1.43]) to get the estimate (3.5)). O

3.3.Lemma. Let A, A, € BV ([a,b],L(X)),n€N, be such that (3.2) and

lim |4, — Allec =0 (3.6)
are satisfied. Then
[I-A"A,(t)]  €L(X) (3.7)

for all t € (a,b] and all n € N sufficiently large. Moreover, there is p* € (0,00) such that

cai= sup ||[I—AAn(
te(ab]

1HL(X) (3:8)

for all n € N sufficiently large.

PRrOOF. Notice that, since A€ BV ([a,b], L(X)), the set D:={t€ (a,b]; [|ATA({t)||Lx) > 1}
has at most a finite number of elements. Let c4 be defined as in (3.4). Then, as by (3.0)
lim ||ATA, — A" Al =0, there is ng € N such that

AT Ap(t) — AA(t) || px) < § min{1, é} for t €a,b] and n>mny. (3.9)
Thus,
I~ A0 ()l < IA~ AWMl 10x) + 1A An(O)~A~ AW 1) < 3 for ¢ €[a,b]\ D, n>no.
By [34, Lemma 4.1-C], this implies that
[I — A A, (t)] is invertible and ||[I — A™ A, (¢)]” 1”L <2 fort€la,b]\ D and n>ny.
Furthermore, due to (3.2), the relation

T-A"A,(t) = [I-A~A®)] [T-[T-A~ A1) (A~ A, () A" A(1))] (3.10)
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holds for all t € [a,b] and n € N. Denote T),(t) := [[-A~A(t)] L (A~ A, (t)—A~A(t)) forneN
and t € [a,b]. Then (3.10) means that, I — A~ A,(¢) is invertible if and only if I—T,(t) is
invertible.

Now, let ¢ € D and n > ng be given. Then, due to (3.4) and (3.9), we have || T5,(t)||.(x) < :.
Consequently, by [34, Lemma 4.1-C], I —T,,(t) and therefore also [I—A~ A,(t)] are invertible.
Moreover, taking into account (3.4) and (3.10), we can see that ||[I — A~ A, (£)] 7| x) <2ca.

To summarize, there exists ng € N such that

[[—A"A,(t)] is invertible and H[I—A_An(t)]_lHL(X) <p*=2max{l,ca}

for all t € (a,b] and n >ng. This completes the proof. O

The main result of this section is the following Theorem, which generalizes in a linear case
the recent results by Federson and Schwabik [7]) and covers the results known for generalized
linear differential equations in the case X =R™. Unlike [3], to prove it we do not utilize
the variation-of-constants formula. Therefore it is not necessary to assume the additional
condition [I + A1 A(t)]"! € L(X) for t € [a,b].

3.4. Theorem. Let A, A, € BV ([a,b], L(X)), f, fn€G([a,b],X), T, Tn € X for neN. Fur-
thermore, let A satisfy (3.2), (3.0),

a* = sup (varZ An) <00, (3.11)
neN

Tim | = Sl = 0. (312)

lim ||Z, — #||x =0. (3.13)

Then equation (3.1) has a unique solution x on [a,b]. Furthermore, for each n € N large
enough there is a unique solution x,, on |a,b] to the equation

t
() = B +/ A[An] 2 + fult) — fu(a), 1€ [a,b] (3.14)
and
klim |Zn —x]|co = 0. (3.15)

PROOF. Due to (3.2) equation (3.I) has a unique solution z on [a,b]. Furthermore, by
Lemma 3.2, there is ng € N such that (3.7) is true for n > ngy. Hence, for each n > ng, equation
(3.14) possesses a unique solution x,, on [a,b]. Set

Wnp = (:Un_fn)_(x_f) (3'16)
Then .
wp(t) = wy, +/ d[An) wy 4+ hp(t) — hp(a) for neN and t€a,b],

where w,, = (Z,, — fn(a)) — (z — f(a)) and

)= [ atan= A1)+ ([ aial g~ [ ).



3. Case of a uniformly bounded variation 9

First, notice that according to (3.12) and (3.13) we have
lim |w,|x = 0. (3.17)

n—oo

Furthermore, in view of Theorem 2.2, we have

s | [ s [ o] -

Moreover, since (z — f) € BV ([a,b], X) by (3.3)), we get by Proposition 2.1/ (ii)
t
H / d[A, — Al (x—f)HX <2|An — Alloc |z — fllpv  for all t€[a,b].

