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Abstract

We prove that the pseudorandom generator introduced in INW94]
fools group products of a given finite group. The seed length is
O(lognlog %), where n the length of the word and ¢ is the precision.
The result is equivalent to the statement that the pseudorandom gen-
erator fools read-once permutation branching programs of constant
width.

1 Introduction

Our result is motivated by the problem of derandomizing space bounded
computations. It is well-known that for the latter problem, it suffices to find
efficient constructions of pseudorandom generators for polynomial size read-
once branching programs. As this still seems to be too hard, researchers in
computational complexity focused on special cases of this problem. In par-
ticular, the case of oblivious read-once constant width branching programs
has been extensively studied. But even this special case is still open; so
branching programs with further restriction have been studied. In this paper
we solve the problem for permutation read-once constant width branching
programs.

*We did not attempt to optimize the constants involved. We are also aware that
several arguments need more detailed explanations. We plan to improve the presentation
in subsequent revisions.
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When working with permutation read-once constant width branching
programs, it is more natural to recast the problem in terms of finite groups.
Let G be a finite group and w = (g1, g2, ...,9gn) a string of elements of G,
which we will call a group word. The group word w determines a probability
distribution Rnd® on G by taking products of random substrings of w. The
distribution is formally defined by setting the probability Rnd“(g) of an
element g € G to

w 1 n xT i
Rnd“(g) = 27\{(931, s tn) €40,13" g = g7t .. g

The goal of derandomization is to replace the uniform distribution on the
set {0,1}" by a distribution efficiently generated from r random bits, where
r = O(logn), so that the resulting distribution is still very close to Rnd"
for any group word of length n. A pseudorandom generator is determined
by an efficiently computable function I : {0,1}" — {0,1}". The elements of
{0,1}" are called seeds and r is the seed length.

In general, a pseudorandom generator is used to approximate any poly-
nomial time computable distribution. In this paper we are interested only
in the distributions of the form above for a fixed finite group. Given such a
function I, the corresponding distribution D{’ is defined by

w 1 r I
Dy (g) = 27\{?4 €{0,1}"| g = gl(y)1 T]'_:(y)n}‘.

(T'(y); are the bits of the string I'(y) € {0,1}".) The goal is to find pseu-
dorandom generators I'" such that Dy approximates very well the distri-
bution Rnd" for every w. It is well-known that for a random function I'
and 7 = O(logn), the distance between Rnd” and DY is at most 1/n?(1).
However, prior to our work no explicit constructions with logarithmic seed
length had been known that would give D}’ of distance ¢ for arbitrarily small
positive . We analyze the Impagliazzo-Nisan-Wigderson generator (in the
sequel abbreviated by ‘INW generator’) introduced in [INW94] and show
that it gives pseudorandom generators such that |[Rnd” — D[« < €, for
arbitrary constant e > 0, where the seed length is O(log n- (|G| +log 1/¢)).

Note that this also solves the problem of finding pseudorandom genera-
tors for bounded with permutation branching programs, because a read-once
permutation branching program of width £ on n inputs can be described as
a group word gi'...g*", g; € Sk, where S is the symmetric group on k
elements. We will explain this connection in Section 1.3.

1.1 Comparison with previous results

There has been a series of results concerning the power randomness gives
to space-bounded computation, and the simulation of randomized logspace
machines by deterministic machines (c.f. [AKS87, BNS89, Nis92, Nis94,



NZ96, SZ99]). In [Sav70], it was shown that a non-deterministic space S
machine can be simulated by a deterministic machine that uses S? space,
which implies RL C L2. This was improved to BPL € L2 by [SZ99]. This is
the best known bound for deterministic simulation of a randomized logspace
machine.

Another approach to the same problem is to construct a pseudorandom
generator with a short (O(logn)) seed and to replace the random string of a
randomized logspace machine by the output of a pseudorandom generator.
For such a machine, a pseudorandom generator with O(log?® n) due to [Nis92]
is known. Other constructions with the same seed-length are known due to
[NZ96], [INW94], [RR99].

As a logspace machine can be modelled as a branching program of width
and length polynomial in n, the subsequent work has been focussed on de-
signing pseudorandom generators for branching programs of constant width,
which have length polynomial in n. Due to Barrington’s theorem [Bar89],
it is known that this class of branching programs is same as the class NC!,
and in fact NC! can be simulated by a width 5 permutation branching pro-
gram. The work on pseudorandom generators for bounded-width branching
programs has been restricted to read-once branching programs. A general
motivation for looking for pseudorandom generators that fool read once
branching programs is that such generators would suffice to derandomize
BPL. Unfortunately, it is not known that pseudorandom generators that fool
read once bounded-width branching would suffice to derandomize RNC!.

For width 2 branching programs, a generator having error ¢ is equivalent
to an e-biased space, which can be constructed with O(logn +loge™!) seed-
length [NN93, AGHP92]. Recently, a pseudorandom generator has been
given by [BV10] for width w permutation read-once branching programs,
which has seed-length O((w*loglogn + log1/¢)logn) and by [BRRY10]
for width w regular read-once branching programs, which has seed-length
O((logw +loglogn + log 1/¢)logn). Regular branching programs are more
general than permutations branching programs. In [vv10], a construction of
polynomial-time computable hitting set of polynomial size has been given
for width 3 read-once branching programs.

Pseudorandom generators with seed-length O(logn) for group products
were previously known only for finite cyclic groups [LRTV09, MZ09]. Our
result gives a generator for all finite groups. The seed-length depends poly-
nomially on the order of the group whereas the previously known generators
for cyclic groups have a seed-length which depends logarithmically on the
order of the group. Our result also implies that the INW generator with
seed-length O(log n(log1/e + exp(w))) fools permutation programs of width
w. The connection between group products and permutation branching
programs will be explained shortly.



1.2 A brief outline of the proof

INW generator is based on recursive application of the following construc-
tion, called the expander product of two pseudorandom generators. This
construction uses two pseudorandom generators I';,I'y : {0,1}" — {0,1}"
and a 2%-regular expander graph F with the vertex set {0,1}". It produces
a pseudorandom generator I'y ®¢ I'y : {0,1}"*¢ — {0,1}?". In the INW
generator this construction is always applied with I'y = I's.

Starting with the trivial generator, the identity on {0,1}¢, and applying
the expander product k times with expanders of degree 2¢, we obtain a
pseudorandom generator I" : {0, 1}9(+1) — {0,1}92° | Thus if d is a constant,
the seed length is logarithmic in the length of the output.

It is not difficult to prove, using the well known properties of expanders,
that the Df o, approximates D . p, the distribution produced by sam-
pling I'; and I's independently. The latter distribution can also be described
as the group G convolution of D" with D2, which is denoted by D!+ Dy,
where w = wiwsy and |w;| = |wa|. The advantage of this description is that it
is an operation on distributions; we do not need to know the two generators.

The error of the approximation of D?ll * D?; by DF g .r, is bounded by
O(A(F)), where A\(F') denotes the second largest (in absolute value) eigen-
value of the normalized adjacency matrix of F'. Since there are explicit
constructions of expanders in which A(F) is an arbitrary small constant, the
error can be set to be smaller than any fixed v > 0.

Note that Rnd" is the distribution that we obtain from the uniform
distributions on {1¢, g;} by repeated applications of convolution. Thus one
can study how the error develops with repeated application of the expander
construction.

The fact that the expander product approximates the convolution with
an arbitrary small positive error does not imply anything interesting. If in
each step the error increases by a constant, then after a constant number
of steps we do not have any control of it. Here comes a crucial observation:
the error does not increase always and sometimes it also decreases. To
see that this is possible, consider a model situation in which Dr, is the
uniform distribution on G. (We will omit the superscripts from now on.)
Then Dr, * Dr, is the uniform distribution. Hence Dr, g1, is y-close to
the uniform distribution. Note that this is regardless what is the distance of
Dr, from the distribution produced by random bits. This remains essentially
true if we only assume that Dr, is very close to the uniform distribution.

