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ABSTRACT: We prove that a Banach space admitting an equivalent WUR norm is an Asplund

space. Some related dual renormings are also presented.

It is a well-known result that a Banach space whose dual norm is Fréchet differ-
entiable is reflexive. Also if the the third dual norm is Gateaux differentiable the
space is reflexive. For these results see e.g. [2], p.33.

Similarly, by the result of [9], if the second dual norm is Gateaux differentiable the
space is an Asplund space.

The main result of this note answers a question posed by Troyanski. It claims that
a space that admits an equivalent weakly uniformly rotund (WUR) norm is an
Asplund space. By the well known dual characterization of WUR norms (see [1]) it
is equivalent to the dual norm being uniformly Gateaux differentiable (UG). In fact,
the existence of an equivalent (not necessarily dual) UG norm on the dual space is
sufficient. This follows from the dual characterization of UG norms as norms the
dual of which is weak-star uniformly rotund (W*UR). The restriction of a W*UR
norm of the second dual space to the original space is easily shown to be WUR. Let
us point out that by our Theorem 4 merely dual Gateaux norm does not imply, in
general, that the space is Asplund.

In the remaining part of the paper we strive to improve our knowledge of the higher
dual norms of separable spaces.

We show that the space J of James admits a dual norm that is WUR. In particular,
spaces whose second dual norm is UG do not necessarily have to be reflexive.

Let us recall that by a classical result [8] duals of separable spaces containing an
isomorphic copy of 1 contain an isomorphic copy of ¢1(c). As a consequence, these
duals do not have an equivalent Gateaux smooth renorming. Therefore the second
dual norm of these spaces cannot be rotund. In contrast, spaces with separable dual
admit a WUR norm whose second dual is W*UR. We investigate the existence of
the second dual rotund norm on the classical James tree space (JT) and Hagler
space (JH). These spaces do not contain an isomorphic copy of ¢1, but their dual
is nonseparable. In Theorem 4 we construct an equivalent norm on the James tree
space whose second dual is uniformly rotund in every direction ( URED). On the
other hand we prove that the space JH of Hagler has no equivalent norm whose
second dual is rotund.

Altogether, the class of separable Banach spaces that admit a norm whose sec-
ond dual is rotund lies strictly between spaces with separable dual and spaces not
containing an isomorphic copy of /7.

In line of these results it seems natural to ask whether duals of separable Banach
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spaces not containing a copy of /1 always admit a dual Gateaux smooth norm, thus
giving a renorming characterization of these spaces.

Let us start with the definitions of the less standard notions of rotundity.

Definition The norm || - || on a Banach space X is said to be weakly uniformly
rotund (WUR) if lim (z,—y,) = 0 in the weak topology whenever x,,,y, € Sx,n €
n—oo

IN are such that lim ||z, + y,| = 2.
n—oo

The dual norm || - ||* on a dual Banach space X* is said to be weak-star uniformly
rotund (W*UR) if lim (z, —y,) = 0 in the weak-star topology whenever z,,, vy, €

Sx~« are such that lim ||z, + y,|* = 2.
n—oo

The norm || - || on a Banach space X is said to be uniformly rotund in every
direction (URED) if lim ||z, — yn| = O whenever z,,y, € Sx are such that
n—oo
lim ||z, + y»|| = 2 and there is z € X such that z,, — y, € span(z) for every
n € IN.
The norm || - || on a Banach space X is said to be uniformly Gateaux if for every
heSx
th| —

ol th]) o]

t—0 t
exists and is uniform in z € Sx.
Note that the condition lim ||x,, + ¥, || = 2 in the above definitions may be replaced

by an equivalent condition 2|z, ||? + 2||yn||* = ||2n + yn||?* — 0, which is very useful

for constructions of rotund norms.

It can be shown (see e.g.[1]) that the norm || - || is WUR (resp. UG) if and only if
its dual norm || - ||* on X* is UG (resp. W*UR).

Theorem 1

A Banach space that admits an equivalent WUR norm is an Asplund space.

