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Summary� In this paper we present e�ective conditions ensuring the existence of lower and upper
functions for the periodic boundary value problem u�� � f�t� u�� u��� � u����� u���� � u������
They are constructed as solutions of some related generalized linear problems and they need not be
constant� As applications� two new results concerning singular periodic boundary value problems
for nonlinear Du�ng equations of both attractive and repulsive type are delivered�
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� � Introduction

Theorems about the existence of solutions of boundary value problems for ordinary
di�erential equations often suppose the existence of lower and upper functions to
the studied problem� We can decide whether the problem has constant lower and
upper functions �see e�g� ���� ���� and to 	nd them if they exist� In general� however�
it is easy neither to 	nd lower and upper functions which need not be constant nor
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to prove their existence which can make di�cult the application of such theorems�
One possibility how to get nonconstant lower and upper functions to the periodic
boundary value problem

u�� 
 f�t� u�� u��� 
 u����� u���� 
 u������
�
�

is shown in this paper� We make use of fairly general de	nitions of these notions in�
troduced in �

� and we construct them as solutions of generalized periodic boundary
value problems for linear di�erential equations in sections � and �� �Essentially they
are solutions of linear generalized di�erential equations in the sense of J� Kurzweil�
cf� e�g� ���� �
��� �
�� and �
���� This together with the existence results presented in
�

� enable us to get some new e�ective existence criteria for the problem �
�
�� In
particular� in Section � we give two simple applications to singular problems of the
Lazer�Solimini type �cf� �����

Throughout the paper we assume� f � ��� ���� R �� R ful	ls the Carath�odory
conditions on ��� ��� � R � i�e� f has the following properties� �i� for each x � R

the function f��� x� is measurable on ��� ���� �ii� for almost every t � ��� ��� the
function f�t� �� is continuous on R � �iii� for each compact set K� R the function
mK�t� 
 sup x�K jf�t� x�j is Lebesgue integrable on ��� ����

The set of functions f � ��� ���� R �� R satisfying the Carath�odory conditions
on ��� ��� � R is denoted by Car���� ��� � R�� Furthermore� we keep the following
notation�

As usual� for a given subinterval J of R �possibly unbounded� C �J� denotes
the set of functions continuous on J� Furthermore� L ��� ��� stands for the set of
functions Lebesgue integrable on ��� ���� L� ��� ��� is the set of functions square
Lebesgue integrable on ��� ���� A C ��� ��� denotes the set of functions absolutely
continuous on ��� ��� and BV ��� ��� is the set of functions of bounded variation on
��� ���� For x � C ��� ���� y � L ��� ��� and z � L� ��� ��� we denote

kxkC 
 sup
t�������

jx�t�j� y 




��

Z ��

�

y�s�ds�

kykL 


Z ��

�

jy�t�jdt and kzkL�


�Z ��

�

z��t�dt
� �

�

�

If x � BV ��� ���� s � ��� ��� and t � ��� ���� then the symbols x�s��� x�t�� and
��x�t� are respectively de	ned by

x�s�� 
 lim
��s�

x���� x�t�� 
 lim
��t�

x��� and ��x�t� 
 x�t��� x�t�

and xac and xsing stand for the absolutely continuous part of x and the singular part
of x� respectively� We suppose xsing��� 
 ��
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Furthermore� Ln ��� ��� and L
n�n ��� ��� are respectively the sets of column n�

vector valued and of n � n�matrix valued functions with elements from L ��� ����
A C

n��� ��� and A C
n�n��� ��� are respectively the sets of n�vector valued and of

n � n�matrix valued functions whose elements are absolutely continuous on ��� ���
and BV n��� ��� is the set of n�vector valued functions whose elements have a bounded
variation on ��� ����

Finally� for a subset M of R � �M denotes the characteristic function of M
��M�t� 
 
 for t �M� �M�t� 
 � for t � RnM� and for a given function � � L ��� ����
�� denotes its nonnegative part ����t� 
 maxf��t�� �g for a�e� t � ��� ���� and ��

stands for its nonpositive part ����t� 
 maxf���t�� �g for a�e� t � ��� �����

By a solution of �
�
� we understand a function u � ��� ��� �� R such that
u� � A C ��� ���� u��� 
 u����� u���� 
 u����� and

u���t� 
 f�t� u�t�� for a�e� t � ��� ����

���� De�nition� Functions ���� ��� � A C ��� ��� � BV ��� ��� are said to be lower

functions of the problem �
�
�� if the singular part �sing

� of �� is nondecreasing on
��� ����

����t� 
 ���t�� ����t� � f�t� ���t�� for a�e� t � ��� ���

and

����� 
 ������� ������ � ���������
���

Similarly� functions ���� ��� � A C ��� ����BV ��� ��� are said to be upper functions
of the problem �
�
�� if the singular part �sing

� of �� is nonincreasing on ��� ����

����t� 
 ���t�� ����t� � f�t� ���t�� for a�e� t � ��� ���

and

����� 
 ������� ������ � ���������
���

���� Remark� Let us note that in virtue of a monotonicity of singular parts of
�� and �� we get equivalent de	nition of lower and upper functions of �
�
� if
we replace the boundary conditions �
��� and �
��� respectively by ����� 
 �������
����� 
 ������ and ����� 
 ������� ����� 
 �������

The existence results in Section � are based on the following theorem which is
contained in �

� Theorems ��
 and �����

���� Theorem� Let ���� ��� and ���� ��� be respectively lower and upper functions

of the problem �
�
��
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�I� Suppose ���t� � ���t� on ��� ���� Then there is a solution u of the problem