This suggests the following strategy: to prove that in each step of the
construction

1. either Dr,g,r, is closer to the uniform distribution than Dr, and Dr,
by a constant additive term,

2. or the error does not increase.



Since case 1. can only occur a finite number of times, the accumulated error
will be bounded by a constant depending on ~. This is not literally true,
because the expander construction can always introduce an error, even if
both Dr, and Dr, are the uniform distributions. So one must also use the
fact mentioned above that the error decreases when one of the distributions
is very close to the inform distribution.

It is not difficult to formalize this intuition in the special case of groups of
prime size—the groups without proper subgroups. It is substantially more
difficult to prove our result in the case of general groups that have proper
subgroups. The reason is that instead of convergence to the global uniform
distribution, there can be convergence to a distribution that is uniform only
on each coset of some subgroup H.! But when converging to a uniform
distribution on cosets of H it can diverge from a uniform distribution on
cosets of another subgroup J. The difficult part is to show that when we
alternate the process of converging on cosets of different subgroups, the error
will still be bounded by a constant.

1.3 Permutation branching programs

A permutation branching program B of width k£ is a branching program
with the following properties. The vertices of the program can be divided
into levels 0,1,...,m such that every arrow goes from a level i to the level
i+ 1 and the size of each level is k. It is oblivious, which means that at
each level only one variable is queried. For each level 7, the arrows labeled
by 0 (respectively 1) define a one to one mapping onto the next level i 4 1.
One of the initial (level 0) vertices is the input vertex. The terminal vertices
(level m) are divided into accepting ones and rejecting ones. In this paper
we are only interested in read once branching programs, which means that
each variable x; is used only on one level. Thus the length of B is equal to
the number of variables and we can assume, that the variables are red in
the order x1,x9,...,x,.

Assume that the vertices on each level are labeled by 1,...,k. Then the
two one-to-one mappings between levels ¢ and i + 1 can be identified with
permutations on a k elements set, in other words, with two elements of the
symmetric group Si. By relabelling nodes in each level of the branching
program one can assume that the permutations corresponding to bit 0 can
always be the identity mappings. Thus a permutation branching program
of width k is determined by a group word g¢; ...gx € (Sk)", except for the
the choice of the accepting vertices (we can assume that the input vertex
has label 1).

The derandomization problem for branching programs is to find pseudo-
random generators that would approximate the probability that a random

1n fact it is more complicated. We have to consider double cosets determined by a
pair of subgroups.



input is accepted. In the case of permutation branching programs we can
look for pseudorandom generators satisfying the following property: for ev-
ery pair of indices 1 < 4,5 < k, they should approximate the probability
that for a random input, starting in the i-th initial vertex we will end in
the j-th terminal vertex. It is clear that this is equivalent to the original
question.

Our result gives a pseudorandom generator that for every fixed permu-
tation m € Sp approximates the probability that for a random input and
every i, 1 < ¢ < k, from an initial vertex labelled i, we reach a terminal
vertex labelled 7(i). Again, it is not difficult to see that this problem is
equivalent to the original problem (assuming we want logarithmic size seed
and constant error). Here is a sketch of the proof of this equivalence. Our
generator solves the previous problem, because the probability that from ¢
we reach j is the sum of the probabilities of the permutations that map i
to j. To prove the other direction of the equivalence, given a group word
J1s---,9n € G™, consider the permutation branching program of width |G|
in which the nonidentical mapping from the level i to the level i + 1 is given
by the action of g; on G.

1.4 Map of the paper

Section 2 contains notations and elementary preliminaries that are necessary
for the rest of the paper. We rely heavily on not-quite-standard notation for
several concepts, for which we do not know of any standard notation. Sec-
tion 3 contains the description of the pseudorandom generator and the state-
ment of our main result. This section uses very little of the non-standard
notation and one can possibly read it with only intuitive understanding of
~vy-approximate convolution. The same goes also for most of next Section
4 which contains the proof that expander product can be viewed as a ~y-
approximate convolution. Section 5 contains the statements related to the
main technical contribution of this paper which is Approximate Convolution
Theorem. Rest of the paper is devoted to the proof of this theorem. Section
6 contains elementary facts about various concepts used later in the proofs.
These facts do not form a cohesive reading and the reader may want to just
quickly glance at the statements and return to the proofs only later. These
facts are referred in Sections 7 and 8 which contain the proofs of the main
technical tools.

2 Notations and Preliminaries

2.1 Notation on vectors

The i-th coordinate of any vector = can be referred to as either z; or x(7).
(We use either of the two notations so to avoid confusion with double in-



dexes.) An all one vector is denoted by 1, where its dimension is taken
from the context. The support of a vector x € R! with coordinates labelled
by elements of a set [ is supp(x) = {i € I; x; # 0}. For two real valued
vectors x and y of the same dimension we define their inner product to
be (z,y) = > x; - y;, where the sum is taken over all the coordinates of z
and y, respectively. We say that x and y are orthogonal if (z,y) = 0; we
denote this by « L y. Notice, if supp(z) Nsupp(y) = ) then = L y. The
lo-norm of a real valued vector z is defined as ||z|| = \/(z, x); the {o-norm
is ||z||co = max; |z;].

Let m > 1 be an integer. For z € R™ and disjoint nonempty sets
S1,89,...,8, C {1,2,...,m}, zl(51:52,-5k) is the vector in R™ such that
foralli e {1,...,m}:

e . 51,52,...,5,
1. if ¢ € S; for some j € {1,...,k} then x!( 1,525k) ﬁZEGSj xp,
and
2. xy(sl’SQ’”"Sk) = x; otherwise.
Thus, z//(51:52:-5%) is constant on sets (of coordinates) S1,S59,...,Sk. Fur-

thermore, z-(51:52:28k) = g — 2ll(51.52,.86)  Notice that z-(51:92-5k) ig
zero in coordinates not belonging to any of the S;’s. The following facts are
easy to check:

Proposition 1 Let m > 1 be an integer. For any x € R™ and disjoint
nonempty sets S1,S2,...,S C{1,2,...,m} it holds:

2 (81,52,58k) | L l(S1,52,.,5%)

I

k
2 (51,82,.,86) Z 2050
=1

Remark 2 The reader may find helpful the following explanation of the
above motation. If one were to plot a graph of xH(Sl’SQW"Sk')(Z') as a func-
tion of i, one would see it consists of several parallel (horizontal) lines as
zll(51:52:58k) s constant on each of the sets Sy, ..., S,. Hence the notation
|. On the other hand x(51:52-25%) s the component of x that sticks out in
such a graph from the parallel lines. Hence the use of symbol L. (It also
happens that x-(51:52:25%) s parallel to any y”(sl’s%'“’sk).)

We say that two partitions (Li, Lo,...,Ls) and (Ki, Ko,...,Ky) of
{1,2,...,m} are connected if for any x,y € S there exists a path of hyper-
edges between x and y, i.e., a sequence of sets C1,Co,...,C,, where each
C; € {Ll,Lg,...,Lg,Kl,...,Kk}, x e C,y e Cpand C;NCiyp # 0 for
ie{l,...,m—1}.

In the proof of our result we will only use vectors indexed by elements
of a fixed finite group G; so a vector = will be an element of RE.



2.2 Notation on groups and convolution

We consider finite groups, and probability distributions on them. The size
of a group is considered to be a constant throughout the paper. Let G be
a finite group. Denote the identity element of G as 1g. Let D € RY be a
probability distribution on G. For g € G, D(g) denotes the probability of
picking g, if an element is chosen from G according to D. We also treat
probability distributions over G as vectors in R, indexed by elements of
G. For a probability distribution D on G and a subset S C G, we define
D(S) = $yes D(9)-

For a group G and set S C G, the subgroup generated by S is the smallest
subgroup of G containing S; we will denote it by (S). For a probability
distribution D € R® we denote (D) = (supp(D)). For a group G, its
subgroup H < G and g € G, the set gH = {gh; h € H} is called a left
coset of H (or left H-coset) and the set Hg = {hg; h € H} is called a right
coset of H (or right H-coset). A well known fact is that if H is a subgroup
of G then G can be partitioned into left (and right) H-cosets and thus the
size of H divides the size of G. For subgroups L, K < G and an element
g € G, define LgK = {agb; a € L,b € K}. It is easy to verify that G can
be partitioned into parts such that each part is of the form LgK for some
g€ @G.