Proof. It is well-known that a space is an Asplund space if and only if every
separable subspace has a separable dual. Thus it is enough to prove the statement
for separable spaces. Let us therefore assume by contradiction that (X, | - ||) is
separable, || - || is WUR and X* is nonseparable. Let us first define a partially
ordered set (T, >), usually called a binary tree. Put T = {(n,i),n =0,1,...;0 <
i < 2"}. We partially order T' by putting (m,j) > (n,i) if m > n and there
exist integers ig = ,41,...,ix = j with k = m —n and i; € {2¢,2i + 1},i2 €
{2i1,2i1 + 1}, ..., ik € {2ik_1,2ik—1 + 1}. By a segment (¢1,%2) we mean a set of
the form {t,t; < t < t9;t1,t2 € T}. By a branch starting at ¢ € T we mean a
maximal linearly ordered subset of 7" whose minimal element is ¢. If ¢ = (0,0) we
speak simply of a branch. We denote by I' the set of all branches (starting at (0,0)).

According to the result of Stegall from [10], as presented in [2], p.239, for every
e > 0 there exists a weak* compact set A C Bx+ with a Haar system {C}}icr of
relatively clopen subsets of A and a sequence {z;}icr C (1 + €)Bx such that the
following hold:



2" 1
A= U Cp, forevery n=0,1,...
i=0

Ctl N Ct2 - Ctl lf tl Z t2,
Cy, N Cy, = () otherwise

and ’f(x(n’z)) - Xc(n,i) (f>| < 2% for f € A.
Choose for every b € T' an element f, € [ C; # 0.
teb
For the rest of the proof, let us fix £ > 0 and the corresponding {x; }+er and {C} }ier

as above.

Claim 2 Let 6 > 0. For every branch b starting at t1 there exist tp, < r, € b and
two wvectors ||xpl[, lys|| < 1+e+6:

Ty = Z QtTt, Yb = Z Brxy

t1<t<tp ty<t<ry

where oy, |G| <1 and >, ar= Y. [ =1, such that:

t1<t<tp ty<<t<ry

2[lapl* + 2llysl* = llzs + yoll* < 6.

Proof of Claim 2. Define a real function M on b by formula:

My(to) = inf{||$||a T = Z Yiry where tY € b, |y <1, Z Ve = 1}, for ¢ty € b.I

to<t<t to<t<to

It follows from the properties of vectors x; that My(tg) < 1+ . The function

M (t) is clearly nondecreasing on b. For every p > 0 there exists ¢, € b satisfying

|My(t,) — sup My(t)] < p. Choose ty, 15 € b, tp, 1, > t, and vectors xp, yp in the
teb

required form and such that:
My(ty) > ol — o, My(ty) > [l — 2.
Necessarily |22 || > My(t,). Thus for p small enough we obtain
2[lapl* + 2llys|* — llzs + yoll* < 6.

The claim is proved.

Let &, \, 0. For some fixed b! € I starting at (0,0) by t1,r1,z1,y1 we denote the
tyr, 71, Tpt, Yyt from Claim 2 corresponding to b! and 6.

We construct by induction a system of sequences t;,7; € T, x;,y; € X and branches
b’ starting at ¢;_; as follows:
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Suppose we have constructed t;, r;, z;,v;, b* for i < k. We choose b**! that starts
at 1, bt N (tk,Tk) = 0.
U1, Thtls Thls Ykt1 A€ tpk+1, Tpkt1, Tpkt1, Ype+1 corresponding to b1 and Okt1-
Denote by b° the branch starting at (0,0) and containing the sequence {tj}xremn-
By claim 2:

2l + 2llyell® — =k + gl — 0.

Yet,

foo(ze —yr) = Z v fro (¢) Z Bifeo (1)

t—1<t<tg tr <t<rg
> c c >
tr—1<(n,)<tg tr<(n,i)<rg

a contradiction.

We now proceed by renorming the James space J by a dual WUR norm. Let
us recall that the James space J is a separable Banach space with a boundedly
complete basis {e, }nemnw, and its predual basis {f,, }nen (that is, e, (fm) = 07*) in
the unique (see [1, p.117]) predual J, so that the canonical norm on J is given by:

my

(1) el = sup (S0( 2))%

ni<mi<na<... €N j—n;

This norm is easily seen to be a dual norm on J = (J,)*. Indeed, every z; = f;(z)
is a w*-lower semicontinuous function on J. Thus || - || is a supremum of w*-lower
semicontinuous functions, so it is itself w*-lower semicontinuous. That is equivalent
to being a dual norm. It can be shown that dim(J*/J,) = 1. For more details on
the space J we refer to [4].