�
�
� such that ���t� � u�t� � ���t� on ��� ����

�II� Suppose ���t� � ���t� on ��� ��� and there is m � L ��� ��� such that

f�t� x� � m�t� �or f�t� x� � m�t�� for a�e� t � ��� ��� and all x � R �

Then there is a solution u of the problem �
�
� such that ku�kC � kmkL and

���tu� � u�tu� � ���tu� for some tu � ��� ����

� � Periodic solutions of certain generalized linear

di�erential problems

In this section we want to show that if for a�e� t � ��� ��� and all x � It� where It is
a subinterval of R � the function f ful	ls a condition of the form

f�t� x� � �x� ��t����
�

or

f�t� x� � �x� ��t�������

where � � R and � � L ��� ��� are given� then it is possible to construct lower or
upper functions for the problem �
�
�� respectively�

It is known that if � �
 �k� for all k � N 	 f�g� then the problem

�� 
 �� �� 
 �� � ��t� a�e� on ��� ���������

���� 
 ������ ���� 
 ����������

possesses a unique solution ��� �� � A C ��� ��� � A C ��� ��� for any � � L ��� ����
Consequently� if we have in addition

��t� � It for all t � ��� ���������

then the functions ��� �� are lower or upper functions of �
�
� �according to whether
���
� or ����� is satis	ed�� In general the relation ����� need not be true� of course�
However� if we admit a more general notion of a solution to the linear problem
������ ����� and if the intervals It of validity of ���
� or ����� are large enough� we
can always use the problem ������ ����� for a construction of lower or upper functions
for �
�
��

To show this� let us 	rst consider a linear di�erential system on ��� ���

	� 
 P �t�	 � q�t�������
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where P � L
n�n ��� ��� and q � L

n ��� ���� By a solution of ����� on ��� ��� we
mean a function 	 � A C

n��� ��� satisfying ����� a�e� on ��� ���� The corresponding
normalized fundamental matrix solution of the system

	� 
 P �t�	�����

is denoted by �� i�e� � � A C n�n��� ��� and

��t� 
 I �

Z t

�

P �s���s�ds on ��� ����

Its inverse matrix ����t� is de	ned for any t � ��� ���� ��� � A C n�n��� ��� and if

det
�
�������� I

�
�
 ������

holds� then for any q � Ln ��� ��� there is a unique solution 	 � A C n��� ��� of �����
on ��� ��� such that

	��� 
 	����������

This solution can be written in the form

	�t� 


Z ��

�

G�t� s�q�s�ds on ��� ����

where

G�t� s� 
 ��t�

�����
�
�������� I

�
��

for t � s�

I �
�
�������� I

�
��

for s 
 t

����� ����s����
��

is the Green function of the problem ������ ������

���� De�nition� Let � � ��� ��� and d � Rn be given� By a solution of the problem
������ ������

��	��� 
 d���

�

we mean a function 	 � BV n��� ��� such that the relations ����� and

	��t� 
 P �t�	�t� � q�t� a�e� on ��� ������
��

are satis	ed and 	 � d ������� � A C n��� ����
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���� Proposition� Assume ������ Then for any � � ��� ���� any d � R
n and any

q � L
n ��� ���� the problem ������ ������ ���

� possesses a unique solution 	 and this

solution is given by

	�t� 
 G�t� �� d�

Z ��

�

G�t� s�q�s�ds on ��� �������
��

where G is de�ned by ���
���

Proof� For any c � Rn � the functions

x�t� 
 ��t� c� ��t�

Z t

�

����s�q�s�ds� t � ��� ����

and

y�t� 
 ��t�������� c� ��t�

Z ��

t

����s�q�s�ds t � ��� ����

are the unique solutions of ����� on ��� ���� such that x��� 
 c and y���� 
 c�

respectively� De	ne 	�t� 
 x�t� for � � t � � and 	�t� 
 y�t� for � 
 t � ��� Then
	 � BV

n��� ��� ful	ls ������ ���
�� and

��	��� 
 ����
�
�������� I

�
c� ����

Z ��

�

����s�q�s�ds�

Consequently� if we put

c 
 M��
�
������ d�

Z ��

�

����s�q�s�ds
�
�

where M 
 ������� � I� then 	 veri	es ���

�� Moreover� 	�t� � d��������t� 
 x�t�
holds on ��� ��� and hence 	 � d������� � A C n��� ���� Finally� using the relation
�������M�� 
 I �M��� we get

	�t� 
 ��t�
�
M��

�
������ d�

Z ��

�

����s�q�s�ds
�
�

Z t

�

����s�q�s�ds
�

for � � t � � and

	�t� 
 ��t�
�
�I �M���

�
������ d�

Z ��

�

����s�q�s�ds
�
�
Z ��

t

����s�q�s�ds
�

for � 
 t � ��� wherefrom the representation ���
�� of 	 follows�

���� Remark� Clearly� for any solution 	 of ������ ������ ���

� we have 	ac 

	 � d�������� 	

sing 
 d������� and 	 is left�continuous on ��� ����
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���� Remark� The problem ������ ������ ���

� can be rewritten as the integral
equation

	�t� 
 	��� �

Z t

�

P �s�	�s�ds� h�t�� h���� t � ��� ����

where

h�t� 
 d ��������t� �

Z t

�

q�s�ds on ��� ����

This equation is a very special case of generalized di�erential equations introduced
by J� Kurzweil in ����

Now� we shall apply Proposition ��� on the problem ������ ����� generalized in
the sense of De	nition ��
� In the case � 
 ��� � � �� we get the following result�

���� Corollary� Let � � �� Then for any � � ��� ���� any 
 � R and any � �
L ��� ���� the problem

�� 
 �� �� 
 ��� � ��t�����
��

���� 
 ������ ���� 
 ������ ������ 
 �� ������ 
 


possesses a unique solution ��� ��� Moreover� � � A C ��� ���� �sing 
 
������� and

��t� 
 g�t� ��
 �

Z ��

�

g�t� s���s�ds� on ��� �������
��

where

g�t� s� 
 �

���������
cosh���� � t� s��

�� sinh����
if � � t � s � ���

cosh���� � s� t��

�� sinh����
if � � s 
 t � ���

���
��

Proof� The fundamental matrix solution � of the corresponding homogeneous sys�
tem �� 
 �� �� 
 ���� is given by

��t� 


	
 cosh��t�
sinh��t�

�

� sinh��t� cosh��t�

�A on ��� ���

and det
�
������� � I

�

 �� sinh���� �
 �� Thus� we can apply Proposition ��� to

the problem ������ ������ ���

� with

	�t� 


�
�

�



� q�t� 


�
�

�



and d 


�
�






�
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to obtain that the problem ���
�� possesses a unique solution ��� ��� Since� in partic�
ular� ������ 
 � and ������ 
 
� it follows from De	nition ��
 that � � A C ��� ���
and �� 
������� � A C ��� ��� �i�e� �sing 
 
��������� Furthermore� inserting for � into
���
��� we get

G�t� s� 


�����������������������������������������

	BBB

�sinh���� � t� s��

� sinh����
�cosh���� � t� s��

�� sinh����

�� cosh���� � t� s��

� sinh����
�sinh���� � t� s��

� sinh����

�CCCA
if � � t � s � ���	BBB


sinh���� � s� t��

� sinh����
�cosh���� � s� t��

�� sinh����

�� cosh���� � s� t��

� sinh����

sinh���� � s� t��

� sinh����

�CCCA
if � � s 
 t � ���

which implies that � has the form ���
��� where g is de	ned in ���
���

���� Remark� We can easily verify that for any � � ���
�� the Green function g

from ���
�� satis	es the estimates

� cosh����

�� sinh����
� g�t� s� � � 


�� sinh����

 � on ��� ���� ��� �������
��

The next result concerns the case � 
 ���� � � ��

���� Corollary� Let � � � and � �
 k for all k � N � Then for any � � ��� ���� any

 � R and any � � L ��� ���� the problem

�� 
 �� �� 
 ���� � ��t�����
��

���� 
 ������ ���� 
 ������ ������ 
 �� ������ 
 


possesses a unique solution ��� ��� Moreover� � � A C ��� ���� �sing 
 
������� and �

has the form ���
��� where

g�t� s� 


���������
cos���� � t� s��

�� sin����
if � � t � s � ���

cos���� � s� t��

�� sin����
if � � s 
 t � ���

���
��
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Proof� Substituting � in ���
�� by

��t� 


	
 cos��t�
sin��t�

�

�� sin��t� cos��t�

�A � t � ��� ����

we get

G�t� s� 


�����������������������������������������

	BBB

�sin���� � t� s��

� sin����

cos���� � t� s��

�� sin����

�� cos���� � t� s��

� sin����
�sin���� � t� s��

� sin����

�CCCA
if � � t � s � ���	BBB


sin���� � s� t��

� sin����

cos���� � s� t��

�� sin����

�� cos���� � s� t��

� sin����

sin���� � s� t��

� sin����

�CCCA
if � � s 
 t � ��

and since under our assumptions we have det
�
�������� I

�

 � sin����� �
 �� the

proof follows from Proposition ��� similarly as the proof of Corollary ����

��	� Remark� Let us notice that for any � � ��� �
�
�� the Green function g from

���
�� satis	es the estimates

� � cos����

�� sin����
� g�t� s� � 


�� sin����
on ��� ���� ��� ����������

If � 
 �� the system ����� becomes

�� 
 �� �� 
 ��t�����
�

and the corresponding fundamental matrix solution � is de	ned by

��t� 


�

 t

� 




on ��� ����

Consequently� det
�
������� � I

�

 �� Hence� the assumptions of Proposition ���

are not satis	ed and instead of the generalized periodic boundary value problem we
have to deal with a certain related problem with conditions of the mixed type

���� 
 ����� 
 c�� ���� 
 ������ ������ 
 �����������

where c� may be an arbitrary real number�
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��
� De�nition� Let � � ��� ���� c� � R and � � L ��� ��� be given� By a solution
of the problem ����
�� ������ we mean a couple of functions ��� �� � A C ��� ��� �
BV ��� ��� satisfying ������ and

���t� 
 ��t�� ���t� 
 ��t� a�e� on ��� ���������

and such that � � ���������� � A C ��� ����

����� Proposition� Let c� � R � � � ��� ��� and � � L ��� ���� Then the problem

����
�� ������ possesses a unique solution ��� ��� Moreover� �sing 
 ����������� and