For a subgroup H < G, let (L1, Lo, ..., L) be the decomposition of G
into left H-cosets and (K7, Ko, ..., Kj) be the decomposition of G into right
H-cosets. For a vector € R® we define

2H = Ll La,e L)
gLH (1L L)
LA = LK K, Ky
pHL LK1 K Ky)

For 0 < A < 1, a subgroup H < G and a probabilistic distribution
D € R we say that D is A-uniform on left H-cosets if | D], < A.

Definition 3 (Convolution of vectors: ) Given two vectors u,v € R%,
define the convolution of v and u, denoted by v * u, as follows:

(vxu), = ng SUg-1p,

geG

Thus convolution of two probability distributions D, Dy on G is another
probability distribution D where D(h) = >_ s D1(9g) - Dy(g~h). Notice
that convolution is a linear operation so (u + v) * w = u * w + v * w and
u* (V+w) =u*v+ux*xw.

For g € G, if g # 1¢ then [g] denotes the probability distribution where
9] 1) = [g] (g9) = 1/2, otherwise [¢g] denotes the probability distribution
where [g] (1) = 1.



Definition 4 A distribution D € RS is natural if for some g1,...,q; € G,

1
D(g) = gpl{w1 ... ax € {0,1} g = g7* ... g}
for all g € G. Equivalently, D is natural, if

D = [g1] * [g2] * - * [g4]
for some elements g1,...,g91 € G.

One can show that for a natural distribution D, 1¢ € supp(D) and for
every g € supp(D), D(g) > 2~ Isupp(D)l - However, we will not need the latter
fact. Clearly, convolution of two natural distributions is natural. For two
probability distributions D, R € R® we say that D = R + € is a natural
decomposition of D if R is natural, e = D — R, ¢ L 1, and supp(e) C
supp(R). Observe that, for probability distributions Dy, Do, R1, Ry € RY, if
D1 = Ri+¢1 and Dy = Ry+ey are natural decompositions, then D = Dyx Do
has a natural decomposition of the form D = Ry * Ry + €.

Our goal will be to approximate the actual convolution by an expander
product thus, we consider also any vy-approzimate convolution *., defined
below:

Definition 5 For 0 < v € R, x, : RE x R — RS is any operation
that satisfies the following properties. For any two probability distributions
D1, Dy € RE:

1. D1 x Dy is a probability distribution,
2. supp(e) C supp(Dy * Dy),

3. |[ePoll|| = ||elP2)|| = 0, and

do [P e P <,

where € = D1 * Dy — Dy % Ds.

The meaning of the third condition is that the error e redistributes the
probability mass only within each right (Dp)-coset and left (Da)-coset. In
other words, each right (Dj)-coset has the same probability mass in Dj x Dy
and D, and similarly for left (D2)-cosets.

Remark 6 The reader may be puzzled by the fact that %, is defined as a
function (operation) on distributions. When considering pseudorandom gen-
erators it typically matters not only what is a particular distribution but also
how it was obtained (as that may determine how such distributions will
be composed by the generator). This is true for our construction as well.
However, one can achieve similar effect by using different *., operations at



different places tailored to particular distributions since x is not defined
uniquely. Thus for example in Approximate Convolution Theorem we allow
different * at different places of the formula and the theorem remains true
for arbitrary choice of these operations.

In order to shield the reader from particular technical details how a distri-
bution was obtained in the technically most difficult part of the paper (Section
5 and related sections) we opted for this definition. Thus Section 5 can be
read without having any particular pseudorandom generator in mind.

One could possibly think of *, as a some kind of fuzzy operation or
ternary relation which satisfies the above condition.

For a probability distribution D € R“ on a group G, we define

M(D) = max Il = D
[edl
where the maximum is over all vectors z € R® with ||z/(P?)|| = 0. Symmet-

rically we define A\(D) = max Do)l "7 et A(D) = max{\}(D), \'(D)}.

[l

3 The pseudorandom generator

As explained in Introduction, INW generator is obtained by recursively ap-
plying the expander product. Let us recall the relevant facts.

3.1 Expander product

Recall that a (N, M, \)-expander is an undirected M-regular multi-graph
on N vertices whose second largest (in absolute value) eigenvalue of its
normalized adjacency matrix is at most A.

Let T'y,T : {0,1}" — {0,1}" be two functions and F be a 2%-regular
multi-graph with vertex set {0,1}". (Think of I'; and I'; as pseudorandom
generators and F' as an expander.) Furthermore, let v be a function that
given an y € {0,1}" and ¢/ € {0,1}%, gives a neighbor of y in F that is
reached by the edge labeled 1/. Then the expander product of I'y and I's is
the function I'y ®p I'y : {0,1}7+% — {0,1}2" defined by

(T1@r T2)(y,9') = (T1(y), T2(v(y,9)))-

Notice that given random y € {0,1}" and 3/ € {0,1}%, the pair (y,v(y,y'))
is a random edge of the graph F.

When I’y and I'y are one-to-one functions (which is true in the case of
the pseudorandom generators used in the construction of INW generator)
we can also view the construction as follows. Take disjoint copies of the
ranges of I'y and I's and a bipartite expander on them. Then the range of
I'y ®p 'y will be the concatenation of the pairs of strings connected by an
edge. (However, this view of the product has the drawback of problematic
constructibility.)

10



3.2 INW generator

For the construction of INW generator we need an explicitely constructible
family of (N, M, \)-expanders for an increasing sequence of N and a constant
M that are powers of two. Such a sequence can be obtained from e.g. [GG81]
or [RVWO00] (we restate Lemma 5.1 from [RV05]).

Lemma 7 There is a universal constant cg > 0 such that for every constant
0 <A< 1andd=coflogl/\], there exists a sequence Fy, of (29,24, \)-
expanders, where m = 1,2,.... Neighbors in F,, are computable in space
O(m), i.e., given a vertex name y € {0,1}%™ and an edge label y' € {0,1}<,
we can compute v(y,y') in space O(dm) and time poly(dm).

For 0 < A < 1 and an integer n > 1, (A, n)-INW generator is obtained
recursively as follows. We start by letting Ty : {0,1}¢ — {0,1}¢ be the
identity mapping. Then I';y; = I'; ®f, I';, where F; is the (Qd(i+1),2d,)\)—
expander from the previous lemma. This gives (A, n)-INW pseudorandom
generator for every n = d2* where k > 0, namely I'y : {0,1}4++) —
{0,1}92° . To obtain (A, n)-INW pseudorandom generators for an arbitrary
n, we take the smallest n/ = d2* > n (which is less than 2n for all n large
enough) and use only the first n output bits of the (A, n’)-INW generator.
Hence, (A, n)-INW generator giving n bits of output has seed length O(logn-
log1/)).

One can easily verify that the output of the generator on a given seed
can be computed in space linear in the seed length.

We make the following claim.

Theorem 8 (Main Theorem) Let G be any finite group of size at least
four and 0 < & < 1 be arbitrary. Let A = §/(2°11C1" . VIG]), where ¢; is
the constant from Theorem 10. Then (A\,n)-INW generator I' uses seeds
of length O(logn - (|G|*2 4+ log1/6)) to produce n bits such that for every
w € G",

|[Rnd®” — DY|| < 6.

The output of the generator is computable in space linear in the seed length.

We believe that the dependency on the size of the group in Main Theorem
can be improved. Since every group of size three or less is a subgroup of
some group of size six, the theorem is also applicable to such groups.

We provide the proof of Main Theorem next. The proof uses two key
ingredients. The first ingredient shows that expander product approximates
convolution of any two probability distributions well. Then the second in-
gredient shows that if we take any formula consisting of convolutions of
natural distributions and we substitute the convolutions by approximate
convolutions the fo-distance between the distributions computed by the two

11



formulas can be bounded. Since INW generator is constructed recursively
using the expander product, the distribution it induces can be thought of
as a distribution obtained by a formula consisting of approximate convolu-
tions of natural distributions. These two ingredients are formalized in the
following two statements.

