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1) Introduction.

Let f be a mapping from a Banach space X into a Banach space Y which
is Gateaux-differentiable at every point. Our purpose is the study of the
range of the derivative of f. We denote this range f/'(X). Let us recall that
sufficient conditions on a subset A of a dual Banach space X™* so that it
is the range of a real valued function on X which is Frechet-differentiable
at each point have been obtained in [BFKL], [BFL], [AFJ] and [G1]. In
this case, it was noticed in [AD] that whenever X is an infinite dimen-
sional Banach space with separable dual, there exists a C'-smooth real
valued function on X with bounded support and such that f/(X) = X*.
On the other hand, it follows from [H] that if f is a function on ¢y with
locally uniformly continuous derivative, then f’(cg) is included in a count-
able union of norm compact subsets of ¢!. The structure of the range of
f’ whenever f’ satisfies a Holder condition has been investigated in [G2].
In the case of functions or mappings which are Gateaux-differentiable at
each point, it was observed in [ADJ] that f/(X) can coincide with £(X,Y).
We shall investigate here phenomena which can occur when f is Gateaux-
differentiable, but not when f is Frechet-differentiable. In particular, for
each infinite dimensional separable Bananach space X, we shall construct
in section 2 a Gateaux-differentiable function f on X, with bounded sup-
port, and such that for all x # 0, ||f'(z) — f/(0)|| > 1. In section 3, we
shall consider the following question : let X,Y be two Banach spaces. Is it
possible to construct a Lipschitz continuous mapping f : X — Y, Gateaux-
differentiable at each point, and such that, for all z,y € X, z # y, we have
| f/(x) = f'(y)]| > 17 Clearly, this is not possible whenever £(X,Y") is sep-
arable. We shall prove that this is not possible either whenever ¥ = IR,
but such a construction will be carried out whenever (X,Y) = (¢!, IR?)
and whenever (X,Y) = (/P,¢9) with 1 <p < ¢ < +00.

2) Isolated points in the range of the derivative of a function.

Let X be a Banach space, and f be a real valued function defined on X. If
f is Frechet-differentiable at every point, then Maly’s Theorem asserts that
the range of f/, denoted f’(X), is connected. If f is Gateaux-differentiable
at every point of X and if f’ is norm to weak* continuous, then f'(X) is
weak™ connected. Therefore, if f is not affine, no point of f’(X) is isolated
in f/(X) endowed with the weak*-topology. This result remains true even
if f’ is not assumed to be norm to weak* continuous, as shown by the
following proposition. We shall see later that in this case f/(X) is not
necessarily norm connected.

Proposition : Let X be an infinite dimensional Banach space, and let
f be a real valued locally Lipschitz and Gateaux-differentiable function on
X. Then either f is affine, or, for every x € X, f'(z) lies in the weak*

closure of f'(X)\{f'(x)}.
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Remark : J. Saint Raymond constructed a mapping f from IR? into IR?,
Frechet-differentiable at each point, and so that {det( fl(x);x € ]RQ} =
{0,1}. Therefore f’(IR?) is not connected and for every x € IR?, f'(z) ¢
F(X)\{f'(z)}. Consequently, there is no analog of Maly’s theorem and
of the above proposition for vector valued mappings.

Proof : Let f be a real valued locally Lipschitz and Gateaux-differentiable
function on X which is not affine. Therefore, Card(f’(X)) > 2. In order
to get a contradiction, assume moreover that f'(X) = AU{y}, where A # ()
and y ¢ A“". Since y € f/(X), there exists x € X such that y = f/(x).
Replacing f by f(z +.), we can assume that z = 0. Fix also xg € X such
that f/(z¢) € A. Since y ¢ Zw*, there exists x1,22,...,2, € X and € > 0
such that, if we denote

g = (y(x1),y(x2), .., y(2,)) € R"

and

A= {(z(z1), 2(x2), ..., 2(zn)); 2 € A} C R"

then, for every Z € A, ||Z — || > . If we denote 7= (y(z0),y) € R
and A = (2(z0), 2(1), 2(z2), ..., 2(zn)); 2 € A} C IR™!, then we also

have that, for every = A, ||§— §H > ¢. Define F : R"*! — IR by
F(to,tl,tg, ...,tn) = f(z tZ‘LL‘i)
i=0

Since F is Lipschitz continuous and Gateaux-differentiable on IR™*1!, it is
Fréchet-differentiable on IR™*! and

F/(to,tl,tz, ...,tn> = (f/<z tia':i)(l'j));l:o € ZU {5}
1=0

Moreover F'(0,0,...,0) = 7, F’'(1,0,...,0) € A. Therefore F'(IR"*) is not
connected and this contradicts the Theorem of Maly.