� is given by

��t� 
 c� � g�t� ������� �

Z ��

�

g�t� s���s�ds on ��� ����������

where

g�t� s� 


�������
t�s� ���

��
if � � t � s � ���

�t� ���s

��
if � � s 
 t � ���

������

Proof� For any c�� c� � R � put

��t� 


�������
c� � c� t �

Z t

�

�t� s���s�ds if � � t � � � ���

c� � c� �t� ����
Z ��

t

�t� s���s�ds if � � � 
 t � ��

������

and

��t� 


�������
c� �

Z t

�

��s�ds if � � t � � � ���

c� �
Z ��

t

��s�ds if � � � 
 t � ���

������

Then � and � belong to BV ��� ��� and they satisfy ������� �������

� �������������� � A C ��� ��� and ��������������� � A C ��� ����

Furthermore� with respect to ������� ������ 
 � �and consequently � is absolutely
continuous on ��� ���� if and only if

c� 
 �
Z ��

�

� � s

��
��s�ds�������
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while c� � R may be arbitrary� Inserting ������ into ������ we can check that �
veri	es ������� Finally� in virtue of ������ we have

��t� � �����������t� 
 c� �

Z t

�

��s�ds�

i�e� �ac 
 � � ���������� and �sing 
 ������������

����� Remark� The Green function g from ������ satis	es the estimates

��

�
� �s��� � s�

��
� g�t� s� � � on ��� ���� ��� ����������

����� Remark� Notice that if the couple ��� �� is determined by Proposition ��
��
then � � A C ��� ��� whenever � 
 �� Furthermore� if � 
 � or � 
 �� then the
formula ������ reduces to

��t� 
 c� �

Z ��

�

g�t� s���s�ds on ��� ����������

� � Lower functions

The following Lemma will be often used in the next two sections�

���� Lemma� Let p � ��� ��� �� R and p�� p
� � R be such that p�p

� � � and

p� � p�t� � p� on ��� ���� Then the inequality��� Z ��

�

p�s�b�s�ds
��� � maxfjp�j� jp�jgkbkL

�

holds for any b � L ��� ��� such that b 
 ��

Proof� Let b � L ��� ��� be such that b 
 �� Then b� 
 b� and kbkL 
 ��b� 
 ��b��
Thus� in the case � � p� � p�� we have

�p�kbkL
�


 �p���b� �
Z ��

�

p�s�b�s�ds � p���b� 
 p�
kbkL
�

�

Similarly� we can show that��� Z ��

�

p�s�b�s�ds
��� � �p�kbkL

�

holds if p� � p� � ��




� Irena Rach�unkov� and Milan Tvrd�

���� Proposition� Assume that there are a � R � A � R and b � L ��� ��� such that

a � �� b 
 ����
�

and

f�t� x� � a � b�t� for a�e� t � ��� ��� and all x � �A�B�������

where

B 
 A�
�

�
kbkL ������

Then there exist lower functions ��� �� of the problem �
�
� such that

A � ��t� � B on ��� ���������

Proof� Let us put � 
 �� By Proposition ��
�� the problem ����
�� ������ with
��t� 
 b�t� a�e� on ��� ��� has a unique solution ��� �� � A C ��� ��� � A C ��� ��� for
any c� � R � Moreover� � has the form

��t� 
 c� �

Z ��

�

g�t� s�b�s�ds on ��� ���

with g de	ned by ������ �see Remark ��
��� Since Lemma ��
 and ������ give the
estimate ��� Z ��

�

g�t� s�b�s�ds
��� � �

�
kbkL ������

it follows that

c� � �

�
kbkL � ��t� � c� �

�

�
kbkL on ��� ����

Choosing c� 
 A � �
�
kbkL and taking into account ����� we verify that ����� holds�

According to ���
� and ����� this implies that

���t� 
 b�t� � f�t� ��t�� for a�e� t � ��� ����

Furthermore� with respect to ������ we have ���� 
 ����� and ����� 
 ���� 

����� 
 ������ and hence� by De	nition 
�
� the functions ��� �� are lower functions
of �
�
��

The following result is supplementary to Proposition ����

���� Proposition� Assume that there are a � R � A � R � � � ��� ��� and b �
L ��� ��� such that

a 
 �� b 
 ������

and
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f�t� x� � a � b�t� for a�e� t � ��� ��� and all x � �A�t�� B�t��������

where

A�t� 
 A� a h�t� ��� B�t� 
 A�t� �
�

�
kbkL for t � ��� ��������

and

h�t� �� 


�����
t��� � �� � t�

�
if � � t � � � ���

��� � t���� � t�

�
if � � � � t � ���

�����

Then there exist lower functions ��� �� of �
�
� ful�lling

A�t� � ��t� � B�t� on ��� �������
��

Proof� Let us put ��t� 
 a � b�t� a�e� on ��� ���� Then� using ����� and Proposition
��
�� we get for the solution ��� �� of the problem ����
�� ������

��t� 
 c� � ��a g�t� �� �
a

�
t �t� ��� �

Z ��

�

g�t� s�b�s�ds


 c� � a h�t� �� �

Z ��

�

g�t� s�b�s�ds on ��� ����

Thus� if we put again c� 
 A � �
�
kbkL and take into account ����� and ������ we

obtain ���
��� Furthermore� we have ����� � ���� 
 ����� 
 ������ and since
by ����� �sing 
 ��� a������� is nondecreasing on ��� ���� we can complete the proof
similarly as that of Proposition ����

���� Remark� Notice that the function h de	ned in ����� ful	ls the estimates

���

�
� ��� � ���

�
� h�t� �� � ���� � ��

�
� ��

�

on ��� ���� ��� ����

The next assertion provides conditions which ensure the existence of lower func�
tions of �
�
� and which rely upon Corollary ��� where � is restricted to the interval
��� �

�
� and a need not be nonpositive� �Notice that the proofs of Proposition ��� and

��� do not admit the case a � ���

���� Proposition� Assume that there are a � R � A � R � � � ��� ���� 
 � ���
��
� � ��� �

�
� and b � L ��� ��� such that

a �M� b 
 ����

�

and
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f�t� x� � ���x� a � b�t����
��

for a�e� t � ��� ��� and all x � �A�t�� B�t���

where

M 
 ��A�
� kbkL

� sin����
����
��

A�t� 
 A� g�t� �� 
� B�t� 
 A�t� �
kbkL

�� sin����
for t � ��� ������
��

and g is given by ���
���
Then there exist lower functions ��� �� of �
�
� ful�lling ���
���

Proof� De	ne ��t� 
 M�b�t� for a�e� t � ��� ���� The assumptions ���

� and ���
��
imply

f�t� x� � ���x� ��t� for a�e� t � ��� ��� and all x � �A�t�� B�t���

Furthermore� by Corollary ��� there is a unique solution ��� �� of ���
��� � is given
by ���
�� and ���
��� �sing 
 
������� and ����� � ���� 
 ����� 
 ������� Moreover�
we have Z ��

�

g�t� s�ds 




��
on ��� ���

and therefore

��t� 
 g�t� �� 
 �
M

��
�

Z ��

�

g�t� s�b�s�ds on ��� ����

Now� Lemma ��
 together with the estimates ������ yield��� Z ��

�

g�t� s�b�s�ds
��� � kbkL

�� sin����
on ��� ����

Consequently� the inequalities

g�t� �� 
 �
M

��
� kbkL

�� sin����
� ��t� � g�t� �� 
 �

M

��
�

kbkL
�� sin����

���
��

are valid on ��� ���� According to ���
�� and ���
�� we can verify that � satis	es
���
��� This together with ���

� and ���
�� mean that

f�t� ��t�� � �����t� � ��t� 
 ���t�

holds a�e� on ��� ���� i�e� ��� �� are lower functions of �
�
��
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The case � � �
�
is dealt with by the following immediate corollary of Proposition

����

���� Corollary� Assume that there are a � R � A � ���
�� � � ��� ���� 
 � ���
��
� � ��

�
�
� and b � L ��� ��� such that ���

� and ���
�� are satis�ed with

M 




�
��A� kbkL�����
��

A�t� 
 A� g�t� �� 
� B�t� 
 A�t� � kbkL on ��� ������
��

and g given by ���
�� with � 
 �
�
�

Then there exist lower functions ��� �� of �
�
� ful�lling ���
���

���� Remark� Let us note that if the 	rst inequality in ���

� falls� i�e� there is � �

� such that a 
 M ��� then we have to replace �A�t�� B�t�� by �A�t�� �

��
� B�t�� �

��
�

in ���
�� and in ���
�� to keep the validity of the conclusion of Proposition ���� This
follows from the estimates

g�t� �� 
 �
a

��
� kbkL

�� sin����
� ��t� � g�t� �� 
 �

a

��
�

kbkL
�� sin����

on ��� ���

which can be derived similarly as ���
�� putting ��t� 
 a � b�t� a�e� on ��� ����

��	� Remark� Let the assumptions of Proposition ��� be satis	ed and let 
 
 ��
Then all the intervals �A�t�� B�t��� t � ��� ���� reduce to �A�B�� where

B 
 A�
kbkL

�� sin����



�M

��
� A�

Further� assume for the simplicity that A 
 � and a 
 M� Then ���
�� has the form
f�t� x� � ��� x �M � b�t� for a�e� t � ��� ��� and all x � ��� B�� which implies

f�t� x� � b�t� for a�e� t � ��� ��� and all x � �
B

�
� B��

Thus� Proposition ��� can be also applied to show the existence of lower functions
of the problem �
�
� whenever B

�
� �

�
kbkL � i�e� whenever ��� sin���� � 
� The

function ���� 
 ��� sin���� is increasing on ��� �
�
�� ���� 
 �� ���

�
� 
 �� which

yields that there is exactly one �� � ��� �
�
� ��� � ������
�� such that ����� 
 
�

It follows that for � � ��� ��� both Proposition ��� and Proposition ��� guarantee
the existence of lower functions ��� �� for �
�
�� however Proposition ��� states more
precise localization of � ���t� � �B

�
� B� for all t � ��� ����� On the other hand� for

� � ����
�
�
�� Proposition ��� need not work� in general� Having in mind Corollary

���� we can conclude that the conditions ���

� and ���
�� are proper for getting
lower functions provided � � ��� only�
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��
� Proposition� Assume that there are a � R � A � R � � � ��� ���� 
 � ���
��
� � ���
� and b � L ��� ��� such that

a � �M� b 
 ����
��

and

f�t� x� � ��x � a� b�t����
��

for a�e� t � ��� ��� and all x � �A�t�� B�t���

where

M 
 ��A�
�kbkL cosh����

� sinh����
�������

A�t� 
 A� g�t� �� 
� B�t� 
 A�t� �
kbkL cosh����
�� sinh����

for t � ��� �������
�

and g is given by ���
���
Then there exist lower functions ��� �� of �
�
� ful�lling ���
���

Proof� We can proceed similarly as in the proof of Proposition ���� In particular�
by Corollary ��� the problem ���
�� with ��t� 
 �M � b�t� a�e� on ��� ��� possesses
a unique solution ��� ��� where � is given by ���
�� and ���
��� �sing 
 