Lemma 9 Let a word w over some group G be given. Let w = wiws, with
|wi| = |wa| =mn. Let 0 < v < 1 be given. Let T'1,T9 : {0,1}" — {0,1}" be
two functions and let F be an (27,2%, \)-expander, where X = ~v/\/|G|. There
is a y-approrimate convolution . : RE x R — RY such that D;”ll *oy Dlr”j =
wiw

DF11®12FF2

This lemma is proven in Section 4. The following theorem is the main
technical tool of this paper.

Theorem 10 There is a universal constant ¢y > 0 such that for any group
G of size at least four and any 0 < v < 1 the following holds.

Let F be a formula consisting of convolutions *x and natural probability
distributions on G. Let F' be obtained from F by replacing the convolutions
by v-approximate convolutions. If R denotes the distribution computed by
F and D denotes the distribution computed by F' then

|D = R < 521191,

We would like to draw attention of the reader to the remarkable fact
that the conclusion of this theorem does not depend in any way on the size
or structure of the formula F'. This theorem is an immediate consequence
of Theorem 13 stated in Section 5.

We are ready to prove Main Theorem.

Proof of Main Theorem. Let y = (5/261|G‘12 and A\ = v/4/|G|. Consider the
(A, n)-INW generator. Let I'g,T';, ..., 'y be the functions used to construct
the generator, where Ty : {0,1}¢ — {0,1}%. Pad w by 1lg at the right
end so that it would be of length d2*. Break w into consecutive blocks of
d elements and for each block w’ compute Rnd"'. Observe, Rnd? = Dﬁ;

Using convolution form a balanced formula F' out of Rndwl, for all the blocks
w’, so that F evaluates to Rnd". Hence, F is a full binary tree of depth k
with each internal node being a convolution and each leaf being one of the
Rnd"'. Notice, the structure of the formula corresponds to the structure of
(), d2F)-INW generator.

Thus, from leaves towards the root of F', inductively replace each con-
volution by some ~y-approximate convolution which correctly computes the
distribution D lgir = D?lff when applied to the distributions computed
by the operands of the convolution, i.e., distributions D?l and Dw2 for
some subwords w; and we of w. Such a 'y—approxunate convolution exists by
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Lemma 9. The new formula F’ obtained by replacing all the convolutions
in F' by their ,-approximate convolutions clearly computes Dy . Thus, by
Theorem 10

|D— R <219 =5,

a

4 Expander product well approximates convolu-
tion

In this section we will estimate the error introduced by the expander product

of two pseudorandom generators, the basic step of INW generator, and prove

Lemma 9. Similar bounds were proven in [INW94]. Rather than adapting
their results, we will give a direct proof based on Expander Mixing Lemma.

Lemma 11 Let a word w over some group G be given. Let w = wiws, with
|wi] = |wa| =n. Let T'1,T9:{0,1}" — {0,1}" be two functions and let F' be
an (27,2% \)-expander. Then

The proof of Lemma 11 uses Ezpander Mixing Lemma, stated below (see
e.g. [AS92] Corollary 2.5).

Lemma 12 (Expander Mixing Lemma) Let F = (V,E) be a
(N, M, \)-expander. For any two subsets S C U, T  C V, let e(S,T)
denote the number of edges between S and T'. Then

M -|S|-|T
es.1) - MBI < s ygsTn

Note that we do not require the sets S and T to be disjoint.

Proof of Lemma 11. Let w1 = g1...9n, wo = hy...h,, N = 2" and
M =2¢. For g € G put

Ug = {y c {O, 1}7"‘ g{l(y)l .. g}:l(y)n — g}’
V, = {y € {0, 1} A2t plahe — g,

Then {Uy}gec and {V,}seq are partitions of {0,1}". Using the expander
mixing lemma, we have

M - |Ugq| - |V}
e(Uy, Vi) - AUl 3 ar fio il (1)

13



for all g, h € G. Dividing by M N, we get (from now on we are omitting the
superscripts wq, ws and w)

o)) W O
MN N NI ™ N N
G(U 7Vh)

B ‘W - Drl(g)DFQ(h)‘ < A DFl(g)DF2(h)

Therefore for each k € G, we have

‘ﬁz e(Uy, Vi) — ZDpl D, (1)
g,h:

AN

>
g

S
!
S
-
=

g,h:

gh=k gh k gh=k
K |DF1®FF2(k) — Dr, D, (k)] < A Z Dr, (9)Dr,(h)

Jhe

g%:k

Squaring and summing over all k € G, we get

IDrsopr — Dey* D2 < 23 (S0 /D @)D )

keG@  g,h:
gh=k
< 223" (IDn B/ Drsy 1)
keG
= /\2’G|7

where v/D is the vector with entries equal to the square roots of the entries
of D, and the last inequality follows from Cauchy-Schwarz inequality. O

This allows us to prove Lemma 9.

Proof of Lemma 9. Define Dy}, Dp.? = D/ . For other Dy, Dy € R,
where Dy # D! or Dy # D7, we can extend *, almost arbitrarily so we
define Dy *y Dy = D1 * Dj. Clearly, we only have to verify the latter three
conditions of Definition 5 concerning e = Dy + Di? — D' 2% . Let N = 2"
and M = 2¢. (We drop the superscripts of D for the rest of the proof).

1.  The support of Dr, % Dr, is the set of elements of the form
gg~th such that g € supp(Dr,) and g~'h € supp(Dr,). It follows from
the definition that only such elements are in supp(Dr,s.r,). Hence also
supp(€) € supp(Dr, * Dr,).

2. Let A be a right coset of (Dr,). Let B be the elements y € {0,1}"
such that wrQ(y) (y)2 C Wy ( )" € A. The weight of A in Dr, is |B|/N.
The weight of A in Dp1®Fp2 is e({0,1}",B)/MN. Since F is M-regular,
e({0,1}",B)/MN = |B|/N. Hence D§ QEIF>FH2 = D§5F1>H, which means
Pro)ll = 0. The other case follows by symmetry.

3. This follows from 2. and the lemma above, because ¢ = €<Dri>” =+
Pri)L fori=1,2. O
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5 Main Approximate Convolution Theorem

In this section we establish our Approximate Convolution Theorem stated
below which shows that an arbitrary convolution of natural distributions
can be well approximated by ~-approximate convolutions. For this and
following sections we will fix a finite group G of size at least 4. We define
two parameters A and 7 depending on the group:

1
16/G|?

A? _ 1
2.cq-+/|G]  8192-|G[8

Here cg is the constant from Lemma 31. Let T' = [1/7].
We state Approximate Convolution Theorem next.

A =

Theorem 13 (Approximate Convolution Theorem) Let 0 <y <1 be
real. Let By =0 and E; = 2h-(E;—1 +7), fori > 0, where h is the constant
from Lemma 16. Assume that v is small so that Er < 1/8|G]|.

Let F' be a formula consisting of convolutions x and natural probability
distributions on G. Let F' be obtained from F by replacing the convolutions
by y-approximate convolutions. If R denotes the distribution computed by
F and D denotes the distribution computed by F' then |D — R|| < Er.

Solving the recurrence E; = 2h-(E;_1+) in Theorem 13 gives the error
Er < (2h)'F Ty,

To prove the theorem we will classify probability distributions according
to their closeness to the uniform distribution. Notice that for every proba-
bility distribution R on G, its norm is bounded by 1/+/|G| < ||R|| < 1 and
R is the uniform distribution if and only if ||R|| = 1/4/|G|. This motivates
the following definition.

Definition 14 For a probability distribution R € RE, we say that the rank
of Risi (rank(R) =1) if

ir <1—||R|| < (i+ 1)r.

The rank of R corresponds to its distance from the uniform distribution:
the higher the rank the closer the distribution is to uniform. The rank is in
the range from 0 to 7. Next lemma summarizes some properties of rank.
(Section 7 contains its proof.)

