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Schauder bases under uniform renormings

A. J. Guirao and P. Hajek

Abstract. Let X be a separable superreflexive Banach space with a Schau-
der basis. We prove the existence of an equivalent uniformly smooth (resp.
uniformly rotund) renorming under which the given basis is monotone.
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1. Introduction

Let us start by recalling a classical notion of Schauder basis {e,}52 ; of a Banach
space X, i.e. a sequence in X such that for every x € X there is a unique sequence
of coefficients {a,}52, such that z = 3" aye,. A Schauder basis gives rise to the
canonical sequence of finite dimensional projections P, : X — X, Pn(zzl ae;) =
Yo, aie;. A well-known and useful result on Schauder bases claims that {|| P, [/},
is a bounded sequence ([2]). The quantity be{e;} = sup,,||P,|| is called the basis
constant. We say that the Schauder basis is monotone, if the value of its basis
constant is 1. The boundedness result has an equivalent reformulation in the lan-
guage of renormings. Namely, a separable Banach space with a Schauder basis
can be equivalently renormed so that the basis becomes monotone. The proof
of this equivalence is very easy, in fact the renorming is obtained via the for-
mula [||z||| = sup,, || P.(x)]]. Unfortunately, from the renorming point of view, |||-||
looses some subtler geometrical properties of the original norm. The question on
the existence of “good” renormings, still making the given basis monotone, has
received some attention in the past. For example, it is well-known that every sepa-
rable Banach space has an LUR renorming, in fact the collection of all equivalent
LUR renormings is residual in the (metric) space of all equivalent renormings ([1]).
It is therefore quite natural to expect that for every separable Banach space with
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a Schauder basis, there exists an equivalent LUR renorming making the basis
monotone. This is indeed the case, and the proof follows along the lines of the
original Kadec LUR renorming result (see [1]). Similar statements (folklore) are
true also for Gateaux or uniformly Gateaux smooth case. On the other hand, quite
surprisingly, the situation with Fréchet smooth renormings is different. Recall that
a separable Banach space has an equivalent Fréchet smooth renorming if and only
if it has a separable dual. In this case, the set of Fréchet smooth renormings (whose
dual norm is LUR) is again residual among all equivalent renormings, yet we have
the following theorem.

Theorem 1. Let X be a separable Banach space with a separable dual (in particu-
lar having an equivalent Fréchet smooth renorming), and a Schauder basis. Then
X is reflexive iff for every Schauder basis of X there exists some Fréchet smooth
renorming of X making the basis monotone.

Proof. If X is reflexive, then X* is separable and every Schauder basis of X is
shrinking, so we can use the mentioned LUR result for the dual basis, in order to
obtain the Fréchet smooth case for X (see [1] for details on the duality of renor-
mings). On the other hand, by Proposition 8.34 of [2], if {e;} is a monotone basis

of (X,]|I'lll), and |||-]|| is Fréchet smooth, then {e;} is a shrinking basis. Thus
for spaces satisfying the second condition, every Schauder basis is shrinking. This
condition is equivalent to reflexivity by a result of Zippin [5]. O

As an immediate consequence, in every non-reflexive Banach space with a
separable dual and a Schauder basis (such as ¢p), there exists another Schauder
basis which is not monotone under any Fréchet smooth renorming of X (in spite
of the rich supply of equivalent Fréchet smooth renormings for such a space).

In the present note, we settle in the positive the case of uniformly Fréchet
smooth (UF) and uniformly rotund (UR) renormings, answering a question of
Godefroy (which appears also explicitly in [3]), communicated to us by Zizler. We
would like to thank Vaclav Zizler for suggesting the problem to us, as well as for
some useful remarks concerning this note.

1.1. Notation and basic definitions

We start by recalling some standard notions and definitions to be used throughout
this note. The standard references for most of these notions are [2], or [1].

Definition 2. Let B be a bounded, closed, convex and centrally symmetric subset
of a linear space & whose interior contains the origin. Then, we will say that B is
a ball of E.