Having in mind (3.0), we can see that the relation

| a4, =
holds. To summarize,
nh_)n;o |hnlloo = 0. (3.18)
By (3.11) and by Lemmas 3.2 and 3.3/ we have
lwn ()l x < 1" (lwallx + [[Anlleo) exp (u* ™) for t€a,b].

Consequently, using (3.17) and (3.18) we deduce that lim,_, ||w,||x =0. Finally, by (3.12)
and (3.16), we conclude that (3.15) is true. O

We will close this section by a comparison of Theorem 3.4/ with two similar available
results: Proposition 8.3 in [I] (see also [27, Theorem 8.2] where dim X < 00)) and Theorem
8.8 from [27]. We will use the usual notation

B,:={x e X:|z||x <r} for r>0.
The former result can be for the linear case reformulated as follows.

3.5. Theorem. Let A, Ay, :[a,b] — L(X), f, fn:la,b] =X, Zp, € X forneN and let r > 1.
Further, let (3.13) and

Jm 400 =A@ 0 =0, lm 1)~ FOx =0 for tefadb] (319

hold. Moreover, let a nondecreasing function h:[a,b] — R and a continuous increasing func-
tion w: [0,00) — R be given such that w(0) =0,

I[A(t2) — A(t)] 2 + f(t2) — f(t2)llx < [R(t2) —h(t1)], (3.20)
I[An(t2) = An(t1)] @ + fn(t2) = ful(t1)llx < [h(t2) = h(t1)], (3.21)
I[A(t2) — A(t)] (y — @) x < w(lly —zllx) |h(t2) — ht1)], (3.22)
I[An(t2) = An(t1)] (y — )l x < w(lly —zl[x) [A(t2) = h(t1)], (3.23)

forti,ta €la,b], z,y€ B, and neN.
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Finally, let x,, be solutions of (3.14) for neN and let x:[a,b] — X be such that
lim [|z,(t) —2z(t)[|x =0 and z(t) € B, fortec|a,b].

Then x € BV ([a,b], X) and it is a solution of (3.1) on [a,b].

Similarly, when restricted to the linear case, Theorem 8.8 from [27] reduces to

3.6 . Theorem. Let X =R™ for some meN. Let A, Ay :[a,b]— L(X), f, fn:la,b] =X,
Tn,€X forneN andr>1. Let (3.2), (3.13), (3.19), (3.20) and (3.22) hold, where h:[a,b]—R
is nondecreasing and continuous on [a,b] and w: [0,00) — R is continuous increasing and such
that w(0) =0. Further, assume

I[An(t2) = An(t1)] @ + fo(t2) — fo(t1)llx < [hn(t2) = ha(t)]; (3.24)
ITAn(t2) = An(t2)] (y — 2)llx < w(lly = zllx) [An(t2) = hn(t)]; (3.25)

forti,ta €la,b], x,y € By and neN,

where hy :[a,b] = R, n € N, are nondecreasing and continuous from the left on (a,b] and such
that

lim sup [hn(tg) — hn(tl)] < h(tg) - h(tl) 'Lf a< tl < t2 < b. (326)
If x is the solution of (3.1) then, for any n € N sufficiently large, equation (3.14) has a unique
solution x,, on [a,b] and (3.15) holds.

3.7. Remark. Notice that the proof of Theorem 3.6 as given in [27] cannot be extended to
the case of a general Banach space since it relies on the Helly’s Choice Theorem.

3.8 . Proposition. Let A, A, :[a,b] — L(X), f, fn:]la,b]— X, T,,2€X for neN and let
h:la,b] >R and w:]0,00) = R be as in Theorem 3.5. Furthermore, let (3.19), (3.20)-(3.23))
hold.

Then A,,A€ BV (la,b],L(X)), fn,f€BV([a,b],X) for neN and the relations (3.0),
(3.11) and (3.12) are satisfied.

PrROOF.  First of all, note that, inserting x =0 into (3.20)—(3.23)), we get

{ ||fn(t2)_fn(tl)HX < |h(t2)_h(t1)|’ for tl,tQG[a,b}, neN (3‘27)
[ f(t2) = f(t)llx < |h(t2)—h(t1)]
and
{ [An(t2) = An(t)llzx) < w(1)[h(t2) —Rh(t1)], for 11ty a.b], neN. (3.28)
[A(t2) = A(t1) | px)y < w(1)[h(t2) = h(t1)]

i) The relation (3.11)) follows immediately from (3.28). In particular, A, € BV ([a,b], L(X))
for n € N. Similarly, A€ BV ([a,b], L(X)) and, by (3.27), f, fn € BV([a,b], X) for n€N.
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ii) Notice that (3.28) and (3.19) imply that