Lemma 15 The following hold:

1. For any two probability distributions Ry, Ra € R,
rank(R;), rank(Rs2) < rank(R; * Ra).
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2. For any two natural probability distributions Ry, Ry € RY, if (Ry) #
(R9) and Ry is A-uniform on left (Ra)-cosets then rank(Rs) <
rank(R1). Similarly, if (R1) # (Ra) and Ry is A-uniform on right
(R1)-cosets then rank(R;) < rank(Rg).

3. For any two natural probability distributions Ri, Ry € R, if Ry is
not A-uniform on left (Ra)-cosets then rank(R;) < rank(R; % Ra).
Similarly, if Ry is not A-uniform on right (Ry)-cosets then rank(Rg) <
rank(Ry x Ra).

In the proof of Approximate Convolution Theorem we will trade rank
for error. We will allow the error of our approximate distribution grow
with its rank. Thus we will also need a lemma which will bound the error
introduced by y-approximate convolutions when there is a long chain of such
convolutions that is applied on a distribution without increasing its rank.

We are interested in an approximate convolution of distributions D; that
approximate some natural distributions R; up-to error ¢;. We assume that
each D; = R;+¢; is a natural decomposition. We want to bound the increase
in the error if we convolve many such distributions. The following lemma
bounds the increase in the error.

Lemma 16 (Key Convergence Lemma) Let 0 < ej,y < 1 be reals. Let
Dy, D1,Do, ..., D¢, Ry, ..., R; be probability distributions on G, where D; =
R;+¢; is a natural decomposition, fori € {0,...,t}. Let||e] < er fori > 0.
Let D be obtained by iteratively convolving Dy with D1, Ds, ..., D; where
each of the convolutions is some y-approximate convolution either from left
or from right. Let R be obtained by the same sequence of convolutions (but

ezact) of Ry with R1, Ra,...,R;. Then e = D — R satisfies
lell < lleoll + R - (ex + ),
where h = (6001C1 - |GG . c)IGI . 1200161 . |GJ4EI.

The proof of Key Convergence Lemma is in Section 8.

Proof of Approximate Convolution Theorem.  Look on F as a tree and
assign to each node of the tree the rank of the distribution computed by
the subformula rooted at the node. Assign the same rank to nodes of F”.
We denote the distribution computed by a node v in F' by R, and the
corresponding node in F' by D,. We claim that for any node u of F,
Ry — Dull < Erank(r,)- In the rest of the proof we call the size of the
difference the error.

Remove all the edges between nodes of different ranks in F’. Hence
we obtain a forest each consisting of nodes of the same rank. We prove the
claim by induction on the rank of nodes in a tree. (We describe the induction
somewhat informally. The interested reader can easily formalize it.) The
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base case is trivial as leaves of the original formula have zero error. Consider
a tree of nodes of some rank i. Leaves in such a tree have either zero error
as they are leaves of F’ or have error bounded by 2F; 1 + v < E;/4 since
they are obtained by a ~y-approximate convolution of nodes of rank less than
i (by induction hypothesis and Lemma 25). Consider a node u of degree
two in such a tree with children v and w. Distribution D, = R, + €, is
the ~v-approximate convolution of two distributions D, = R, + ¢, and D,, =
Ry, + €y, where rank(R,) = rank(R,,) = rank(R,). (All the decompositions
are natural.)

By Lemma 15, R, is A-uniform on left (R, )-cosets and R,, is A-uniform
on right (R,)-cosets, so (R,) = (R,,). Thus by Lemma 26 and the choice of
v and A, the size of the error ||e,|| <2 |G| A - E; ++/|G|- E? +~ < E;/4.

The remaining nodes are nodes of degree one and form possibly several
paths, each path starting either in a leaf or a node of degree two. Hence
each path starts in a node with error < E;/4. Each node along the path
represents a y-approximate convolution of the distribution of the start node
with a distribution of rank less than ¢, so of error at most F;_1. Thus the
Key Convergence Lemma applies and each node along the path has error
bounded by E;/4 + h(E;—1 +v) < E;. The claim follows. O

6 Basic properties of /;-norm, groups and convo-
lution

In this section we review and establish some simple facts that will be needed
for the proof our main Approximate Convolution Theorem. The reader may
want to skip this section during the first reading and use it only later as a
reference.

6.1 Facts on /y,-norm

For x € R™
2l < Vmllzllee  and  [z]lo < ||z

Note that the dimension m will be the size of the group G, which is a
constant. Thus if the constant factor does not play role, one can use any
of the standard norms. For us, it will be the most convenient to use the
fo-norm.

We will need the following two lemmas that estimate the f2-norm when
one of the components of the vector is changed. Recall that for x L y,
lz +ylI* = [l + lly]I*.

Lemma 17 Let 0 < d,e < 1 be reals and x,x’',y € R™ wvectors satisfying
Ly 2 Ly, |zl = 6llz+yl and [|2']| < (1 —e)||z|. Then

€02
Iz +yll = 12+ 91l 2 e+ .
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Proof: Since z,2’ L y, we have

Iz’ + 9l = ll2"1* + llyll?
< (1= ePllal* + llyl?
= Jz+yl? = (1 -1 -l
< (1-(1-0-0%0) ]z +yl?

Therefore

lz +yll = lla" +yl = (1= V1— (1~ (1= |z +yll

Since (1 — (1 —€)?)8? = (2¢ — €2)6% > €62, we have

O

Lemma 18 Let 0 < p be a real and z,x',y € R™ wvectors satisfying v L vy,
2 Ly, and ||2']| < ||z|| + p. Then

2" +yll < |z +yll + p.
Proof: Since z,2’ L y, we have

Il +yl> = 1121+ llyl?

(lll + w)? + llyl?

= |z +yl* + 2ullz|| + p*
Iz + ylI” + 2ullz + y|| + p?
(= + yll + p)*.

IN

IN

The lemma follows. ]
The following fact formalizes an informal intuition that if fo-norm of a

vector is large and we have two independent directions then the vector must
be large in at least one of the two directions.

Lemma 19 Let m > 0 be an integer. Let L = (L1, La,...,Ly) and K =
(K3, Ka,...,Ky) be connected partitions of {1,2,...,m}. Let e € R™ be
such that € L 1. Let o, 3 € R satisfy o > 0 and 3 > dal/m. If ||e|]| > B
and ||e-F|| < a then: 5

le ) = 5= —a

20 /m
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Proof: Since |¢]| > [, there exists a coordinate max € {1,...,m} such that
l€maz| = B/v/m. W.Lo.g. €mar > 0 as we can consider —e instead of e. Since
e L 1, there is also a coordinate min € {1,...,m} with €,,, < 0. Since
|e4|| < «, the absolute value of each coordinate of e-* is smaller than
a. Thus, the coordinates of e£ corresponding to the elements of the same
part L; differ by less than 2a. For each ¢ = 1,...,¢ consider the interval
[minjer, €j, maxjer, €;]. The sum of their lengths is at most 2a/. Thus,
there are a,b € R such that 0 < a < b < €44, and

o> EmaZ —12a£ > B/(\/n»zg) —2a/

and no coordinate of € has its value in the interval of (a,b). Consider S =
{i e {1,....m}; ¢ < a}. Clearly, 0 # S # {1,...,m} and S is a union
of some L;’s as b — a > 2a. Hence, from connectedness of £ and K there
is a part K; with two elements s and ¢ such that ¢, < a < b < ¢. Thus,
€t — €5 > b— a. Hence

—68>b—a I6]

1K 1K; €
> > > —
HE H = HE H - 9 = 2 = 20 Jm

Q.

6.2 Facts on convolution

The next proposition is straightforward to prove so we leave the proof to an
interested reader.

Proposition 20 For a finite group G, let x, D € R®, where D is a prob-
ability distribution. Let (L1, La,...,Ly) be distinct left (D)-cosets and
(K1, Ks,...,K}) be distinct right (D)-cosets of G. Then

(2 * D)H(D> = zlP)
(fIf " D)J_(Ll,...,L[) — mJ_(Llp--’Ll) * ‘D7
(D )Pl = D)

(D * ‘I-)J-(K177Kk) D % xJ-(K177Kk)

The following is a consequence of the previous proposition.