For every ball B of E, there exists a norm in E whose unit ball is precisely B.
This norm is defined by the gauge functional, also known as Minkowski functional,
and we will denote it, as it is usual in the literature, by g(B,-). We will also denote
Sp={re X :9(B,z)=1}.

Regarding differentiability, we can define, for every ball B of E, its modulus
of smoothness.
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Definition 3. Let B be a ball in a linear space E. Then, its modulus of smoothness
is the real function defined, fort >0, by

p(B,t) = sup{ﬁ(B,x,y,t) :g(B,.%‘) = g(Bay) = 1}

where

9(B,x +ty) + g(B,x —ty) — 29(B, )

£(B,x,y,t) = 5 :

A norm || - || in Banach space is said to be uniformly Fréchet differentiable,
shortly, UF, if its modulus of smoothness p satisfies the following condition:

lim @
t—0 t

=0.
Therefore we can say that, a ball B of a Banach space X is UF, if and only
if the following condition holds:

t—0 t

=0.

Then, it is clear that B will be UF if and only if its associated norm by the
gauge functional, g(B,-), is UF.

For every ball B, and z € E satisfying g(B, x) = 1, let us denote by H(B, x)
the union of all the support hyperplanes to B at x. It is also useful the following
modulus,

p(B,t) := sup {{(B, x,y,t) : g(B,x) = g(B,y) = L and y + x € H(B, )} .
It was shown by Figiel [4] that for each ball and for ¢ > 0
p(B,t) < 16p(B, ).

We will refer to this result as the Figiel lemma.

2. Preliminary Constructions

Let X be a Banach space endowed with a uniformly Fréchet differentiable norm
I -1, and a Schauder basis {e;}5°,. Our aim is to show that there exists an equiv-
alent UF renorming of X which makes {¢;} a monotone Schauder basis of X.
Therefore, we will suppose from now on that the basis constant of the Schauder
basis, be{e;} is strictly greater than 1. Then, we can consider the norm ||z||p =
sup{||P.(z)|| : n € N}, which is known to make the basis {e;} monotone (but of
course not UF, in general).
Let us denote by B and By the following balls:

B:={zxeX:|z| <1},
By:={z e X :|z]o <1}
It is clear that

[ < I llo < befesd] - |



4 A. J. Guirao and P. Hajek Positivity

Figure 1

and therefore
By C BC bc{ei}BO.

Through this note k > be{e; } is fixed. Tt is clear that the last two expressions
are true replacing be{e;} by k. For every natural number n, we will denote by
E, the range of P,, this is, P,X = E,; by B}, the image P, (%B); and for every
y € E,,by B/, (y) the set y + B},. In particular B],(0) = B), is a ball of E,, whose
centre is the origin. For any y € E,, the set B/,(y) is a translate of a ball of E,,.
We are going to define inductively a sequence {B,,}22; of balls of E,, as follows.
Put By := By N E;. Having defined B,, for n > 1, we will define the set B,1 as
follows: First of all let us consider the set

Bot1 = {y €EEpqgq: PTL(B’I/’L+1(y)) C Bn, B’I”L*i’l(y) N By # (Z)}
and then we finally set
By = U B’:L+1(y)'
YEBy, 11
We can see, for example, the construction of By in figure 1.

Lemma 4. The family of sets { By, }nen is uniformly bounded in X, and for every
n, the set B, has non-empty interior with respect to the topology of E,,.