{ [An(t=) = An(s)llLx) < w(1)|h(t=) —h(s)],

for t€(a,b], s€la,b],neN (3.29)
[A({t=) = A(S)llLx) < w(@) A=) = h(s)|

and
{ [An(t+) = An(s)llx)y < w(1)[h(t+) = h(s)],

for t€a,b), s€la,b], neN. (3.30)
[At+) = A(s)nx) < w(@)[h(t+) = h(s)|

iii) Let e >0 and ¢ € (a,b] be given and let us choose sg € (a,t) and ng € N so that

|h(t=) = h(s0)| <

5 €
300 and ||An(so)—A(so)||L(X)<§ for n > ny. (3.31)

Then, by (3.29) and (3.31),

[ An(t=) = At=)llLx)
<[ An(t=) = An(s0)llL(x) + 1 An(s0) — A(s0) [l L(x) + [[A(s0) — A(t=)[|L(x)
<wuﬂmpq—h@wy+§+wu)m@—y—M%n<a

This means that
lim A,(t—) = A(t—) for te€ (a,b]. (3.32)

n—oo

Similarly, using (3.30) we get

lim A, (t4+) = A(t+) for t € [a,b). (3.33)

n—oo

iv) Now, suppose that (3.6) is not valid. Then there is £>0 such that for any ¢ €N there
exist my > and t; € [a, b] such that

[ Am, (te) — Ato)llLx) = € (3.34)
We may assume that my41q > my for any £ €N and

lim ¢, = to € [a,b]. (3.35)

f—00

Let ¢ € (a, b] and assume that the set of those ¢ € N for which ¢, € (a,ty) has infinitely many
elements, i.e. there is a sequence {{;} C N such that t;, € (a,ty) for all k € N and klim te, =to.
— 00

Denote s, =ty and By = Amzk for k € N. Then, in view of (3.34), we have

sk € (a,tg) for keN, klim sk = to (3.36)

and
HBk(Sk) — A(Sk)”L(X) >¢e for keN. (337)
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By (3.29), we get

[A(to—) — A(si)ll (x) < w(1) [A(to—) — h(sp)],
and
| Bk (to—) — Br(sk)llL(x) < w(1) [A(to—) — h(sk)]

for k€ N. Therefore, by (3.32) and since lim (h(tg—)— h(si))=0 due to (3.30), we can

k—o00

choose ky € N so that

| m

v A=) = Alsko)llLex) < w(1) [A(to—) = hlsky)] <

w | m

[1Bro (to—) = A(to—)ll(x) <

and

w | my

[ Bio (to—) = Bro (sko )l (x) <
As a consequence, we get finally by (3.37)

e< HBko(Sko) - A(Sko)”L(X)
< | Bro (8ko) — Bro (to—) l (x) + | Bro (to—) — Alto—) | L(x) + [[A(to—) — Alsko) l L(x) <&
a contradiction.

If tg € [a, b) and the set of those £ € N for which ¢y € (a, tg) has only finitely many elements,
then there is a sequence {{;} CN such that t;,, € (tp,b) for all k€N and klim tg, =to. As
—00

before, let s, =t,, and By = Amek for k € N and notice that sy € (tg,b) for k €N, klim s =to
—00
and (3.37) are true. Arguing similarly as before we get that there is ko € N such that

€ < || Bro (ko) — A(sko) | L(x)
< || B (8ko) — Bro (to+H) | L(x) + | Bro (to+) = A(to+) | (x) + [[A(to+) — Alsko)ln(x) <&,

a contradiction. Thus, (3.0) is satisfied.
To obtain (3.12) we would use the inequalities in (3.27) and follow the steps (ii)-(iv). O

3.9 . Proposition. Let A, A, :[a,b] — L(X), f, fn:]la,b] =X, T,,2€X for neN and let
hyhy:[a,b] =R and w:[0,00) =R be as in Theorem 3.6. Furthermore, let (3.19), (3.20),
(3:22) and (3.24)~(3.26) hold.

Then A,,A€ BV (la,b],L(X)), fn,f€BV([a,b],X) for neN and the relations (3.0),
(3.11) and (3.12) are satisfied.