Lemma 21 Using the same notation as in Proposition 20

|z * DI, ID* x| < |z,
I (z * D)L(Ll,...,LZ)H < HxL(Ll’“"LE)H,
(D *x)J_(Kl,...,Kk)H < HJ;J_(KL...,K,C)”'
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Proof:

We will prove the first part. The two remaining parts follow trivially
from the first one. Let d, denote the vector such that é4(g9) = D(g) and
dg(h) =0for h #g. Then D =) 4 0g- By linearity of convolution, we have

lzx Dl = || Y _wx byl <Y llax byl =Y Dlg) - llzl| = l|].
g g g
O

Lemma 22 For a finite group G, let x,y € R and H < G be a subgroup
of G. If & L 1 and supp(z) C H then (y+z)H =0 and (z xy)?l = 0.

Hl =

Proof: We prove (z ) 0, the other case is symmetric. For any g € G

and any b,0' € H,
Z Yp—1q = Z Yv'—1q-
ac€Hyg ac€Hg
Hence, by the definition of convolution and properties of x

Yo@ry)a) = DD wya

a€EHg a€Hg beG

= Z Z Ty - Yp—1q

acHgbeH

= Z{L’b' Z Yp—14

beH ac€Hg
= 0.

The lemma follows. O

The following claim is an immediate consequence of definition of A(D).

Proposition 23 Let G be a finite group. Let e, D € RS, where D is a prob-
ability distribution. Let (A1, Aa, ..., Ay) be different left (D)-cosets. Then

||€J_(A1,A2,...,A4) % DH < )\(D) . HEL(ALAQ"“,AZ)H'
Similarly for right (D)-cosets and convolution by D from left.

Proposition 24 Let G be a finite group. Let x,y € RY. Then ||z * y|| <
VIGE Nzl -yl

Proof: By the Cauchy-Schwarz inequality,
@yl = 1 gy inl < \/Z a2 \/Z v = Nzl - Il
g g g

for every h € G. Hence ||z xy| < /|G| - ||| - |y]|-
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Lemma 25 Let G be a finite group. Let 0 < v < 1 and Ry, Ry € R be
probability distributions. Let €1,€e5 € R be such that Ry + €1 and Ry + €2
are also probability distributions. Then

[(R1 + €1) %y (Ra + €2) — Rux Ro|| < [lea]l + [le2fl + -
Proof: By linearity
(Ri+e€1)* (R2+e2) = Ri* Ry + (Ri + €1) * €2 + €1 % Ry.

By Lemma 21
[(R1 + €1) x 2| < [le2

and
e1 = Rl < [lex]]-

By the triangle inequality
[(R1 +e1) * (R2 + €2) — Ry * Ra|| < |lex|| + [lez]]

The lemma follows from properties of .. O

Lemma 26 Let G be a finite group. Let 0 < A,y < 1 and Ry, Ry € RS be
probability distributions such that (Ri1) = (R2) = H, Ry is A-uniform on
left H-cosets, and Ry is A-uniform on right H-cosets. Let e1,e3 € RC be
orthogonal to 1 and supp(e;),supp(ez) C H. Then

[(R1 +€1) %y (Ry +€2) — Rux Ro|| < [G]- A ([lea]| + [le2]])
G-l - el
Proof: By linearity
(Ri1+e€1)*(Ra+e)=Ri*Ra+ Ry %€+ €1 x Ra+ € % ea.
Since supp(ez) € H and €3 L 1, R{I” * €9 1s the zero vector. Hence,
Ry x e = (R{{H + R s eg = R e

Since R; is A-uniform on left H-cosets, each coordinate of R+ is at most
A in absolute value, hence ||RH+|| < /|G|- A. Thus by Proposition 24,

IRy % eaf| = [| R  e2]] <IG|- A lea.

Similarly,
ler * Ral| < [G]- A - len]].

From these inequalities and the triangle inequality
[(B1+€1) * (Ry + €2) — Ry« Ry < |G- A ([lea][ + [[e2l]) + VIG] - [[en]] - [[e2]l-

The lemma follows from properties of .. O
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6.2.1 Facts on groups

Lemma 27 Let G be a finite group, L, K, H < G be subgroups of G, and
g € G. The following hold.

1. The set (L U H) gK can be partitioned into right H-cosets, that we call
A, ... Ap.

2. The set (LU H)gK can be partitioned into sets By,..., By, each B;
of the form Lg'K, for some ¢’ € G.

3. The two partitions (Ay,...,Ay) and (Bi,...,By) are connected parti-
tions of (LU H) gK.

Symmetrically for Lg (K U H) and its decomposition into left H -cosets.

Proof:

Part 1. Notice that (L U H) gK is a disjoint union of the right cosets of the
form (L U H) gk for k € K. Since H is a subgroup of (L U H), every right
coset of (L U H) can be partitioned into right cosets of H.

Part 2. Let there be an Lg'K such that L KN(L U H) gK # () and Lg'K ¢

(LUH)gK. Let ¢1g'ky € (LUH)gK where ¢{; € L,k; € K. Therefore

l1g'k1 = lagks for some ¢y € (LU H) ko € K. Let l39'ks ¢ (LU H) gK.
But then

€3g'k3 = £3el_lglg/k1k‘1_1k3 = £3£f1£29k2k1_1]{73 € <L U H) gK

which contradicts the assumption that ¢3¢'ks ¢ (LU H) gK.

Part 3. Let us assume that k, ¢ > 2 as otherwise the claim is trivial. Clearly
it suffices to show that one can find a path of hyper-edges consisting of
Ay’s and Bj’s between g and any other element ¢ € (LUH)gK. Let
g = lplpm—q - laligko, where £1,0o, ... by € LUH and kg € K. (Since
L,H < G and G is finite such elements exist.) We show by induction on
i =0,1,...,m that £;¢;_1---{1gko is connected to g by a path of hyper-
edges.

Base case. Clearly, g and gkg are both from LgK so this case is trivial.

Induction step. Let us assume that there is a path of hyper-edges between
gand ;1 ---l1gkyg. We will extend it into a path from g to £;£;_1 - - - £1gko.
There are two cases. Consider the case when ¢; € H. Since (LU H) gK de-
composes into right H-cosets and ¢;_1 ---l1gko € (LU H) gK, ;1 ---{1gko
is in a right H-coset A; for some j. But then also {;f;_1---f1gko € A; as
right H-cosets are closed under left multiplication by elements of H. So
extend the path from g to f;_1---l1gko by A; to get a path from g to
b b1gko.

The other case of /; € L is similar. Again, ¢;_1---{1gkoisin B; = Lg; K
for some j and g; € G as (LU H) gK decomposes into B;’s. Since Bj is
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closed under multiplication by elements of L from left, ¢;---{¢1gko € B;.
Thus again, g is connected to ¢; - - - £1gkg. The lemma follows. O

6.2.2 Facts on natural distributions

Lemma 28 Let D be a natural probability distribution on a finite group G.
For every subgroup H < G, if supp(D) \ H # 0 then D(S) < 1/2 for every
left and right H-coset S.

Proof: We prove it for right cosets, the case of left cosets is symmetric. Let
D = [g1]*[g2]*- - -*[gn]. Take the smallest k such that Dy = [g1]*[ge]*- - -*[gk]
is not contained in H. Then clearly Dy(Hgy) = Dy(H) = 1/2 so no right
H-coset has probability more than 1/2. Furthermore by induction on ¢ > k,
for any right H-coset S, (Dy—1 % [g¢])(S) = %Dg,l(S) + %Dg,l(ng_l) <1/2.
O

Lemma 29 Let D be a natural probability distribution on a finite group
G. For every subgroup H < G, if the support of D is not in H, then
there exists two right H-cosets S1 # So such that D(S1) > |H|/|G| and
D(S2) > |H|/2(|G| — |H|). Symmetrically for left H-cosets.