,From now on, we say that a real valued function on an infinite dimensional
Banach space X is a bump function if it has bounded non empty support.
We shall denote B(r) the set of all #* € X* such that [|z*| < r. If F is
a Banach space, z € E and r > 0, we denote Bg(x,7) (resp. Bg(z,r))
the open ball (resp. closed ball) in E of center x and radius r. If f
is a continuous and Gateaux-differentiable bump function on X, then,
according to the Ekeland variational principle, the norm closure of f/'(X)
contains a ball B(r) for some r > 0. A natural conjecture would be that
the norm closure of f'(X) is norm connected, or at least that f/(X) does



not contain an isolated point. This is not so as shown by the following
construction.

Theorem 1 : Let X be an infinite dimensional separable Banach space.
Then, there exists a bump function f on X such that f is Gateauz-differen-
tiable at every point, f’ is norm to weak® continuous and || f'(0)—f'(x)|| > 1
whenever x # 0. If X* is separable, we can assume moreover that f is C*
on X\{0}.

Remark : According to the above discussion, 0 is not an isolated point
of f/(X), so necessarily f/(0) # 0.

Proof : We shall use two lemmas.

Lemma 1 : Let X be a Banach space, U be an open connected subset of
X* such that 0 € U and z* € U. Assume there exists on X a Lipschitz
continuous bump function which is Gateauz-differentiable (resp. Frechet-
differentiable) at every point. Then there exists a Lipschitz continuous
bump function 3 on X which is Gdteauz-differentiable (resp. Frechet-
differentiable) at every point, such that /(X)) C U and p'(x) = x* for all
x n a neighbourhood of 0.

Proof of lemma 1 : Since U is connected, there exists finitely many points
xg, x7, ..., oy, € U such that z§ = 0, 23y = x*, and the segments [z}, z], ]
are included in U. The polygonal line R = nul[a:;?‘,:vf 1) is compact,
therefore there exists € > 0 such that R + B (61) OC U. Let b be a Lip-
schitz bump function on X which is Gateaux-differentiable (resp. Frechet-
differentiable) at every point of X. By translation, we can assume that
b(0) # 0. Replacing b(x) by A\1b(A2x), we can also assume that there exists
0 < § < 1 such that b(z) > 1 whenever ||z|| < § and that the support of
b is included in the unit ball. Composing b with a suitable C*°-smooth
function from IR into IR, we can assume moreover that b(x) = 1 whenever
|z|| < 6, and that 0 < b(z) < 1 for all x € X. By adding if necessary
points on the polygonal line R, we can assume that for all i € {1,2,...,n},

|27 — ;1] < e/||b'||oo- Define

We have b)(x) = (zf—=x}_)(x).b' (x)+b(z).(zj—x}_,), with b(z).(x] —x}_ )
€0,zf —xf 4] and ||(zf —zf_;)(x).b/(z)] < e for all z € X, therefore
bi(X) C [0,2; — x;—1] + B(e). Finally, set

n

Bla) = 0" bi(w/0"")

=1
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[ is a Lipschitz continuous bump function on X which is Gateaux-differen-
tiable (resp. Frechet-differentiable) at every point. Let z € X and as-
sume that §° < ||z < 6t for 1 <i <n. Ifj>i, [[z/877 > 1, so
b; (y/5j_1) = 0 for all y in a neighbourhood of z and b’ (a:/éj_l) =0. If

j<i, |x/677 | < 6, s0 V;(x/097) = af — a%_;. Therefore

() =) (&) —aj_y) +bi(2/0") = iy +Vj(2/) € [zim1,2:] + B(e)

Moreover, if ||z|| < 0™, then f'(x) = z} = x*. Thus f'(x) = z* for all z in
a neighbourhood of 0 and #'(X) C R+ B(e) C U.