PROOF. As in the proof of Proposition 3.8, using (3.20)), (3.22)), (3.24) and (3.25), we get

{ HAn(t2) - An(tl)”L(X) < w<1) ‘h(t2)n - hn(tl)’=

for ti,t2€la,b], neN, (3.38)
[A(t2) — A(t)llo(x)y < w(1)|h(ta) = h(t1)]

and
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{ 1fn(t2) = fu(t)llx < |hn(t2)—hn(t)], for t1,ta€la,b], neN.  (3.39)

1F(t2) = F(t)lx - < [Alt2)=h(t)]
By (3.26) there is ng € N such that h,(b) — hy(a) <h(b) — h(a) + 1 for n>ngy. Hence, in
view of (3.38), for any n € N we have

var’ A, < max ({Varz Apin<no} U{h(b) —h(a)+ 1}) < 0.

This proves (3.11)).

Suppose that (3.6) does not hold. Then there is £ > 0 such that for any £ € N there exist
mye>{ and ty € [a,b] such that myiq >my for £€N and the relations (3.34) and (3.35) are
true.

Let tg € (a,b) and let an arbitrary € >0 be given. Since h is continuous, we may choose
n >0 in such a way that to —n, to+n€[a,b] and

h(to+n) — h(to—n) < W (3.40)

Furthermore, by (3.19) there is ¢; € N such that
||Amg(t0) _A(tO)HL(X) <e for all 6261 (341)

and by (3.20)), (3.38) and (3.40) there is f2 € N, ¢35 > ¢;, such that

[Am,(72) = Am, (1) | L(x) < w(1) [A(to+n) — h(to—n)] +& <2e (3.42)
whenever 71,7 € (to—n, to+n) and £> /5. '
The relations (3.19) and (3.42) imply immediately that
1A(r2) = A(m) |2y = im [ Am, (72) = Am, (1)l £(x) <2 (3.43)
whenever 71,7 € (to—n, to+7) . '
Finally, let 3 € N be such that £3> /{5 and
|7fg — t0| <n for all ¢ > 63, (344)

then in virtue of the relations (3.35), (3.40)—(3.44) we have

[ Am, (te) — Ate)ll Lox)
< | Amy, (te) = Am, (to) | Lx) + | Am, (to) — A(to)ll L(x) + [ A(t0) — Ate)|lL(x) <5¢.

Hence, choosing ¢ < $& and making use of (3.34), we get &> | Am, (te) — A(te)||lLx) = &
a contradiction. This proves that (3.0) is satisfied. The modification of the proof in the cases
to =a or top=>b is obvious.

Finally, by the same argument, using (3.39), we obtain (3.12). O
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4 Variations bounded with a weight

The main result of this section deals with the homogeneous generalized linear differential
equation

x(t):5+/td[A]x, te[ab], (4.1)

where, as before, A€ BV ([a,b], L(X)) and z € X. Further, it extends the result cf.[20, The-
orem 1] obtained by Z. Opial for the case X =R™ for some m €N, and A, A,, absolutely
continuous on [a,b].

As in the previous section we will assume that the fundamental existence assumption (3.2))
is satisfied. To our aim, we need the following estimate well known in the case dim X < oo.

4.1.Lemma. If g€ BV ([a,b],X), then Z [ATg(t)|x + Z A= g(t)||x <varlg.
t€la,b) t€(a,b]

PROOF. Let {s; € X;keN} be the set of points of discontinuity of g in (a,b), so we can

write
S Iatg@lx+ Y 1A g(b)x = lim S,

tela,b) te(a,b)

where
Sn=1A%g(a)llx +[A7g(d)]x + Zn: 1A g(sk)llx + 1A g(sk)|x] for neN.
k=1
Let € > 0 and n € N be given and let {t1,t2,...,t,} C (a,b) be such that
{t1,te, ..., tn} = {51,82,...,8n} and a<t; <tg<---<tp,<b.
Then S, = A% g(a) lx + [A~g®)x + 3 [1A~ gl x + |A*g(te)]lx] . Purthermore, for

k=1
each k =1,2,...,n, choose J; > 0 in such a way that

3 3
4 (n+1)’ 4 (n+1)

and [ty — Ok, ti, + O] N {t1,t2, ..., tn} = {tx}. Analogously, let do > 0 be such that

lg(b—) _9(5—50)Hx<i.

llg(te +6r) — g(te+)l|x < lg(te — k) — g(te—)llx <

9
llga+do) = glat)llx <3,

and a+dg < t1 and b—dg > t,, . It follows that

S < (Hg(a+)—g<a+ao>|rx+ug<a+ao>—g(a)HX)