Proof: Take S to be the right H-coset with the largest probability and S5
the right H-coset with the second largest probability. O

Lemma 30 Let D be a natural probability distribution on a finite group G.
Suppose that the support of D generates G. Then there exists an element
a € G and a set K C G such that D(a) > 1/2|G|, D(g) > 1/2|G| for every
g€ K, and Ka™' generates G.

Proof: Assume |G| > 1 otherwise the claim is trivial. By Lemma
29 applied on H = {lg}, there exist two elements g # ¢’ such that
D(g),D(g") > 1/2|G|. Let by be one of them that is not equal to 15 and
let a be the other. Now define inductively a sequence of elements by, bs, . ..
such that D(b;) > 1/2|G|, for i > 1, and bja™!,...,bra™! span subgroups
of increasing size. Suppose we already have by, ..., by and bia™!, ..., bra™?
span a proper subgroup By. Since D(Bya) < 1/2 by Lemma 28, there exists
an element byy1 &€ Bya that has probability > %|G\ Since byy1 € Bga, we

have bk+1a_1 ¢ By, hence bia™', ... bya™t, bk+1a_1 span a larger subgroup.
Since G is finite, we eventually get a set K with the properties required by
the lemma. O

The following lemma bounds A(D) for natural distributions D.

Lemma 31 Let D € RS be a natural probability distribution on a finite
group G. Then
)‘(D) < 1_1/007

where cg = 16|G|*.
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We use the same technique that is used to estimate the second largest
(in absolute value) eigenvalue of graphs (cf. [Lov93]) to prove the lemma.
Proof: We prove that AR(D) < 1—1/cg, the case for \¥(D) is symmetric.
Let |G| = m. Let us assume first that (D) = G. Then for any z € R,
|2IP)|| = 0 if and only if 2 L 1. Hence, let 2 € RS be such that = L 1,
||| = 1 and ||z* D|| be maximal possible. Since {z € R%; = L 1 & ||z| = 1}
forms a compact space such z exists. Clearly, \}(D) = ||z * D]|.

Let D be the m x m matrix indexed by elements of G and defined by
D(g,h) = D(g'h), for all g,h € G. Clearly, D is doubly-stochastic as
well as DD?. Moreover by definition of convolution, x * D = zD. Thus,
|z * D||? = 2DDTzT = \R(D)2. Hence

1- (AR(D))? = z(I-DD")a"

= fo - Z wia:j(DDT)ivj

i€G 1,j€EG
1 . 1 -
= 5> @) (DDD)ij+5) a7y (DDT);
ieG  jeG jeG  ieG
— > zix;(DDY);
1,j€EG

- ¥ (DDT);

9 (QZZ —l’j)2 .

ijeG

Since, the right hand side is non-negative, A®(D) < 1.
As [|z|| = 1, there is a coordinate g, such that |zy | > ﬁ Without

loss of generality, let x4, > \/% where g1 € G. Since x 1 1, there is
another coordinate x,_ < 0. Let a and K be the element and the set from
Lemma 30. Since Ka~! generates G, there exists go,...,q € G, £ < m,
such that g9 = ¢+, g¢ = g—, and gk_lng € Ka=! for 0 < k < (. (Take
hi,ha,...,hy € Ka=! such that g7'g_ = hiha -+ h and set inductively for
k=0,--+,0—1, gkr1 = grhrr1.) We will show that

1
T
(DD )gk79k+1 Z 4m2' (2)

By definition

k k
(DDT)gk,ng = Z(D)gk,s(DlT)s,ng = Z D(gk_ls)D(gﬁls).
s=1

s=1

We will lower-bound it by the term in which s = gxi1a. Since gk_ls
g,;lgkﬂa and g;lgkﬂ € Ka=!', we have g,;ls € K, whence D(g,;ls)
1/2m. Further, g,;ils = a, hence D(gk__ils) > 1/2m. Thus we get (2).

vl

24



Using this estimate and the expression for 1 — (AR(D))? derived above,
we get

1= (\Y(D))?

v
‘H
[\
]
8
s
&
s
A
e

v

2 . .
S0 ( (g, — T4, +1)) (by Cauchy-Schwarz inequality)

Y

v

As AR(D) < 1, we have

R 1

1-XD) = 16m4

Consider the case when (D) = H < G. Let k = |H|. If D is the same
matrix as above then Dy > 0 implies that g 'h € Hsoh € gH. Thus
Dy p > 0 implies that h is in the left coset gHf and hH = gH. One can easily
verify that rows and columns of D can be reordered so that D = I/, ® Dg,
where Dy is the kx k matrix defined by Dy (h1, he) = Dh1—1h2 for h1,he € H,
and I, /;, is the identity matrix of rank m/k. Consider any vector x such
that ||zl¢P)|| = 0. If (Ay,..., Ay,) is the partition of G into left H-cosets,
then x = Zlf“l A As D = m/k®DH, for any left coset A;, -4« D =

1=

(z % D)-(A) - Also 24D 1 1 so ||l2t(A) « D|| < AR(Dg)||atA)||. Now

La
lz* DI = > )« D?
i=1
Ly
< MA(Dpg)? ) [l A2
i=1
= MYDpg)*-|lz|?
and the lemma follows. O

7 Proof of Lemma 15

Proof: The first part of the lemma follows trivially from properties of con-
volution. In both remaining parts we only consider the case of the left cosets
as the case of right cosets is symmetric.

Part 2. Let H = (Ry) and ¢ = |H|. First we show that H C (R;). Since

Ry is A-uniform on left H-cosets, coordinates of Ry corresponding to the
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same left H-coset differ by at most 2A < 1/2|G|. Clearly, some left H-coset
gH must contain at least ¢/|G| of probability mass under R;. Thus, all
coordinates from gH of R; have probability at least % — ﬁ > 0. Hence,
gH C supp(R;y). Since g € gH, g~ € (Ry) and H = g 'gH C (R;). From
the assumption of the lemma, H C (R;) and ¢ < |G|/2.

By Lemma 28, each left H-coset contains at most 1/2 of the total proba-
bility mass. By A-uniformity, no coordinate of R can have value larger than
ﬁ + A. By convexity of the squaring function (i.e., for any 0 < ¢ < b < a,
a? +b? < (a+ )2+ (b — c)?), the norm ||R;| is maximized when R is
concentrated on the fewest possible coordinates. Thus, concentrating R; to
at most 2/ coordinates each of size at most 2% + A can only increase fs-norm
of Ry (hence, decrease its rank). Thus,

1 2 1 1)? 9\> 1 92
<2t (=4a) <qf2e-(2h—) =2 (L) = .2V~
HRl”—\/e (2£+ ) —\/g (2£+16£> \/e (166) Vi 16 °

However, ||Rz|| > %, since supp(R2) C H and ¢3-norm is minimal when
the probability is spread uniformly over supp(Rz). Thus, |Ra| — ||R:i]|| >

1
5\/2—7-

Part 3. Let H = (Ry). By our assumption, R{* contains a coordinate of
absolute value > A. Hence, |R{-f| > A. Furthermore,

Ri«Ry = (R 4+ R« R,

and, by Lemma 31,
IR Ro|| < A(Ro) - [|Ry ™|

1
(1= ) - umte.
G

Clearly, Rl > 1/\/[G]. Since |RET| > A > A-||R{" + RE||, by
Lemma 17,

IN

A2

>
T 2-cq /|G|
O

H H
IR1|l — |Ry % Ro|| > [|IRYT + REF | — | RV + REY + Ry

8 Proof of Key Convergence Lemma

The Key Convergence Lemma is an immediate corollary to the following
lemma after observing that one can add convolutions with the trivial distri-
bution fully concentrated on 1 arbitrarily. Such a distribution acts as the
identity for convolution.
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Lemma 32 Let 0 < ey,v <1 be reals and t > 0 be an integer. Let Dy, Ry €
RS be probability distributions with their natural decomposition Dy = Ry+e€q.