Proposition 3
The space J admits an equivalent dual WUR norm.

Proof. Let us define an equivalent norm || - || on J as follows:

m MNip1—1

@ BelP=lP+ Y 5 s (DY @ +Z e

Ny <ng<-<Mmi1 i=1 j=n;
- - K2

where the suprema (for a fixed m) are taken over all choices of ny < -+ < nypyyq.

We claim that || - || is a dual W*UR norm on J.
m Mi4 1—1 m n1+1—l

Indeed, ||-||?, 523 = 5r f7() and Z( Y a)r =30 % fy(@)? are wlower

Jj=n; i+l j=n,
semicontinuous on J, as f, € J,. Slnce || - |I* results from taking uniform limits
and suprema of w*-lower semicontinuous functions, it is a w*-lower semicontinuous
function itself. The convexity and positive homogeneity of || - || together with the
equivalence of || - || and || - || are obvious. Thus || - || is a dual equivalent norm on
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J. To show that || - || is W*UR, recall that whenever x™,y™ € S(; .| are such that
20z 1I* + 2fly™I* =l + y™[I* — 0, it follows that

2™ * + 2lly"|I* = fl=" +y"|I* — 0,

m Nit1—1 m MNit1—1

2 sup (Z( Z x?)2)+2 sup (Z( Z y?)Q)_

ny<--<Nm41 i=1 j=n; ny<-<Mm41 i=1 j=n;
- — v - — v

m Nit1—1
_ n+ n\2 0
S (2( D, @ ty)?) =0 as n— oo

for every 7 € IN. This is a standard fact that follows from the convexity of the

participating functions and may be found in [1]. In particular, from the last limit

we obtain lim f;(z™ —y") = 0 for every j € IN. Because span{f;} is dense in J,
n—oo

and {z"}, {y"} are bounded, w* — lim (z™ — y") = 0. The claim is established.

As dim(J*\ Ji) = 1, in order to show that || - || is WUR it is enough to prove that
whenever 2™, y" € J satisfy ||z"]|, [|y"|| <1 and

(3) 202" 1” + 20" 7 — ll2™ + 5" I* — 0 as n — o0

we have f(z™ —y™) — 0, where f(-) = > fi(-) € J*\ J.. Suppose contrary, i.e.
i=1

(by passing to a subsequence etc.)

(4) |f(z™ —y™)] > 5e >0 for every n € IN.

Choose an integer K > 1%. From (2) and (3) it follows that:

K nip1—1 K nip1—1

2 sup SO ap)y?+2 sup SO up-

n1<ne<-<Ngi1 i=1 j=ny n1<ne<-<Ngi1 i=1 j=n;
- - T - - T

(5) K nip1—1

- sup Z(Z x?+y§1)2—>0 as m — 00.
np<ng<---<ngii i=1 j=n;

By standard arguments from renorming theory, to be found in [1, p.42], this con-

dition is equivalent to:

K mnip1—1 K mniy1—1

6) 4 sup > (D> @)P— sup Y (Y a4y —0

ny<ne<---<Ngii i=1 n1<ne<--<nNgii i=1

Jj=n; Jj=ni

as n — oo, and

K nip1—1 K nit1—1

(M) 4 sup XY yPP- sup Y (Y a4y =0

MISN2SSNKAL oy o, MISN2SUSREAL o) e,
- - 3 - - T



as n — 0o.
Choose a system of finite sequences {mf,...,m | }new such that:
K mnip1—1 K m7,+1
sup E E :1: —i—yj E E x +yj 250 as n— oo.
n1<n2<~--<nK+1Z. 1 j=n;

It follows from (5) that:

m?+1_1 m?+1_1 7,+1

K
(8) Z x?)2+2( y;) Z ) +y7 ) —0 as n — oo.

i=1 Jj=m Jj=my

From the fact that the canonical norm on a finitely dimensional Hilbert space £
is uniformly convex we derive:

miy,—1

n n
E r;y —y; — 0asn— oo
j=m

for every ¢, 1 <1¢ < K. Thus

m?<+1—1
E zi —y; — 0 as n — oo.

y— n
j—ml

This together with (4) implies that for n large enough at least one of the following
expressions:

DI \Z S a

1= : J =m"

[es)
§ : n

) yj

j=m?