Proof. Let us fix n € N and « € B,,. Then there exist y, z € E,, such that « € B/, (y),
z € BoN B (y) and P,_1(B],(y)) C Bp_1. It is clear that the vectors z — y and
z —y lie in B],. Therefore, there exist 2’,2" € B, such that P,(z') = k(z — y) and
P,(2") = k(z — y), and then

1 1

e =yl = S Pa(a)]| < ~[|Pall2’]] < 1,
k k

Iz = yll = SIPa() < TP < 1

Since z € By and By C B, we have ||z|| < 1. Therefore ||z|| < 3, thisis B,, C 3BNE,,.
The second part of this proof is a direct application of the following lemma, since
BNE, C P,(B). O
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Lemma 5. For every natural number n, the set B,, is non-empty. Moreover

0€ ﬂIB%n.

n>1

Proof. Tt is enough to show that 0 € B,, for any n € N. We will prove that 0 €B,,
if and only if B] C By, which will finish the proof, because it always holds

1
B, =P <kB) C Py(By) C BoNEy =By

since By is a monotone ball. We will show the required equivalence by induction
on n. For n = 2, 0 lies in By if and only if P, (Bj) C By, since B} always intersects
By (the intersection contains at least the origin). But

= (5 (1) -5

which finishes the proof of this case. If the statement is true for n — 1 > 2, then
0€B, if and only if P,_1(B)) C B,_1, since the intersection between B;, and By
is always non-empty (it contains the origin). Besides

1 1
P"—l(B;L) = PTL—l <Pn <I€B)> = Pn—l <I€B) = B;L—l'

Therefore 0 € B, if and only if 0 € B,,_; which is equivalent to B] C Bj. O

The following lemma shows that the defined sets { B, }, are balls in E,, i.e.,
their gauge functionals are norms in E,,.

Lemma 6. For every natural number n, the set By, is a ball of E,,.

Proof. By lemma 4 it is clear that for every n, the set B,, is bounded and contains
the origin as an interior point. For the remaining properties we will use induction.

It is clear that Bj is closed, convex and centrally symmetric. Let us suppose
that B,,_1 do so forn —1> 1.

a)  We start proving that B, is closed. Let us consider x € B,,.Then there exists a
sequence {2, }r, in By, converging to x. For every m € N there exist y,, and z,,
in E,, such that z,, € B, (ym), zm € BoN B}, (ym) and P,_1(B},(ym)) C Bp_1.
We can suppose that both {y,,} and {z,,} converge respectively to y and z
in E,,, since B,, is bounded. We want to show that y € B,,.

Since z,, € By then z € By, and it is clear that

z > lm |z —ymll =12 — yll,
m— 00

1 .
N
m—0o0

These equations mean, respectively, that z € ByNB,,(y) and x € B/, (y). More-
over, if we take w € B),(y), then wy, := ym + (w — y) € B}, (ym) and {wm }m
converges to w. Therefore, since P,_1(wy,) € B,—1 and by hypothesis B,,_1
is closed, P,_1(w) € B,,_1, this is « € B,,.
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Now we show that B, is convex. Let us take x; and x5 in B,,. For i € {1,2}
there exist y; € B,, such that z; € B, (y;), and z; € BoN B, (y;). Let us denote
by y = (y1 +42)/2, 2 = (21 + 22)/2 and & = (21 + x2)/2. Since z; — y; € B},
for i € {1,2} and B], is convex, then

21 + 2o (z1 —y1) + (22 — y2)

e c B (y).
z 5 Y+ 5 n(Y)

Therefore z€ By N B, (y), since By is also convex. Analogously we have
x € B],(y). In order to prove that x € B,, we only need to see that y€B,,
so it is enough to show P,_1(B],(y)) C B,—1. In fact, if we B](y), then
w —y € B], and for i € {1,2} we have y; + (w — y) € B}, (y;). Since y; € B,, for
ie{1,2}, then P,_1(y; + (w — y)) € By,—1 for both i = 1,2. Therefore