Lemma 2 : Let X,Y be two Banach spaces, a € X, V be an open
neighbourhood of a, and f : V. — Y be continuous on V and Gateaux-
differentiable at every point of V\{a}. If f'(x) has a weak* limit { as x
tends to a, then f is Gateauz-differentiable at a and f'(a) = £.

Proof of lemma 2 : Fix h € X. The mapping ¢ defined on the real
line by ¢n(t) = f(a + th) whenever ¢ # 0, ¢}, (t) = f'(a + th).h tends to
l.h as t tends to 0. Therefore f is differentiable at a in the direction h
and f’(a).h = £.h. This proves that f is Gateaux-differentiable at a and

f(a) =¢.

In order to prove the theorem, let a € X* such that 1 < |la|| < 2. Let (uy)
be a dense sequence in X and

Vo = {z* € X*;|2*(u;) — alu;)| < 1/2" for all i € {1,...,n}}

(Vi)n>0 be a decreasing sequence of weak® open subsets contaning a so
that, if y, € V,, and if (y,) is bounded, then (y,) converges to a for the
weak*-topology. Moreover, W,, = V,, N {z* € X*;1 < ||2* —al| < 2} is
connected for each n. Let (z,) C X* be a sequence such that z; = 0
and for every n, z, € W,. For each n, 1 < ||z, — a| < 2 and (x,)
converges to a for the weak* topology. W,, — z,, = {x —z,;x € W, } is a
norm open connected subset of X* containing 0. Since z,+1 € Wy,41 C
W,, we also have =, — x, € W,, — x,,. Since X is separable (resp.
X* is separable) there exists on X a Lipschitz continuous bump function
which is Gateaux-differentiable (resp. Frechet-differentiable) at each point.
According to lemma 1, there exists a Lipschitz continuous bump b,, which
is Gateaux-differentiable (resp. Frechet-differentiable) at every point, such
that b),(X) C W,,—x,,, with support in the unit ball and such that b/, (z) =
Tp+1 — Tp, for all x satisfying ||z|| < 0,. Denote ¢; = 1 and, for n > 2,

n—1
¢n = [] 0n. Define
i=1

400

b(x) = Z cnbn (z/cy)

n=1
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b has bounded support since b(x) = 0 whenever ||z|| > 1. On X\{0}
this sum is locally finite, so b is Gateaux-differentiable (resp. Frechet-
differentiable) at each point of X\{0}. If 4, < ||z|| < dp+1, then we
have b'(z) = z, + b, (z) € W, so ||b/(x)|| is uniformly bounded in =z,

*

v (X\{0}) C X*\B(a,1), and b'(z) 2> a as  — 0. Lemma 2 then shows

that b is Gateaux-differentiable at 0 and that b'(0) = a.

3) Can all the derivatives be far away from each other?

We first notice that, under mild regularity assumptions, the answer to the
above question is negative for functions.

Proposition : Let X be a Banach space and f : X — IR be a Lipschitz
continuous, everywhere Gateaux-differentiable function. Then, for every
x € X and every € > 0, there exists y,z € Bx(x,&) such that ||f'(y) —

f'@l <e.

Proof : We shall actually show that if f : X — IR is locally uniformly
continuous and everywhere Gateaux-differentiable, then, for every x € X
and for every € > 0, there exists § > 0 such that for every h € X, ||h] <6,
there exists y € Bx (x,¢) such that ||f'(y +h) — f'(y)|| < e.

Fix x € X and ¢p > 0 such that f is uniformly continuous on Bx(z,2¢y).
Fix also 0 < € < gp. By uniform continuity, there exists 6 > 0 such
that |f(2) — f(y)| < €2/4 whenever y,z € Bx(z,2¢) and ||z — y|| < 4.
Without loss of generality, we can assume that § < £/2. Take any h € X
such that ||h]] < §. Define p : X — IR by o(y) = f(y + h) — f(y) if
|ly — z|| < ep and ¢(y) = +oo otherwise. The function ¢ is lower semi-
continuous on X and, for all y € Bx(x,g0), —€2/4 < o(y) < €2/4. In
particular, ¢(z) < inf,ex ©(y) + €2/2. The Ekeland variational principle
then tells us the existence of y € X such that ||y — z|| < ¢/2 and for all
ue X, p(u) > o(y)—¢ellu—y||. Since ||ly—z|| <e/2 < eo, the function ¢ is
Gateaux differentiable at y and we obtain ||¢'(y)|| < . Hence, if we denote
z=y+h [[f'(y) = F'(2)|| <&, and we have [z — x| < [[Al] + [ly — 2] <e.