+ Z l9(tr+) — g(tx + e )l x + Z l9(tx + 0k) — 9 (te) [ x
k=1

+ Z lg(tk—) — g(tk — o)l x + Z l9(tk — 0k) — g(ti) |l x
k=1
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+ (llg(v) = g(b = 80)lLx +llg(b — 80) — 961l x )
< 3 llalatd) —g(a@)llx + g+ > ltuetd) = o(tu) L
e >_ ) = =)+l ~ g(b=0) lx +

holds for any n € N. To summarize, for any n € N we have

Sn < e+ (Ilgta+d0) — g@llx + 3 lglte+5) — g(ti)lx)
k=1

+ (X llgtt) — gt = 80)lx + llg(®) = (b = 80) 1 ).
k=1

Therefore S, < ¢ + (var’ g) for each n € N and & > 0. Thus, S, < var’g for all n € N, wherefrom
the desired estimate immediately follows. O

4.2. Theorem. Let A, A, € BV ([a,b], L(X)) and T, T, € X for n € N. Assume (3.2)), (3.13)
and
lim [|Ap — Ao (1+varl 4,) =0, (4.2)

Then (4.1) has a unique solution x on |a,b]|. Moreover, for each n € N sufficiently large, the
equation

n(t) = T + /td[An] n, t€|ab] (4.3)
has a unique solution x,, on [a,b] and (3.15) holds.
ProoF. First, notice that, since
A — Alloo < || A — Al (1+varb A,)  for all neN,

(4.2) implies (3.0). Therefore, by Lemma 3.3, there is ng € N such that (3.7) holds for each
t € (a,b] and each n>ny.

Assume n >ng. Let x and z,, be the solutions on [a,b] of (4.1) and (4.3), respectively.
Then

xn(t) —x(t) = T — 54—/ d[A] (x, — ) + hp(t) — hp(a) for t€(a,b], (4.4)

where
o (£) = / d[A, — Az, for t€[a,b]. (4.5)

By Lemma 3.2/ we have

2 — 2lloo < ca (|Zn—llx + [1hnlloc) exp (ca vary, A). (4.6)
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Thus, in view of the assumption (3.13), to prove the assertion of the theorem, we have to
show that lim, . [|An||cc = 0.

To this aim, we integrate by parts (cf. Proposition 2.1/ (iii)) in the right-hand side of (4.5))
and use Substitution Formula (cf. Proposition 2.1/ (iv)). Then we get

hn(t) = [An(t)— A(t)] 2n(t) — [An(a)—Ala)] Zn _/ (An—A) d[An] 2 — AL (An—A, z) (4.7)

for ¢t € [a,b], where

A (An—A, zy) :Z [AT(An(s)—A(s)) A+xn(3)]_z [A7(An(s)—A(s)) A" zn(s)] . (4.8)

a<ls<t a<s<t

Inserting the relations (cf. [29, Proposition 2.3])
ATz, (t) = ATA,(t) ,(t) fort€la,b) and A z,(t) = A”A,(t) 2,(t) for t€(a,b]
into the right-hand side of (4.8)) and using Lemma 4.1, we obtain the estimates
AL (Au—A, ) < 2| An—Allo (varl, Ag) [zl for t€ [a,b].
Hence ||hy(t)]|x < [|An — Allo (243 (varl, Ay)) [|#n]/oc, that is,
1hnlloo < an [[2n]loo, (4.9)

where ay, = ||An—A|lo (2+3 var® An). Note that, due to (4.2), we have

lim a, = 0. (4.10)

n—oo

We can see that to show that lim, o ||hn||cc = 0, it is sufficient to prove that the sequence
{||zn|loo } is bounded. By (4.6) and (4.9) we have

[Znlloo < |70 — Z|loo + |70 < ca (an —|x + O‘onnHOO> exp (ca VaI‘Z A)+ | oo -

Hence (1—ca oy, exp(cavarl A)) [|z,]loo < ca ||Zn — Z||x exp (cavarb A) + ||z]| for n>ng.
By (3.13) and (4.10), there is ny >ng such that ||Z, — Z||x <1 and ca o, exp (cavar A) < 1
for n>ny. In particular, ||z, || <2 (ca exp (ca varl A) 4 ||z ) for n>nq, i.e. the sequence
{||zn|loo } is bounded and this completes the proof. O

4.3. Remark. In comparison with Theorem 3.4, the uniform boundedness of variation (3.11)
was not needed in Theorem 4.2, On the other hand, if (3.11)) is assumed, Theorem 4.2 reduces
to Theorem [3.4.