������� and
����� � ���� 
 ����� 
 ������� In view of ���
�� we haveZ ��

�

g�t� s�ds 
 � 


��
on ��� ����

Further� ���
�� and Lemma ��
 yield��� Z ��

�

g�t� s�b�s�ds
��� � kbkL cosh����

�� sinh����
on ��� ����

Hence� the inequalities

g�t� �� 
 �
M

��
� kbkL cosh����

�� sinh����
� ��t� � g�t� �� 
 �

M

��
�
kbkL cosh����
�� sinh����

������

are true for all t � ��� ���� Thus� as in the proof of Proposition ���� we can conclude
that � satis	es ���
�� and ��� �� are lower functions of �
�
��

����� Remark� If a 
 �M � � for some � � �� then to keep the validity of the
conclusion of Proposition ��� we have to replace �A�t�� B�t�� by �A�t�� �

��
� B�t�� �

��
�

in ���
�� and in ���
��� This follows from the estimates

g�t� �� 
 � a

��
� kbkL cosh����

�� sinh����
� ��t� � g�t� �� 
 � a

��
�
kbkL cosh����
�� sinh����

which are valid on ��� ��� and can be derived similarly as ������ when setting ��t� 

a� b�t� for a�e� t � ��� ����
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����� Remark� Similarly to Remark ��� where we have compared the applicability
of Propositions ��� and ���� we can compare also Propositions ��� and ���� Indeed�
let the assumptions of Proposition ��� be satis	ed with 
 
 �� A 
 � and a 
 �M�

Denote B 
 �M
��

� Then the relation ���
�� reduces to

f�t� x� � �� x�M � b�t� for a�e� t � ��� ��� and all x � ��� B��

This means that f�t� x� � b�t� for a�e� t � ��� ��� and all x � ��� B
�
� and so Proposition

��� can be applied to show the existence of lower functions of the problem �
�
�
whenever ��� tanh���� � 
� The function ���� 
 ��� tanh���� is increasing
on ���
�� ���� 
 �� lim��� ���� 
 
� Hence� there is exactly one �� � ���
�
��� � �������� such that ����� 
 
� It follows that for � � ��� ��� both Proposition
��� and Proposition ��� guarantee the existence of lower functions ��� �� for �
�
��
however Proposition ��� gives a better estimate for � ���t� � ��� B

�
� for all t � ��� �����

On the other hand� for � � ����
�� Proposition ��� need not work� in general� To
summarize� Proposition ��� is useful for � � ��� only�

� � Upper functions

In this section we reformulate the assertions of Section � to obtain conditions en�
suring the existence of upper functions of �
�
�� In the consequence of the duality
of the de	nitions of lower and upper functions �see De	nition 
�
� their proofs may
be omitted�

���� Proposition� Assume that there are a � R � A � R and b � L ��� ��� such that

a � �� b 
 ����
�

and

f�t� x� � a � b�t� for a�e� t � ��� ��� and all x � �A�B�������

where B is given by ������
Then there exist upper functions ��� �� of the problem �
�
� with the property

������

���� Proposition� Assume that there are a � R � A � R � � � ��� ��� and b �
L ��� ��� such that

a � �� b 
 ������

and

f�t� x� � a � b�t� for a�e� t � ��� ��� and all x � �A�t�� B�t��������

with the same A�t� and B�t� as in Proposition ����
Then there exist upper functions ��� �� of �
�
� ful�lling ���
���
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���� Proposition� Assume that there are a � R � A � R � � � ��� ���� 
 � ��
� ���
� � ��� �

�
� and b � L ��� ��� such that

a �M� b 
 ������

and

f�t� x� � ���x� a � b�t������

for a�e� t � ��� ��� and all x � �A�t�� B�t���

with the same M� A�t�� and B�t� as in Proposition ����
Then there exist upper functions ��� �� of �
�
� ful�lling ���
���

���� Corollary� Assume that there are a � R � A � ��
� ��� � � ��� ���� 
 �
��
� ��� � � ��

�
�
� and b � L ��� ��� such that ����� and ����� are satis�ed with the

same M� A�t� and B�t� as in Corollary ����
Then there exist upper functions ��� �� of �
�
� ful�lling ���
���

���� Proposition� Assume that there are a � R � A � R � � � ��� ���� 
 � ��
� ���
� � ���
� and b � L ��� ��� such that

a � �M� b 
 ������

and

f�t� x� � ��x � a� b�t� for a�e� t � ��� ��� and all x � �A�t�� B�t��������

with the same M� A�t� and B�t�� as in Proposition ����
Then there exist upper functions ��� �� of �
�
� ful�lling ���
���

���� Remark� If a 
 M � � �or a 
 �M � �� for some � � �� then the conclu�
sion of Proposition ��� �or Proposition ���� remains valid if we replace the interval
�A�t�� B�t�� by �A�t�� �

��
� B�t�� �

��
� in ����� and ���
�� �or by �A�t�� �

��
� B�t�� �

��
�

in ����� and ���
����
Similarly� putting A 
 �� a 
 M �or a 
 �M� and 
 
 � and arguing like in

Remark ��� �or Remark ��

� we can deduce that the conditions ������ ����� �or the
conditions ������ ������ are pro	table for proving the existence of upper functions
provided � � �� �or � � ���� only�

� � Applications to Lazer�Solimini singular prob�

lems

Criteria on the existence of lower and upper functions presented in sections � and �
together with Theorem 
�� enable us to formulate a number of various theorems on
the existence of solutions to the problem �
�
�� In this text we shall restrict ourselves