Ppoi(w) = % {Pn—1<yl +(w—=9)) + Poo1(y2 + (w — y))} € By1,

since, by hypothesis, B,,_1 is convex.
Let x € B,,. Then there exist y € B,, such that z € B, (y), and z € By N B}, (y).
It is clear that z — y € Bl, and, since B/, is centrally symmetric, y — z € BY,.
Therefore —z = —y + (y — z) € B.,(—y). But By is also centrally symmetric,
and thus —z € By N B, (—y). Analogously we can show that —z € B, (—y).
On the other hand, if we take w € B],(—y), then w + y € B}, and, since
B, is centrally symmetric, —w—y € B},. Therefore —w = y+(—w—y) € B, (y).
Since P,_1(B.(y)) C B,—1, and, by induction hypothesis, B, _; is centrally
symmetric, P,_1(w)€ B,,_1. Hence, we have shown that P,_1(B.(-y)) C
B, —1 and then —y €B,,. Therefore —z € B/, (—y) C B,, this is, B, is cen-
trally symmetric.

O

In order to show that {B,}, consists of UF-smooth balls, we need two aux-

iliary lemmas.

Lemma 7. For any n €N, the modulus of smoothness of Bl and B are related as

follows:

p(B;” ) < p(B, )

Proof. Let us fix n€N and ¢ > 0. Let us also take z and y such that g(Bj,z) =
g(By,,y) = 1. In particular, since 2 and y lie on Sp/, there exist 2/, y’ € Sp such
that P, (z') = kx and P, (y’') = ky. Let us note that

' &ty
B .P|— <1
g( " (kg(B,x'itw)) -

This inequality is equivalent to g(B),, z +ty) < g(B, 2’ + ty’). Therefore

g(B’;J‘r’ y? t) S E(B’ xl7yl7t) S p(B7 t)?

and taking suprema over (z,y) € Sp; x Sp; we have the required result. O
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Figure 2

Lemma 8. Let A and B be two balls in a linear space E. Let x € E such that
x+ B C A. Then, for any z € E the following inequality holds:

9(A,2) <g(B,z —x) + |1 —g(B,z — z)| g(A, z).
Proof. Let us note that the vector
z—x
9(B,z — )
lies in the set A, see figure 2. Then, it is clear that

z—x(1—-g(B,z— 1))
g(B,z —x) '

Z=x+

1>g(AZ)=y9 (A,

Therefore,
g(B,z—z)>g(A,z—z(1-g(B,z—1)))
> g(A,2) = g(A,z(1 - g(B,z —x))).
Thus we finally obtain
9(A,z) < g(B,z —x) +g(A z(1 - g(B,z — 1))
=g(B,z—x)+ |1 —g(B,z—x)|g(4,x).
which concludes the proof. O
Proposition 9. For every n € N the modulus of smoothness of B, satisfies
p(Bn,t) < 32p(B, 3kt).

Proof. Let us fix n €N, and ¢ > 0. Let us also consider = and h points on Sg,. By
construction, there exists y € B,, such that g(B/,, —y) = 1. Applying lemma 8 to
B,,, B;, and the point y, we can assure that

9(Bn,x +th) < g(By,,x £ th —y) + [g(B,,,z £ th —y) — 1]g(Bn,y)
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under the hypothesis g(B/,,x & th — y) > 1. Therefore,
§(Bn,x, hit) < &E(By, @ =y, ht) + 9(Bn, y)§(By, @ — y, b, t)
= (1+9(Bn,y))&(Br, x =y, h,t) < 26(By,x — y, h,t)
If we denote by ¢ = g(BJ,, h), we have
E(Bp,x,h,t) <26(B.,x —y,h,t) = 26(B!,x —y,9"'h,9t) < 2p(B.,,9t).

Since %B NE, C B!, by the monotonicity of the gauge functional we have

1
9=gB., h<g (kBﬂIEn,h) = kg(BNE,,h)
= kg (B,h) = K|l

But, since h € B,,, using lemma 4, we obtain ||h]| < 3.
Since the modulus of smoothness is a non-decreasing function, we finally have

&(Bp,z,h,t) < 2p(By,0t) < 2p(B,,, 3kt) < 2p(B, 3kt).