K+1 K+1

is larger then €. We may assume without loss of generality that it is the first one

and moreover ( by passing to a subsequence) that this occurs for every n € IN.

n
mi_,_lfl

2

j= m

Among the numbers { } at least one, corresponding to some

i is smaller than EZ, otherwise from (1) and the choice of K we get [|z"| > 1. We
have:

K mnip1—1

sup Y (> ap)?>

ni<ne<---<ngii i=1

Jj=n;
m7—1 io—1 mi —1 m?0+2_1 K mi,—1
n\2 n\2
SO ND DRI VIR VNP IS
Jj=1 Jj=m3 j=mp i=ig+2 j=m?P

K mipi—1 2 mi,—1 2

> &2 +Z Z —2(%)22( xy)2+%.



This is a contradiction with (6) and (8).

As we mentioned in the introduction, separable Banach spaces with separable dual
admit an equivalent WUR renorming. On the other hand, separable Banach spaces
containing an isomorphic copy of ¢; do not admit a renorming the second dual of
which is rotund. It is therefore natural in this context to investigate the spaces
not containing ¢;, but having nonseparable dual. The first example of a separable
Banach space not containing ¢; but with nonseparable dual was constructed by
James in [5]. In [6], this space was denoted by JT (James tree) and thoroughly
investigated. It is shown there that JT is a dual space to JT,, JT*/JT, = {o(T)
and JT** = JT @ £2(I"). We will use [6] as our main reference to JT.

In our next theorem we show that there exists an equivalent ( dual) norm on the
James tree space JT whose second dual norm is URED. Spaces JT, and JT are
defined as certain spaces of functions on an infinite tree (7', <) introduced in the
proof of Theorem 1. The space JT consists of all real functions on 7" such that

1

k
|z = sup (Y (D «(8)*)* < oo,

Jj=1 teS;

where the supremum is taken over all choices of pairwise disjoint segments Sy, S,
ooy Sk

It can be shown that the vectors e(, ;) = X(n,;) in the lexicographic ordering form

a boundedly complete basis of JT'. The functions f, ;) = X, in the lexico-

graphic ordering can also be viewed as the Schauder basis of JT,. The notation

and properties concerning the space J7T used in the following come from [6].

Theorem 4
The space JT admits an equivalent dual norm whose second dual is URED.

Proof.

Let us extend the definition of < to the set TUI" where I' is the set of all branches of
T. Weputt <~ forteT,veliff t € v and elements in I are incomparable. By
Theorem 1 of [6] and its proof the spaces JT* and JT** are isomorphic to spaces
of functions on T'UT as follows: Let f € JT™*. If t € T, then f(t) = f(e:) where
et is a basis vector in JT corresponding to the index t = (n,4i). We know from the
theory of Schauder basis (see [7]) that:

oo 2™—1
f=w—lmY " > f(emn) fini)-
n=0 i=0
For v € I' we put f(v) = lim f(e@,q))-

(n,i)€y
n—oo

For elements F' € JT** there exists Fr € JT and Fr € {5(T") such that F' = Fp+ Fp
(using our representation of F', Fp, Fr as functions defined on T7UT). || - ||** is
then equivalent to |F| = (|| Fr|| + ||Fr||3)2. In this setting we have:

JT. ={f € JT*, f(v) =0 for vy €T},
JT ={F € JT*™ ,F(v) =0 for yeT}.
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For arbitraryf € JT* and arbitrary finitely supported ( on TUT) F € JT** we
have:

teTul’

Let us recall that the canonical norm || - || on JT' is defined as:

k
(9) Iz = sup (D (> =(6)*)®

j=1 tes,
where the supremum is taken over all choices of pairwise disjoint segments 51, . .., Sk
of T
Since z(t) = fi(x), || - || is a dual norm on J7T'. We define an equivalent norm || - ||

on JT as follows:

(10) l* = lll|* + ) S (t)

teT
where €,,, 6; > 0 and
(11) Z O(n,i) < E€ny N\ 0 as ng — oo.
n>ngo
0<i<2"—1
As in the proof of Proposition 3, it is easily observed that || - || is a dual norm that

is W*UR ( as §; > 0). We claim that the definition of || - || extends naturally onto
JT** as follows:

k
(12) IFI = (sup (33" F(1)?) + Y 6:F(t)%)?

j=1 tes; teT

where the supremum is taken over all choices of pairwise disjoint segments Sy, . .., Sk
of TUT, thatis §; = {t e TUT, t; <t <t;, where t;,t;, € TUI'}. Once
this is established, the rest of the proof is a standard verification (in the spirit of
[1, p.62]) that (JT**, || - ||**) is URED.