If X =R™ for some m €N and f, f,, € BV ([a,b],R™) for n € N, then Theorem 4.2 can be,
similarly as in the ODE’s case, extended to the nonhomogeneous equations (3.1) and (3.14).
Indeed, let us define the (m+1) x (m+1)—matrix valued function B:[a,b] — L(R™*!) by

B(t) = (Aét) fé”) for t€fa,b] and §— (f)
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Similarly, let

Bo(t) = (A%(t) f”é”) and G — <5’1"> for t€fa,b] and neN.

It is easy to check that equations (3.1) and (3.14) are respectively equivalent to the equations

v =g+ [ asly (4.11)

and

Yn(t) = Yn + /td[Bn] Yn, n€N (4.12)

x(t)
1
(4.11)). Conversely, if y is a solution to (4.11) and z is formed by its first m-components then
x is a solution to (3.1)), where T € R™ is formed by the first m-components of y. An analogous
relationship holds also between equations (3.14) and (4.12)), of course. Having this in mind,

we can see that the following assertion is true.

in the following sense: if = is a solution to (3.1) and y(t) = ) , then y is a solution to

4.4. Corollary. Let meN, A, A, € BV ([a,b], L(R™)), f, fn € BV ([a,b],R™), and z,z,, € R™
for neN. Assume (3.2), (3.13) and

nh_}n;(} (||An — Alloo (1+var? A, + var® fn)) =0,

nh_)ngo (||fn—f||oo (1—|—Varg An—l—varg fn)) =0.

Then equation (3.1) has a unique solution x on [a,b] and, for each n €N large enough there
is a unique solution x,, on [a,b] to the equation (3.14) and (3.15) is true.

5 Linear dynamic equations on time scales

The theory of time scales has recently been focus of attention since it can treat continuous
and discrete problems. In this section we apply the continuous dependence results obtained
in Sections 3 and 4 to dynamic equations on time scale. Let us recall some preliminary
definitions and notations (e.g. [4]).

A time scale T is a nonempty closed subset of R. Given a,b € T, by [a, b]r we denote the
compact interval in T, that is, [a, by = [a,b] N T. For each ¢t € T, consider

p(t):=supla,t)NT, o(t):=inf(¢t,b)NT and o(t):=inf[t,b]NT.

If o(t) =t we say that t is right-dense, while if p(t) = t then t is called left-dense. A function
fila,blr —R™ is rd-continuous in [a,b]r if f is continuous at every right-dense point of
[a,b]T and there exists hIP f(s) for every left-dense point t € [a, b]r.

s—t—
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Consider the linear dynamic equation
y2(t) = P()y(t) + h(t), y(a)=7y, telablr, (5.1)

where 7 € R™, P:[a,b]yr — L(R™) and h:[a,b]r — R™ are rd-continuous in [a, b]y and y*
stands for the A-derivative of y. The initial value problem (5.1) can be rewritten as a time
scale integral equation

y@)=§+/mﬁ%$y®%+M$]A& te fablr,

where the integral is the Riemann A-integral defined e.g. in [5]. Slavik proved in [33] that
this A-integral corresponds to a special case of the Kurzweil-Stieltjes integral. In addition,
in [33] the relationship between dynamic equations on time scale and generalized differential
equations is described. For the reader’s convenience, we summarize the needed results from
[33] in the following proposition.

5.1.Proposition.

(i) [33, Theorem 5] Let f:[a,b]ly —R™ be a rd-continuous function. Define

Fl(t):/ £(s)As fortcablr and Fg(t):/ F(E(s) d[F(s)] fort€[a,b].

Then Fy = Fy od on [a,b].

(ii) [33] Theorem 12] If y:[a,b]r — R™ is a solution of (5.1) then x =y oo is a solution
of (3.1), where

A(t):/ P(o(s))d[o(s)] and f(t):/ h(o(s)) d[o(s)] for tela,b]. (5.2)

Symmetrically, if x: [a,b] — R™ is a solution of (3.1), then the functiony: [a,b]y — R™
defined by y(t) =z(t) for t € la,b]r is a solution of (5.1)).

5.2 . Remark. Note that ¢ : [a,b] — [a,b]r C [a,b] is monotone and left continuous on
(a,b]. In particular, varZ&S b—a. In view of this, it is easy to check that the functions
A:la,b]— L(R™) and f:[a,b] — R™ given by (5.2) are well-defined, left-continuous and have
bounded variations on [a, b].