The last inequality follows directly from lemma 7. Taking suprema over x and h
satisfying x +h € H(B,, z), since this implies that g(B],, z+£th—y) > 1, we obtain
that

P(Bn,t) < 2p(B, 3kt).
The proof finishes applying Figiel’s lemma. (]

3. Uniformly Fréchet and Monotone Renorming

Now, we are ready to construct the new norm in X which will satisfy both uni-
formly Fréchet differentiability and monotonicity. In order to get it let us consider
first some new sets. Let us fix m € N and define

Bp= () (BaNEw)=| [ Ba | NEn.

n>m n>m

We need to check if these new sets define, in fact, new norms in E,, for each
natural m, respectively.

Lemma 10. The family of sets {Em}m e s uniformly bounded in X, and for every

fixed m, the set B,,, with respect to the topology of E, , has non-empty interior.
Moreover

%BﬁEm C B, C 3B.
Proof. Using the proof of lemma 4 it is clear that
Bp= () (B.NEn) C () (BBNE,)NE,) =3BNE, C3B.

n>m n>m
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On the other hand, by lemma 5 we know that

. 1 1
Bp= () (BaNEm)> ((kBmEn> mEm> = 2BNEn.

n>m n>m

Lemma 11. For any natural number m, the set Em is a ball in E,,.

Proof. By the previous lemma, these sets are bounded and have the origin as an
interior point. It remains to show that these sets are closed, convex and centrally
symmetric. However, these three properties are evident, because each Em is the
intersection of sets that are closed, convex and centrally symmetric. O

Proposition 12. For any natural number m, the modulus of smoothness of Em
satisfies

p(Bum.t) < 32p(B, 3kt).

Proof. For a fixed meN, we consider n > m and take x € B,,;+1 N E,,. Since
P,(x) € B, we have that x = P,,(x) = P,(z) € B,,. This is, the sequence {B,, N
E., }r>m is decreasing. Therefore it converges in the Hausdorft metric of E,, to its
intersection, this is, to Em. It is then well-known, and standard to prove, that

li B, NE,,,") = g(Bpm,-), 3.1
lglftyg( )= 9g( ) (3.1)

n—

where the limit is understood as uniform convergence on bounded sets in E,,.

Let us take x and y such that g(B,,,x) = g(Bm,y) = 1. We have

_ T Y 9(Bn,y)
g(Bnaxay7t) - g(Bﬂmx)f <BTL7 g(B,,“l')’ g(Bn,y)’tg(Bn,$)>
< 9(Bn,2)p (&J%) :

Then by proposition 9

g(Bn,y)>

Bo,2,y,t) < g(Bn,2)32p ( B, 3kt 129

&( y,t) < g(Bn,x) p( o(Bo)

and taking limits, using equation (3.1) and the continuity of p(B, ), we have

E(Bum, .y, t) < 32p (B, 3kt) .

Taking suprema over z and y we obtain p(B,,t) < 32p(B, 3kt) as we wanted to
show. 0

Finally, let us define the set
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Lemma 13. For any natural number m, the following conditions hold:
(i)  For everyn >m, B, NE,, = B,,.
(i) By C B JrSpan{eJ m < j<n}.
(i) Bm=BNE,,
Proof. (i) Since the sequence {B, NE,, };>, is decreasing, then
B, NE,, = (VB NEW)NEp = [ (BrNEm) = () (BrNEp) = Bin.

r>n r>n r>m

(i) It is enough to show that B, C B,_; + span{e,}. Let us take € B,,. Then
x € B, NE,, for every r > n. Let us consider r > n—1. Then z € B, NE,, and
therefore  lies in (B, + span{e,+1}) NE,. This implies that P, (z) € B, N
E,,—1. Since r > n — 1 is arbitrary, we have that P,_;(x) lies in Bn 1, this
is, x € Bn 1+ Span{en}