To prove this claim, we list some elementary observations without proof:

(i) Let x € JT, (n,i) =to € T. Put z' € JT to be

. 0 t > to
€T 0 —
x(t) otherwise.

Then [lz"]| < (14 > 0¢)[l=-

t>to
(ii) Similarly to (i) we have: Let x € JT', S C {t = (n,i), n > no}. Put

xs(t):{o t>sforse S

z(t) otherwise.



Then |25 < (1 4 &n,)||2]I-

(iii) Let z € JT, tg € T typ € v € I' be such that: z(t) =0 for t > g, t ¢ . Put:

T (to) = Y a(t),

tey,t>to
xt077(t0) =0 for t > tg,t € v,
Tty,~(to) = x(t) otherwise.

Then [lzg || < (1 + 32 60)ll.
t>tg

(iv) Applying the previous statements, we obtain the following:

Let x € JT7 b1 = (n07i1)7 lo = (n07i2)7"'7tk - (n07ik> and i1 € ’715"'7tk € Vks
where v, € T. Put S = {t = (n,j), n > no,t ¢ m,...,t ¢ v}. Then for

= (8% tr7)t27) - Yty We have [lyll < (14 2en,)lz]]-

Now we prove the formula (12). We may assume that F' is finitely supported on

TUur by {tl = (nl,il),tg = (ng,ig),...,tk = (nk,zk)} U {’71,...

enough we define F,, € JT a finitely supported vector as:
F,(t) = F(t) for t=(m,1),m <mn,

Fo.((n,i)) = F(vy;) where (n,i) € v,,

F,(t) =0 otherwise.

Obviously Fj, Y} F as n — oo and

k
Tim IF ) = (sup (DD F(1)°) + ) 6F(H)*)*

j=1 tes; teT

,v . For n large

> [l

To prove the opposite inequality, find for every F), an element f,, € JT*, || fn.[* <
1+ en, fu(Fn) > || Fr|l. It follows from (ii) that the finite dimensional projections
Qn = (JT,| - ) — (JT,[| - |]) onto span{e(, ., m < n} have norm bounded by
1+ &,. Therefore we have for g, = Q% o fn: |lgnll* < 14 3en, gn(Fn) > ||F]l-

Define h,, € JT* as follows:

ha(t) = gn(t) for t = (m,i),m <n,
hn(t) = gn((n, 7)) for (n,i) <t €n;,
hn(t) =0 otherwise.

An easy argument using (iv) yields:

lhnll™ <1+ 12ep.

However, F'(h,) = F,,(h,). This proves the opposite inequality.



10
To prove that || - [|** is URED, suppose F™,G™ € S( 1+ |-
2F" % + 201G 2 — |IF" + G [I*** — 0 where F™ — G" = A, F.

For every t € T', lim F"(t) — G™(t) = lim A, F'(t) = 0. So if F'(t) # 0 for some t € T,
we are done. Suppose F(t) = 0 for every ¢ € T. For every w > 0,n € IN, there
exists a system {.5; }2‘?:1 of pairwise disjoint segments such that

k
Z(ZF"( )+ G"(t >supz Zf" )+ G (1) — w,

i=1 ¢, I=1 teSy

where the supremum is taken over all pairwise disjoint systems of segments. Con-
sequently,

k
F™|**2 + 2G| — | F™ 4+ G2 = +2) () G (1) +
i=1 teg,

+ > FM()+GM() Z Z 2G"(t) + MF(1)? —w >
teI‘\LkJ S; '

k 2
S REO et Y (RF@R 2R -

J=ltes;nr tel\Uk_, 5;

Since w is arbitrary, A, — 0 and || - ||** is URED.