The following theorem is the first main result of this section.

5.3. Theorem. Let m €N and let P, P,:[a,b]r — L(R™), h, hy:[a,b]y — R™ for n€N be
rd-continuous functions in [a,b]r and let y, y, €R™, n €N, be given. Assume that

lim ([ — Fllam =0 (5.3)
n—oo
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and that there is M € (0,00) such that

sup ||P(t)|lprmy < M forneN, (5.4)
t€la,b]r
and
lim sup / (Pn( )ASH =0,
n—oo tE a b]']l‘ L(Rm)

(5.5)

lim sup
n—oo t€fa,b|r

/a(hn(s) h(s) s =

Then initial value problem (5.1) has a solution y, initial value problems

Y (8) = Pu() yn(t) + ha(t),  ynla) =G, t€[a,b]r (5.6)
have solutions y,, for all n €N, and

lim  sup [lyn(t) — y(t) Jem = 0. (5.7
n—=00 ycla bl
Proor. Let A€ BV ([a,b], L(R™)) and f € BV([a,b],R™) be given by (5.2). Furthermore,
define

/P [0(s)] and f,(t) /h o(s)] for t€a,b] and neN. (5.8)

Since A and all 4,,, n € N, are left-continuous, equation (3.1) has a solution z € BV ([a,b], R™)
and equations (3.14) have solutions z, € BV ([a,b],R™) for each n&N. Furthermore, by
Proposition [5.1] (i), we have

)
|An — Ao = sup (Pu(s) — ASH

tefa,b]

>~ Ssup
L(R™) te[mb]qr

[ -renas|,

for each n € N, that is,

|An — Alloo < sup
t€(a,b|r

/a t(pn(s) —P(s)) ASH . (5.9)

L(R™)

Analogously,
t

1fn = fllo < sup (5.10)

tela,b|r

(ha(s) = h(s)) As

m
a R

This, with respect to (5.5), means that the assumptions (3.6) and (3.12) of Theorem 3.4 are
satisfied. Furthermore, if a <c<d<b, then

d
rmmﬁ=M@MWW{/zmamﬂaﬂ

L(R™)

QmmﬂmWﬁa=<$m!%®MwJ@ﬁa

tela,b|r
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holds for each n € N, wherefrom, by (5.4) and Remark 5.2, the estimate

var® A, < ( sup ”Pn(t)HL(Rm)> (varl5) <M (b—a) for all neN (5.11)
t€fa,b]r

follows. Hence, the assumption (3.11) of Theorem [3.4]is satisfied, as well. Consequently, we
can use Theorem 3.4/ to prove that (3.15) holds.

By Proposition/5.1/(ii), the functions y, y, : [a, b]r — R™, n € N, obtained as the restriction
of x and x, to [a, b]T, respectively, are solutions to (5.1) and (5.6). Therefore, thanks to (3.15),
(5.7)) is also true, which completes the proof. O

5.4. Remark. Two results on the continuous dependence of solutions to nonlinear dynamic
equations have been recently delivered by A. Slavik, cf. [33, Theorems 14 and 16]. To prove
them, it was sufficient to apply Proposition 5.1 and Theorems 8.2 and 8.7 from [27]. So, with
respect to our Propositions 3.8 and [3.9, we can see that the above Theorem [5.3| provides for
the linear case more general result than both Theorem 14 and Theorem 16 in [33].

Making use of Corollary [4.4 we obtain the following assertion.

5.5 . Theorem. Let meN and let P, Py:[a,b]r — L(R™), h, hy:]a,b]r — R™ for neN
be rd-continuous functions in [a,b]r and let y, y, € R™, n €N, be given. Assume that (5.3)
holds and

.
lim sup
n—00 \ te la,b]T

[Eo-pe s,

x[1+ sup [|Pa(t)llz@my+ sup th(t)HL(Rm)]) =0,
(5.12)

R’!?L

te[a,b]ﬂ‘ te[a,bh

[tntsr-nin s,

lim sup
n—oo \ te la,b]T

tG[a,b]T te[ a, }’]1‘

x[1+ sup [|Pu(t)ll@m)+ sup |hn UHL(Rm)}) =0,

Then equation (5.1) has a solution y, equations (5.6) have solutions y, for alln € N and (5.7)

holds.