(iii) Clearly By, C B N E,,. On the other hand, let us take z € B N E,,. Then,
there exists a sequence {x,, }, which converges to x and such that x,, € By, "
for certain values m,, € N. Without loss of generality, we can reduce our proof
to two cases:

o Ifm, <m for every n € N, then by the first item of this lemma, z,, € B
and, since Bm is closed, x € B

e If m, > m for every n€N, by the second item of this lemma we have
P (zn) € B, But, since « € E,,, we have that {P,,(x,)}, converges to
x, and therefore = € Em. O

The following proposition summarizes the main properties of B. Condition
(i) claims that it is an equivalent ball in X, (ii) implies that the basis {e;} is
monotone with respect to the associated norm of E, and (iii) gives an estimate of
the modulus of uniform smoothness.

Proposition 14. B is a ball of X, which satisfies the following conditions:
(i) Bc3BcC 3kB.

(ii) For every x € B and for every natural number n, P,(x) € B.

(iii) p(B,t) < 32p(B, 3kt).

Proof. By lemma 13 (iii), the sequence {Em}m is increasing. Therefore Bis clearly
convex and centrally symmetric. It follows from the definition of B that it is closed
in X. In order to prove that B is a ball we just need to show that it contains the
origin as an interior point, which is a consequence of item (i). Therefore we only
need to show (i),(ii) and (iii).

(i) By lemma 10 we have that B,, C 3B for every m €N, therefore it is clear
that B C 3B. On the other hand, let us take 2 such that ||z|| < 1/k. Since the
sequence { Py, ()}, converges to x, there exists mg, such that if m > mg then
| P (z)|| < 1/k. Since, by lemma 10, B N E,, C kB,,, we have P, (z) € By,
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for every m = mo,_ and then P, (z) € B for every m > myg. Therefore = lies
in B. Then sB C B for any s < 1/k. Taking closures B C kB.

(ii) Let us take 2 € B and meN. Let us also take {z,} C B in such a way
Ty € Emﬂ Without loss of generality, we can reduce our proof to two cases:

o Ifm, <m for every n €N, then, by lemma 13 (i), z, € Em, and then
P,.(z) = z lies in B,, C B.

e If m, > m for every n €N, then, by lemma 13 (ii), P (zn) € By, thus
P,.(z) lies in B,, C B.

(iii) From the previous results it is clear that the restriction of g(B,.) to E,, coin-
cides with g(B,, -). Let us fix £ > 0 and consider z and y such that g(B, z) =
g(E,y) = 1. Let us denote x,,, = P (@), Ym = Pn(y), Om = g(ém,xm) and
Dy = g(gm,ym). Then, by proposition 12,

B _¢(B _ B, tm Ym \Om

< Opp (Em,tzm> < 0,,32p <B, Sktzm> .

Therefore

~ ~ ﬂm
§(B,x,y,t) = lim E(Baxmaymat) S lim 0n132p (B,?)kte)

= 32p(B, 3kt).

Taking suprema over x and y leads to the required conclusion. O

As a simple corollary of this proposition we obtain the main results of our
note.

Theorem 15. Let X be a Banach space with a Schauder basis {e;}32, and a UF-

norm || - ||. Then there exists an equivalent UF renorming |||-||| such that {e;} is a
monotone Schauder basis of (X, |||-]||). Moreover, the moduli of uniform smooth-
ness of || - || and |||]|| are equivalent (in the sense of [4]).

Dualizing, we have the following result.

Theorem 16. Let X be a separable superreflerive Banach space with a Schau-
der basis. Then there exists an equivalent UR renorming under which the basis is
monotone.

Proof. As X is superreflexive, by a well-known result of Enflo [6], there exist a
UR-norm || - || on X. Since the basis is also shrinking, (X*,| - ||) is UF and {e}}
is its Schauder basis. We can apply Theorem 15 to X*, to obtain an equivalent
UF-norm in X* such that the basis {e}} is monotone. By duality, this means that
X** = X has an equivalent UR-norm making the basis {e;} monotone. O
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