Forj € {L,K},i € {1,...,t}, let D?,Rz € R be probability distributions

. ? . . .
with their natural decomposition D] = R} + € where ||€!|| < e;. Let
Dy = Dy Ry = Ry
Di = (DlL *y lA)ifl) *ry DZK ]:?4 = (RZL * Rifl) * RZK,
¢i=Di—R;
wheret =1,...,t.
Let Ly = (RF) and K; = (RK), fori € {1,...,t}. Let L = (Ui_, Li)

and K = <Uf:1 Kz> For any g € G,

1(LgK 1(LgK
et ) < max (Byzgrcys (1= dizgrcy) - lleg o)

and

Y ala)= ) «la),

ac€LlgK acLlgK

where d; and h; satisfy:

ho=e1 +7 dozmin(l/Q,l/Cg)

, di_q
h; = 120044 hi_ d; = v
di1 ! 600 - 3

In the lemma we allow each of the ~-approximate convolution to be

different, although it has to satisfy the requirements on «-approximate con-
volution.
Proof: We prove the lemma by induction on the size of LgH. W.l.o.g. we
assume that for each odd i € {1,...,t}, DF(1g) = RF(1g) = DE(1g) =
RE(1g) = 1 and for each even i, DX(1¢) = RF(1g) = 1 or DE(1g) =
RZ-K (1g) = 1, since a distribution fully concentrated on 1g acts as identity
so it can be inserted into the chain of convolutions arbitrarily.

Base case: If |[LgK| = 1 then e#(LgK) = 0 and there is nothing to prove.
Notice that D/(1¢) = R!(1¢) = 1 for all ¢ and j.

Induction step: Let m = |LgK| > 1. We start by considering a special
case. Define Ky = <Uf;i KZ> and Ly = <Uf;% Li>. We consider the case

when LygKy C LgK. By our assumption either R or RY is identity
operation so there are two symmetric possibilities, either LgK« C LgK or
L,gK C LgK. We will analyze the former case, the analysis of the latter
case is symmetric.

So consider, LgK«x € LgK. By Lemma 27, LgK can be partitioned into
parts (Aq, Ag, ..., Ay, ), where each A; = Lg; K« for some g; € G, and parts
(B1, Ba, ..., Byy), where each B; is a left Ky-coset.
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Denote

~ 1(LgK)

€ = 60 5

-~ 1(LgK

€Ex = (Et—l) (Lg )7 and
~ 1(LgK

€& = & (Lg )

Since DF(1g) = RE(1g) = 1 by our assumption, D; = D, 1 * DF and
Rt Rt 1% Rt .

Let 8 = ||| and o = /(10 - m3/2). Depending on the size of a we
distinguish several cases.

Case 1) o> 60 - m3/2(m - hyp—1 + €1 + v)/dm—1. In this case we claim that
el < (1—2-dw)- el

Sub-case 1a) Heo (AnA2,0400)|| > . Then there exists ig € {1,...,04}
such that ||égt“0)|| > a/v/T4 > 2h,_1. By induction hypothesis applied

to Dt—l, Rt—l and each Ai = LgiKX,

&40 < (1= dpa)||@ 40|, and
& < @ A + By
for all ¢ # ig. Also
G = ellAnAzndey) g l(An) 4oy g (A ang

& = g;H(Al,Azy-wAeA)+E\X/J-(A1)

+ ... +g;J_(AgA)’

where the vectors on each right hand side are all pair-wise orthogonal, and
olltAr Az, Aey) — e 1(ArAz,e A y) by the induction hypothesis. By Lemma
17,

dml

~ e L(Ag)
6511 = 5 — &+ 4 )| 2 Seot

- [l €oll-
Furthermore, by the repeated use of Lemma 18,

dml

lexll = 55073 - ll€oll = (€a = Dhm—

l€oll =

From the properties of *,, for some €, € RS, where lley]| <~ and eU,Kt =0,
it holds

€ = €41 % DtK + Rt_l * ef( + €.
By Proposition 20 and Lemma 21,

& = ex * DE + (Ry_y % )L L9K) 4 e#(LgK).

28



Since [|& * DI < [lex]| and | Re-1 * €f|| < [|ef]],

el < el - zglglijng ol 4+ (€a = 1) - hey + | Rey €| + [ley |
< ol — o el b e+
Since 3 > 600 - m3(m - hy_1 + €1 +7)/dm-1,
el < -2 50 g
Sub-case 1b) ||ég AT A2A00)|| < o, Then |6/ A4z > /52 — a2 >

8 — «a, since 0 < a < f[. By induction hypothesis, oA Az, Aey)

exlAn Az dey) ang (e tAAz A < o + Lahmo1 < (3/2)a. Thus,
lleoll/2 < B—a < |lex]] < B+ mhy,—1. In particular, |[ex|| < B+ (1/2)a and
l€0ll/2 < flex||. By Lemma 19,

—~ 1(B1,Bs,...,B B—a
e (B1,B2 zB)H > 3 (3/2)c
> 3a.

By Proposition 23,

B BeeBea) w R < AR - BB Ben)

Hence by Lemma 17,
1 3a 2
e xRE|l < (12 . [ ———— )} .(1=)RK e
&« RE) < ( s (5rh7m) <t>>> &

< (1- Y e
p— . — . 6
- 32-m3 cg x

< H?QH—il L [léoll
64-m3 c
< (&) + by — - il
64-m3 cqg

Since,
€ = €1_1 % Rf{ + ﬁt,l * ef( + €.
By Proposition 20 and Lemma 21,
& =& * R + (Do v et )08 4 (100,
Since 3 >3-64-m>(m - hyy1 +e1 +7)/dm_1,

1 1 -
64,m3'£'”€0H+€1+7
2 1 1

el < lléoll +m - A1 —
< (1

29



Case 2) a < 60 - m3/2(m “hm—1+e1+7)/dn—1. In this case we claim that
lledll < lleol] + mhpm—1 + €1 + 7.
Again, by induction hypothesis applied to bt_l, Rt_l and each A; = Lg; K«
lex[l < ll€oll + (€a — 1)ham-1.
Furthermore,
€l < llexll +ex 4.
Thus, this case follows.

Cases 1 and 2 put together give that

€]l > 600-m3-d.t - (m-hp1+er+7) = [&l <1 —2-dn)- |l
€o]] <600-m>-dt - (m-hmot1+er+7) = |&l < ||él +mhm-1 +e1 + .

This is true when Ly gKx C LgK. In general case we partition the chain
of convolutions into blocks where each block except possibly for the last one
satisfy:

1. (UL:i)g{UK;) € LgK, where the union is taken over all the groups
but the last one involved in the block, and

2. (ULi)g(UK;) = LgK, where the union is taken over all the groups
involved in the block.

The last block of convolutions may not satisfy the second property in which
case we know by the induction hypothesis that the convolutions of the last
block increase £o-norm of the error at most by an additive term m - hy,—1.

Thus we see that if ||€p]| is large enough, the ¢3-norm of the error will
shrink by a factor of at least (1 —2-d,,) in each block. Once the f2-norm of
the error is below the threshold 600 - m? - d;{l -(m - hpm—1+e1+7) it may
increase in a given block by at most mh,,—1 + e; + v but to no more than
600 - m?3 - d;ll_l -(m-hm_1+e1+7)+mhp_1+ e +7. The last incomplete
block may increase the error by the additional term m - hy,_1.

Overall we see that in the general case

lell <max ( (1 —2-dp) - |éoll +m - hm—1,
600 -m>-d 1 - (m-hpmo1+er+7) +2m b1 +er+7)
The choice of h,, shows that

1200 - m*
hm = 0 him—1
m—1

> 600-m®-d,t (M- hpe1 + e+ ) +2m o o1 + e + .
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Furthermore, if hy, — m - hpy—1 < ||€o]| then dy, - ||€o]| > m - hpm—1. Hence,

€2l < max((1 = dyn) - [[€ol], Fom)-

The preservation of ., x €:(a) follows from the fact that each convolution
acts on cosets that always partition LgK and from Lemma 22. O
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