PROOF. Let Ay, A, fy, f be defined by (5.2) and (5.8). Recall that as A€ BV ([a,b], L(R™)),
Ap € BV([a,b], L(R™)) for neN and A, A,, n€N, are left-continuous on (a,b] (cf. Re-
mark [5.2), equation (3.1) has a solution x € BV ([a,b],R™) and equations (3.14) have so-
lutions z, € BV ([a,b],R™) for each n € N. Similarly as in the proof of Theorem 5.3, the
estimates (5.9) and (5.10) are true. In addition,

VarZAn§< sup ||Pn(t>||L(Rm)> (b—a) and var’ fn§< sup ||hn(t)||Rm) (b—a).

tE[a,b]T te[a,b]ﬂ‘
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These estimates, together with (5.12), imply that
lim (||Ap — Alloo) [1+var? 4,]=0 and  lim ||fn — flleo [1 4 var’ f,] =0
n—oo n—oo

Applying Theorem 4.4/ we arrive again at (3.15) and thus we may complete the proof of the
theorem using the same argument as in the close of the proof of Theorem 5.3l O

6 Closing remarks

1.- Continuity in the weak topologies. Assume that P,, P:[a,b] — L(R™), n € N, are Lebesque
integrable on [a,b] and Z € R™. Let x be a solution to 2’ = P(t) x, (a) =, and let x,, n €N,
be solutions to x], = P,,(t) xp, xn(a) =2. It follows from [20, Theorem 1]) that if

¢ t
(i) ||Pu]li <p* < oo for neN, (ii) /Pndszk/ P ds,

then the sequence {x,} tends uniformly to = on [a,b] (z,, = x on [a,b]). Furthermore,
by M.R. Zhang and G. Meng (cf. [21, Lemma 2], the sequence {P,} of Lebesgue integrable
functions tends weakly in the space L; to P if and only if both the above conditions (i) and
(ii) are satisfied. Thus in the case of linear ODE’s, the weak convergence of the coefficient
matrices P, to P implies the uniform convergence of the corresponding solutions. (For the
direct proof, see also [21, Theorem 6].)

Theorem 1.2 in [22] indicates that for generalized linear second order differential equations,
weak™ convergence could have a similar meaning. In particular, the authors show that if u,
tends to p in the weak™ topology of the dual space NBV ([a,b],R) to C([a,b], R) (we write
fn —* ), then the relation z, = = on [a,b] holds for solutions (x,,y,), n €N and (z,y) of

the systems
t t
:cn(t)=5+/ Yn dt, o(t) == / y dt,

)= [ dnl 0= [ a

Moreover, y,(b) — y(b). Let us recall that, as usual C([a,b],R) stands the space of contin-
uous scalar functions on [a,b] and NBV ([a,b],R) is the space of functions u € BV ([a,b],R)
such that u(a) =0 and p(t—)=u(t) for t € (a,b]. Furthermore, it is known that pu, —* p in
NBV ([a,b],R) iff:

lim g, (0) = p(b), varbp, <a* <oo forne€N and lim ||, — |, = 0.

n—oo

However, for systems of the dimension > 2, result analogous to that mentioned
above for ODE’s is not true, as shown by the following example: Put

nt if0<t
1oift<t

0 ift=0,

A,(t)= Pt+1
®) * { 1 ifte(0,1],

<1
_<7i’ for neN and A(t)—Pt—I—I{
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where [ stands for the identity m x m-matrix. Then lim A,(t) = A(t) holds for all

t €10, 1]. This convergence is locally uniform on (0, 1]. Moreover, it is easy to see that
A, =" Ain NBV([a,b],R), the solutions z,, n € N to (4.3) are given by

’ exp(Pt+nlt)T if0<t<2,
Ty =
exp(Pt+I)x if 1<t<1,

and

x if t=0,
lim z,(t) = xo(t) for t€|0,1], where zo(t) = ~
n—00 ®) o(t) 0.1] ol?) {exp(Pt—{—[):U it 0<t<1.

However, xy cannot be a solution to (4.1) as
Atzo(0) = (exp(I) = 1)T # 7 = ATA(0) 7.

This is caused by the fact that the convergence A, — A is not uniform on [0, 1].

2.- Emphatic convergence. If the condition (3.0) is violated, the situation is rather
more complicated. When dim X < oo, then some results based on the notion of the
emphatic convergence can be found e.g. in [20], [8], [27, Chapter 9], [9] (cf. also [10]).
We suppose to treat the case when X is a general Banach space later.

3.- Linear functional differential equations with impulses. In view of the observations
from Federson and Schwabik [7], we can see that the results of this paper can be applied
also to linear functional differential equations with impulses. More details will be given
later elsewhere.
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