Remark 5 The space JT' has an equivalent norm whose second dual norm is URED.
However, it does not have a norm ( necessarily WUR) whose second dual is W*UR.
The space JT** = JT @ {3(I") admits an equivalent UG ( not necessarily dual)
norm. Therefore JT* has an equivalent WUR norm and JT™* has an equivalent
dual UG norm. Yet, due to [9], there is no equivalent and dual WUR norm on J7T*.

In our next theorem we prove the impossibility of certain renorming of the space
JH of Hagler.

Let us recall the definition of JH and some of its properties. JH consists of real
functions z(-) on T"UT such that z(v) =0 for v € I' and

k
|zl = sup (D =(®)?)*

i=1 tes;

where the supremum is taken over all systems of pairwise disjoint segments S; such
that S; = {t € T, (n,j;) <t < (m,k;)}. JH is a separable space not containing
an isomorphic copy of ¢;. Its dual is nonseparable. The dual space JH™ consists
of certain functions f on T"UT for which f|r € c¢o(I'). In particular, the set
{yv €T, f(v) # 0} is countable. Another important thing about JH is the fact that
for every v € I" the subspace of JH consisting of vectors supported by elements from
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T belonging to v is isomorphic to ¢g, and the system {x;, ¢ € v} with the ordering as
in T" forms its summing basis. Let us recall that the summing basis of ¢y consists of

n
the vectors u, = Y. e; = (1,...,1,0,...) where e; are the canonical basic vectors.
i=1

o0
It is easy to verify that {u,} form a Schauder basis of ¢y and || > anzy|s =
=1
ks !
sup | > ay| is equivalent norm on ¢y. Note that the summing basis of ¢y is
ki1<kz n=k;

not shrinking. In fact, the biorthogonal functionals {v™}>° ; are given by V" =
frn — fne1 where {f,} is the canonical basis of /. Thus

span{v"} 2, = {f €/, Z f(n) = O}.
n=1
For more details we refer the reader to [3].

Theorem 6
The space JH admits no equivalent norm whose second dual is rotund.

Proof. We proceed by contradiction. Let || - || be such that || - ||** is rotund. As
JH is separable, there exists a 1-norming countable subset S of B g~ j.«)- By

the above remarks about JH*, card( |J supp(f)) = wp. Since I' is uncountable,
fes
there exists 7 € I' such that f(v) = 0 for every f € S. Consider the subspace E

of JH ( isomorphic to ¢p) consisting of functions supported by elements from ~
( isomorphic to the summing basis). The restrictions gy = f|, for f € S form a
1-norming subset of E*. By passing to the canonical basis of ¥ = ¢y we finally
arrive at the following: There exists an equivalent norm || - || on ¢y such that the

set M = B, j.1-) N 1f € £1, > f(i) = 0} is I-norming and || - |[** on £ is rotund.
i=1

We show that this leads to a contradiction.
Let e, \, 0, by I* we denote an element of ¢y such that I*(i) = 1 for i < k,
I¥(i) = 0 otherwise. We construct by induction a system of sequences of integers

{ni}ren, {mrtren, {n) trew and {m} }remw, of vectors {xk}kew, {yk}kelN from
co and {f*}remn, {g¥rev from M such that:

nE < ny, < mg < mp, < ngyq for k € IN,
supp(z®) C [1,n4], supp(y®) C [1,m4],
0<azF(@)<land —1<yk) <0 for k,i € IN,
supp(f*) C [1,ny], supp(g*) C [1,m}],
FEE®) > l2®) = ex, °(F) = Nyl = e,
(¥ — I")(i) = y*(i) for i < nj,

LG = (yF + ) (i) for i < ml,
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lly* Il = sup{llyll. y € co, —1 < y(i) <0 for i € IV,

y(i) = (z% — I"%) (i) for i < nl} — e,

5T > sup{||z]|, z € co,0 < 2(i) < 1 for i € IN,
z(i) = (y* — 1™ (i) for i < m)} — ex.
It follows easily that f*(z*) = f*(2%) = f*(y’) for i > k and analogously g*(z*) =
g*(x%) = gF(y?) for i > k + 1.

We put z,y € £, to be

r = w* — limz"

y=w* — limy”.
From the above observation one gets

ZEY)
2

lim f*(z) = lim f*(y) = [l=]| = lyll = |

k—oo

a contradiction.
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