The derivatives of a Frechet differentiable mapping cannot be far away
from each other for mappings which are everywhere Frechet-differentiable.

Proposition : Let X,Y be separable Banach spaces and f : X — 'Y be
an everywhere Fréchet-differentiable locally uniformly continuous mapping.
Then, for every x € X and everye > 0, there exists y,z € Bx(x,¢), y # z,
such that | f'(y) — f/(2)]] <.

Proof : Fix ¢ > 0 and ng > 0 such that f is uniformly continuous on
Bx(z,e 4+ 1/ng). For each n > 1, define

An={y € Bx(z,e), [lf(y+h)—f(y)—f'(y).hl < el|h]| whenever ||h]|<1/n}
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Since Bx(x,e) = U A,,, there exists ny > np and u € Bx(z,¢) such
n>ngo

that v is an accumulation point of A,,. Pick y,z € A,,, such that y # z
and ||y — z|| < «, where «a is chosen so that || f(u) — f(v)]| < €/n1 whenever
u,v € B(x,e 4+ 1/ng) and ||u — v|| < @. We have

If(y+h)—f(y)—f'(y)-hll <e/mi and |[f(z+h)—f(z)—f'(2).h]| < e/m

So, for all h such that ||h| < 1/nq,

|(fy+h) = f(z+h) = (fly) — f(2) = (f'(y) = ['(2)).h|| < 2¢/m

Therefore,

(' (v) = £'(2)) . < 4e/m
Since this is satisfied for for all A such that ||h|| < 1/n;, we obtain that
1" (y) = [ (2)]] < de.

In view of the above propositions, one could believe that whenever X,Y
are Banach spaces (or vector normed spaces) and f : X — Y is a mapping
Gateaux-differentiable at each point of X, then for every € > 0, there
exists y, z € X such that ||f'(y) — f'(2)]| < e. Our next result proves that
this is not so.

Theorem 2 : 1) There exists a Lipschitz mapping F : {* — IR?, Gateaua-
differentiable at each point of £*, such that for every x,y € £*, x # vy, then
|F'(z) — F'(y)||l e, m2y = 1. Moreover, for each h € £*, & — F'(z).h is
continuous from ¢! into IR>.

2) Let us denote D the vector normed space of elements of ¢! with fi-
nite support. There exists a Lipschitz function G : (' — IR, Géteaua-

differentiable at each point of £*, such that for every x,y € D, x # vy, then
IG'(x) = G'(y)le = 1.

We shall construct F' and G with the properties of theorem 2 using se-
ries. We were inspired by a construction from [DI]. We need an auxiliary
construction.

Lemma 3 : Given A = (a’,a,b,b') € IR* such that ' < a <b < and
e > 0, there exists a C*°-function p = o . : IR* — IR? such that :

(i) le(z,y)l < e forall (z,y) € R,
(i) p(x,y) =0 whenever x ¢ [a’, V],

(117) Hg—i(a:,y)u <e forall (z,y) € IR?,
(iv) ||g—§(x,y)|| =1 whenever x € [a,b|,

(v) Hg—;j(x,y)H <1 forall (z,y) € IR?,



(vi) If we denote o(z,y) = (p1(z,y), 2(2,y)), then 91 z,0) =

whenever x € [a, b].

Proof of Lemma 3 : Let b : IR — IR be a C*°-smooth function such that
0 < b(x) <1 for all z, b(z) = 0 whenever z ¢ [d/,V'] and b(z) = 1

whenever z € [a,b]. If n > 1 is large enough, the function defined by

b(z)

n

S

o(z,y) = (sin(ny), cos(ny)) satisfies the desired properties.

We shall also use the following criterium of Gateaux-differentiability of the
sum of a series :

Lemma 4 : Let X andY be Banach spaces and, for alln, let f,, : X —Y

be Gateauz-differentiable mappings. Assume that (Z fn) converges point-
wise on X, and that there exists a constant K > 0 so that for all h,

Ofn
e <
(1) > sup |G )] < K|
n>1
Then the mapping f = > fn is Gateauz-differentiable on X, for all x,
n>1
f'(z) = > fl(x) (where the convergence of the series is in L(X,Y) for

n>1
the strong operator topology), and f is K-Lipschitz. Moreover, if each f],

is continuous from X endowed with the norm topology into L(X,Y) with
the strong operator topology, then f’ shares the same continuity property.