Construction of Nonsmooth Lower and Upper Functions 
�

just to two examples of such results� In particular� we will consider possibly singular
problems of the attractive type

u�� � g�u� 
 e�t�� u��� 
 u����� u���� 
 u��������
�

and of the repulsive type

u�� � g�u� 
 e�t�� u��� 
 u����� u���� 
 u�����������

where

g � C ���
� and e � L ��� ��������

and it is allowed that

lim sup
x���

g�x� 

�

The problem ���
� has been studied by Lazer and Solimini in ��� for e � C ��� ���
and g positive� In �
�� Corollary ����� their existence result has been extended to
e � L ��� ��� essentially bounded from above� Here� we bring conditions for the
existence of solutions to ���
� without boundedness of e�

���� Theorem� Assume ����� and let there exist A�� A� � ���
� such that

g�x� � e for all x � �A�� B��������

g�x� � e for all x � �A�� B��������

where

B� � A� 
 B� � A� 

�

�
ke� ekL�����

and A� � B��

Then the problem ���
� has a solution u such that A� � u�t� � B� on ��� ����

Proof� De	ne for a�e� t � ��� ����

f�t� x� 
 e�t��
�

g�A�� if x 
 A��

g�x� if x � A��

Then f � Car���� ���� R�� Furthermore� by ����� and ������ f satis	es ���
�������
with a 
 �� b�t� 
 e�t��e a�e� on ��� ��� and �A�B� 
 �A�� B��� Hence� by Proposition
��� there exist lower functions ���� ��� � A C ��� ��� � A C ��� ��� of �
�
� such that
���t� � �A�� B�� for all t � ��� ���� Similarly� ������ ����� and Proposition ��
 yield
the existence of upper functions ���� ��� � A C ��� ���� A C ��� ��� of �
�
� such that
���t� � �A�� B�� on ��� ���� Now� since A� � B�� we have ���t� � ���t� on ��� ��� and
the assertion �I� of Theorem 
�� gives the existence of a desired solution u to �
�
�
which is also a solution to ���
�� of course�
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Classical Lazer and Solimini�s considerations ��� of the repulsive problem �����
have been extended by several authors �see e�g� �
�� ���� ���� ���� �
�� and �
����
Provided g � C ���
�� e is essentially bounded on ��� ��� and

lim
x���

g�x� 

������

lim
x���

Z �

x

g�	�d	 

������

lim inf
x��

g�x�

x
� �


�
� lim inf

x��




x�

Z x

�

g�	�d	 � �


�
������

there is d � � such that g�x� � �e for all x � �d�
�����
��

Omari and Ye proved in �
�� Theorem 
��� the existence of a solution to ������ Here
we present a related result� where e need not be essentially bounded�

���� Theorem� Assume ������ ������

lim inf
x���

g�x� � �
����

�

and

lim inf
x��

g�x�

x
� �


�
����
��

Furthermore� let there exist A�� A� � ���
� such that

g�x� � �e for all x � �A�� B������
��

g�x� � �e for all x � �A�� B�����
��

and ����� are true and A� � B��

Then the problem ����� has a positive solution u such that u�tu� � �A�� B�� for
some tu � ��� ����

���� Remark� If e is essentially bounded from below on ��� ���� then according to
Proposition ��
� the condition ����� implies ���
�� with A� 
 B��

���� Remark� Notice that if g � C ���
� satis	es ����� then

lim sup
x���

g�x� 

�

which implies the existence of a sequence f�ng�n�� � ��� 
� such that

lim
n
�n 
 �� g��n� � � for all n � N ����
��
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For the proof of Theorem ��� we will need the following two lemmas� where we
deal with the auxiliary family of problems

u�� 
 gn�u� � e�t�� u��� 
 u����� u���� 
 u���������
��

where n � N �

gn�x� 


�����
� if x 
 ��

g��n�
x
�n

if x � ��� �n��

g�x� if x � �n

���
��

and �n are from ���
���

���� Lemma� Assume that g � C ���
� satis�es ������ ���

� and ���
�� and gn�

n � N � are given by ���
��� Then there exist � � ��� �
�
� and C � � such that

gn�x�x � ��

�
� ��x� � Cjxj for all x � R and all n � N ����
��

Proof� By ���
��� there are � � ��� �
�
� and A � �
�
� such that

g�x�

x
� ��


�
� �� for all x � A����
��

Put

p�x� 


�������
� if x 
 ��

g�A�
x

A
if x � ��� A��

g�x� if x � A

������

and qn�x� 
 gn�x� � p�x� on R � In virtue of ���

�� there is C � � such that
qn�x� � �C for all x � R and all n � N � Thus� since according to ���
�� and ������
we also have

p�x� � ��

�
� ��x for all x � R �

we deduce that ���
�� is true�

���� Lemma� Assume that g and gn� n � N � are as in Lemma ���� Then for any

r � � and any e � L ��� ��� there exists R � � such that

u�t� � R on ��� �������
�

holds for all n � N and all solutions u of ���
�� with the property

min
t�������

u�t� � r�������
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Proof� Assume that ����
� does not hold� Then we can choose a subsequence fgkg�k��

of the sequence fgng�n�� and sequence of solutions fukg�k�� of the corresponding
problems ���
�� satisfying ������ and

lim
k

max
t�������

uk�t� 

�������

In particular� for any k � N � there is tk � ��� ��� such that

uk�tk� 
 r�

Furthermore� if we extend the functions uk� k � N � and e to functions ���periodic
on R � we get that

u��k�t� 
 gk�uk�t�� � e�t� for a�e� t � R������

is true for any k � N �

On the other hand� if we multiply ������ by uk�t�� integrate from tk to tk � ��
and if we take into account Lemma ���� we get that there exist � � ��� �

�
� and C � �

such that for any k � N

ku�kk�L�

 �

Z tk���

tk

gk�uk�s��uk�s�ds�
Z tk���

tk

e�s�uk�s�ds

� �



�
� ��kukk�L�

� CkukkL � kekLkukkC

holds� Furthermore�

kukkC � juk�tk�j�
Z tk���

tk

ju�k�s�jds 
 r �
p
��ku�kkL�

�������

Thus�

�ku�kkL�
� kekL

r
�

�
�� � �




�
� ��kukk�L�

� CkukkL � kekLr � �

�
kek�

L
�������

Inserting uk�t� � vk�t� � r on R into ������� we obtain

�kv�kkL�
� c��

kvkk�L�

� 


�
� � �

a

kvkkL �
b

kvkk�L�

�������

where a� b� c � R do not depend on k� Now� ������� ������ and ������ yield

lim
k
kv�kkL�



 and lim
k
kvkkL�



�������
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Since vk�tk� 
 v�tk � ��� 
 �� by Schee�er�s inequality �cf� ��� II��� or �
�� p������

kvkk�L�
� �kv�kk�L�

�

we get

�kv�kkL�
� c��

kvkk�L�

� �kv�kkL�
� c��

�kv�kk�L�

�

Therefore with respect to ������ and ������ we have




�

 lim

k

�kv�kkL�
� c��

�kv�kk�L�

� lim
k

�

�
� � �

a

kvkkL �
b

kvkk�L�

�






�
� ��

a contradiction�

Proof of Theorem ���� Let R � B� be a constant given by Lemma ��� for r 
 B��

In virtue of ����� and ���

� we have g� �
 infx����R� g�x� � R � Put K 
 kekL � jg�j
and

K� 
 K kekL �
Z R

A�

jg�x�jdx�

It follows from ����� and Remark ��� that we can choose � � f�ng�n�� such that
� � ��� A�� and Z A�

�

g�x�dx � K� and g��� � ��������

De	ne

eg�x� 

�����������

� if x 
 ��

g���x
�

if x � ��� ���

g�x� if x � ��� R��

g�R� if x � R

and

f�t� x� 
 e�t� � eg�x� for a�e� t � ��� ��� and all x � R �

We can see that f � Car���� ��� � R� and ���
������� are satis	ed with a 
 ��
b�t� 
 e�t� � e a�e� on ��� ��� and �A�B� 
 �A�� B�� wherefrom� due to Proposition
���� the existence of lower functions ���� ��� � A C ��� ���� A C ��� ��� of �
�
� follows
and ���t� � �A�� B�� for all t � ��� ���� Similarly� Proposition ��
 ensures the existence
of upper functions ���� ��� � A C ��� ���� A C ��� ��� of �
�
� with ���t� � �A�� B�� on
��� ���� Since A� � B�� the assertion �II� of Theorem 
�� �with m�t� 
 g� � e�t� a�e�
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on ��� ���� implies that �
�
� has a solution u such that u�tu� � �A�� B�� for some
tu � ��� ��� and ku�kC � K� By Lemma ��� we have u�t� � R for all t � ��� ���� It
remains to show that u�t� � � holds on ��� ����

Let t� and t� � ��� ��� be such that

u�t�� 
 min
t�������

u�t� and u�t�� 
 max
t�������

u�t��

Clearly� A� � u�t�� � R� With respect to the periodic boundary conditions we have
u��t�� 
 u��t�� 
 �� Now� multiplying the di�erential relation u���t� 
 e�t� � eg�u�t��
by u��t� and integrating over �t�� t��� we get

� 


Z t�

t�

u���t�u��t�dt 


Z t�

t�

e�t�u��t�dt�

Z t�

t�

eg�u�t��u��t�dt�
i�e� Z u�t�	

u�t�	

eg�x�dx 
 �
Z t�

t�

e�t�u��t�dt � K kekL �

Further� Z A�

u�t�	

eg�x�dx � K kekL �
Z R

A�

jeg�x�jdx 
 K�

which� with respect to ������� is possible only if u�t�� � �� Thus� u is a solution to
������

���� Example� Notice that� the function

g�x� 
 �����x �

 � sin�

�

x
�

x
� x � ���
��

veri	es the assumptions ������ ������ ���

� and ���
�� of Theorem ���� while it does
not satisfy the condition ����� required by Omari and Ye in �
�� Theorem 
����
Now� let E 
 � and let us restrict ourselves to e � L ��� ��� such that e 
 �E� It
may be shown that the equation g�x� 
 E has exactly � roots xi� i 
 
� �� � � � � ��
in the interval ���
��
� �see Figure 
�� In particular� we have x� � ��
������

x� � ��
����
� x
 � ��
������ x� � �����
��� x� � ��������� g�x� � E on �x�� x
�	
�x�� x�� and g�x� 
 E on �x�� x�� 	 �x
� x�� 	 �x��
�� Let

d 

x
 � x�

�
������

and assume in addition that ke�ekL � �
�
d� We have x��x� � d and xi���xi � �d

for i 
 �� �� �� We can apply Theorem ��
 to obtain the existence of solutions u� and
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Figure 
�
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u� of the problem ����� such that u��t� � �x� � d� x� � d� and u��t� � �x� � d� x�� d�
on t � ��� ���� i�e� u��t� 
 u��t� on ��� ���� Moreover� by Theorem ��� there is a
further solution u
 of ����� such that u
�t
� � �x
 � d� x
 � d� for some t
 � ��� ����
In virtue of ������ it means that u
 can coincide neither with u� nor with u��

��	� Remark� In all of the above mentioned results concerning the problem �����
the assumption ����� is substantial� The existence theorem� which does not need
����� has been proved in �
�� Corollary �����
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