Proof of Lemma 4 : Fix x € X. First observe that condition (1) im-
plies that for all h, the series (3 %(aj)) = (3 f1(x).h) converges in Y.
Therefore, the series (3 f/,(z)) converges in £(X,Y) for the strong oper-
ator topology, to some operator 7' € L£(X,Y), and by (1), ||T]| < K. For
each h € X, we define g, : IR — Y by g,(t) = fn(x + th). The function

g = >_ gn is well defined. Since
n>1

ZHgnHoo<ZsupH )| < K[|

n>1

the mapping ¢ is differentiable and ¢’(0) = > ¢/,(0) = > %(m) =T(h).
n>1 n>1
Thus we have proved that f is differentiable along every direction A and

that %(m) = T'(h). In other words, f is Gateaux-differentiable at = and
f/(z) = T. Since for all z, || f'(z)| < K, the mean value theorem implies
that f is K-Lipschitz.

Proof of Theorem 2, part 1) : Fix an enumeration A, = (a}, ag, bx, b},),
k € N, of all quadruples of dyadic numbers such that a) < ar < by < 1.
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Select integers m} such that for each n, n < m} and (m} )y, is an increasing
sequence, and satisfying

(2) mp=m) = n=p and k=

(o) o0
Fix ¢ > 0 and let €} be positive real numbers such that > " e =¢. We
n=1k=1

shall notice g5, = Z ey, so that Z er = . Put f, : ¢1 — IR? such that,
n=1 k=1

if v = (z;) € £, then fn,k( ) = PAgep (xn,xm ) : fnk is a C* function
on /', The function F : /! — IR? we are looking for is defined by :

= Z Z frk ()

ne€IN ke IN

Claim 1 : F is well-defined. Indeed, according to condition (i) of the
lemma, [|fnklloc = [[Pa.erllc = €k so the series defining F' converges
uniformly.

Claim 2 : F is Gateaux-differentiable on ¢! and F is (1 + ¢)-Lipschitz-
continuous on £!. To see this, we apply Lemma 4 : let h=(hq, ..., hp,...) €
¢r. By (iii) and (v), we have for all n, k :

(@)]| < hmp | + R |hn] < |hmg | + Xl

So, because of condition (2),

Zsupllaf”’“ )l < (14 )l
reX

We have proved that condition (1) of Lemma 4 is satisfied with K = 1+,
thus F is Gateaux-differentiable on ¢! and F is (1+¢)-Lipschitz-continuous
on /1.

Claim 3 : Ifx #y € (', then ||F'(z) — F'(y)|| cer,m2) = 1 — 2e.

Indeed, let n € IN such that x,, # y,. Let k such that =, € [ay,b] and
Yn ¢ la}, by]. According to (i4) and (iv) of Lemma 3,

o

8:cmz 8£li'mz

:C)H =1 and (y)=0

On the other hand, for all r,

L PR
and, if £ # m} and (¢,7) # (n, k),
gjfn: (r)=0 and gjfn: (y)=0
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Therefore,
OF OF
IF'(@) = FWlleeme = || 50— @) = 5— )
Ofer Ofer
21 Y gl - )
(r)#(nk) T "
>1—2¢

Let us now prove part 2) of Theorem 2. Since F : ¢! — IR?, we can
write ' = (G, H), where G, H : {* — IR. We shall also denote f, =
(gnks hnk). G- ¢! — IR is Lipschitz continuous, Gateaux-differentiable at
each point of /1. Let x = (x;),y = (y;) € D and n such that x,, # y,. Let
k such that x, € [ak,by], yn ¢ [a},by] and z,n = 0. According to (vi) of
Lemma 3, we have

H%(x)H =1 and %(y):()

Oxpn OTpn
k k
We conclude, as in the proof of Claim 3 of part 1), that

IG"(x) = G'(y)llee 21— 2¢

Remark : 1) If we set ® = %, we have obtained for every o > 0, the
— 2

construction of a function ® : ¢ — IR?, Gateaux-differentiable at every
point of /!, satisfying :

(i) forallz,yett, [[(z)—2(y)l<1+a)lz—ylh,

(i) foralla £y e &, (@) — ()| eeme > 1.

2) Fix h € (1. Since x — F'(x).h is continuous from ¢! into IR?, the set
{F'(z).h; x € £'} is connected. This is in contrast with the fact that
{F'(z); x € £*} is discrete in L(¢*, R?).

3) A carefull look at the above construction shows that f is uniformly
Gateaux-differentiable.

4) Observe that for cardinality reasons, whenever L£(X,Y’) is separable,
then for every Gateaux-differentiable mapping from X into Y, and for
every € > 0, there exists y, z € X such that || f'(y) — f'(2)|| < e. Therefore,
it is not possible to replace £! by ¢? (p > 1) in Theorem 2. However, there
exists a Lipschitz function H : 2 — (2, Gateaux-differentiable at each
point of £2, such that for every z,y € ¢2, if x # y, then

I1H'(z) — H' (y) |l ey > 1

This will follow from the following more general result :
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Theorem 3 : Let X, = 7 if 1 < p < 400 and X = co. Let us fix

1 <p,qg < +oc0. The following assertions are equivalent :

(1) There exists a Lipschitz function H : X, — X,, Gateauz-differentiable
at each point of X,, such that for every z,y € X,, v # y, then
1H () = H'(W)ll £x,.x,) = 1-

(2) p<gq.

(3) L(X,,X,) is not separable.

Proof of Theorem 3 : According to Remark 4) above, (1) implies (3). If
p > g, then by Pitt’s theorem, all operators from X, to X, are compact,
hence £(X,, X,) is separable. Therefore (3) implies (2). So it remains to
prove that (2) implies (1). Assume that p < ¢ and let (e,,) be the usual
basis of X,,. Let Ty € L(IR? X,) defined by Ti(z,y) = xear + yeari1-
Denote a, the common norm of the operators Tj. Let Ay, €}, my and
N defined as in the proof of Theorem 2. Put f,, 1 : X, — X, such that,
if v = (x;) € X, then f (x) = Tinn © PAger (mn,wmz) : the functions
fn,k is a C° mapping from X, into X,. The function H : X, — X, we
are looking for is defined by :
H@) =Y > far)
nelN ke IN

As in the proof of Theorem 2, H is well-defined. Lemma 4 is no longer
applicable in order to show that H is Gateaux-differentiable at each point
of X,,. But lemma 4 remains true if the hypothesis (1) from lemma 4 is
replaced by condition (2) below :

0 fn . .
(2) for all h, (Z a—];b(a;)) converges uniformly with respect to x

So, fix h=(h1, ..., hp,...) € X,. We have
afn,k
oh
with [[ugn(2)llq <egag, vin(z) € span{eamn, eamn i1} and [[vgn ()]l <aq.
We claim that both series (Y hpuk,,(z)) and (33 hmgvkm(x)) are uni-
k.n n k

() = hpugn(z) + hmzvk,n(m)

formly converging with respect to x. Indeed, for the first one, this fol-

lows from the fact that for each z, ||h,ugm(x)|lq < [|h|lp.aq-€}, and that

oo oo

> > e} < +oo. For the second one, (3 hmzvk,m(x)) converges uni-
2

n=1k=1
formly because it satisfies the uniform Cauchy condition. Indeed, fix § > 0

and a finite set A C IN x IN such that > hfng < 6P. For fixed =z,
n (k,n)gA
the vi () are elements of X, with disjoint supports, so, for any finite

subset F' of (IN x IN)\ A,
I > hogoen@lx, = (D [hagorm@],) "

(n,k)EF (n,k)EF

<ag( Y h%z)l/qgaq( > hfnz)l/p<aq5

(’I’l,k)GF (’I’l,k)GF
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Notice that we used in the above chain of inequalities the fact that p < gq.

The above estimate is uniform in x, therefore the series (Z hmzvk,m(x))
k

satisfies the uniform Cauchy condition. Applying the variant of lemma 4

mentioned above, we get that H is Lipschitz continuous and Gateaux-

differentiable at each point of ¢2. As in the proof of theorem 2, one sees
that there exists @ > 0 such that for every z,y € 2, if  # y, then

1H' () = H'(y) |l c (v 00y = @

[AD]

[ADJ]

[AFJ]

[BFKL]

[BFL]

[DT]

[G1]
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