HYPERSPACES OF SEPARABLE BANACH SPACES WITH
THE WIJSMAN TOPOLOGY

WIESLAW KUBIS, KATSURO SAKAI, AND MASATO YAGUCHI

ABSTRACT. Let X be a separable metric space. By Cldw (X), we de-
note the hyperspace of non-empty closed subsets of X with the Wijsman
topology. Let Finw (X) and Bddw (X) be the subspaces of Cldw (X)
consisting of all non-empty finite sets and of all non-empty bounded
closed sets, respectively. It is proved that if X is an infinite-dimensional
separable Banach space then Cldw (X) is homeomorphic to (=) the
Hilbert space ¢z and Finw (X) ~ Bddw (X) & £z x 65, where
0} = {(xi)ien € €a | ;i = 0 except for finitely many i € N}.

Moreover, we show that if the complement of any finite union of open
balls in X has only finitely many path-components, all of which are
closed in X, then Finy (X) and Cldw (X) are ANR’s. We also give a suf-
ficient condition under which Finy (X)) is homotopy dense in Cldw (X).

1. INTRODUCTION

Let Cld(X) be the set of all non-empty closed sets in a topological space
X. By Cldy(X) we denote the space Cld(X) with the Vietoris topology,
which is the most typical topology. The Curtis-Schori-West Hyperspace
Theorem is a celebrated result in Infinite-Dimensional Topology which states
that Cldy (X) is homeomorphic to (=) the Hilbert cube Q = [-1,1]* if
and only if X is a non-degenerate, connected and locally connected com-
pact metrizable space ([8] and [21]; cf. [14, Theorem 8.4.5]). For a non-
compact metric space X, since Cldy (X) is non-metrizable, we have to con-
sider topologies different from the Vietoris topology. For a study of hyper-
space topologies, we refer to the book [4] (cf. [13]).

In the paper [17], it is shown that the space Cldp(X) with the Fell topol-
ogy is homeomorphic to @\ {0} if and only if X is a locally compact, locally
connected separable metrizable space with no compact components. In [2],
it is shown that if X is an infinite-dimensional Banach space with weight
w(X), then the space Cldaw (X) with the Attouch-Wets topology is home-
omorphic to a Hilbert space with weight 2@(X) Tt should be remarked that
Cldaw (X) = Cldp(X) for a finite-dimensional normed linear space X (cf.
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[4, p.144]). In [11], the first author proved that if X is an infinite-dimensional
separable Banach space, then the space Cldy (X) with the Wijsman topology
is an AR. In this paper, we prove the following:

Theorem 1. If X is an infinite-dimensional separable Banach space, then
Cldw (X) is homeomorphic to the separable Hilbert space ls.

Let Fin(X) C Cld(X) be the set of all non-empty finite sets. By Finy (X),
Finy (X)), etc., we respectively denote the subspaces of Cldy (X)), Cldw (X),
etc. In [7], it is proved that Finy(X) =~ K%C if and only if X is a non-
degenerate, strongly countable-dimensional,’ connected, locally path-con-
nected, o-compact metrizable space, where

65 = {(24)ien € l2 | x; =0 except for finitely many i € N}.

In [17], it is shown that Finp(X) ~ Eg if and only if X is a strongly countable-
dimensional, locally compact, locally connected, separable metrizable space
with no compact components. We also consider the subspace Bddy (X) C
Cldw (X) consisting of all non-empty bounded closed sets. In [16], it is
proved that if X is an infinite-dimensional Banach space with weight w(X)
then

Finaw (X) ~ lo(w(X)) x 5 and Bddaw (X) ~ £o(2*X)) x ¢f.
The following is also shown in this paper:
Theorem 11. If X is an infinite-dimensional separable Banach space, then
Finy (X) ~ Bddyw (X) & € x €.

It is said that Y C X is homotopy dense in X if there is a homotopy
h : X xI— X such that hg = id and hy(X) C Y for every ¢ > 0. It is
well-known that every homotopy dense set in an AR (resp. an ANR) is also
an AR (resp. an ANR).? In the way of the proof of Theorem II, we show the
following;:

Theorem III. Let X be a separable metric space. If the complement of any
finite union of open balls in X has only finitely many path-components all
of which are closed and unbounded, then Cldy (X) is an AR and Finy (X)
is homotopy dense in Cldw (X). In particular, $ is an AR if Finy (X) C
$H C Cldw (X).

(From Theorem IIT above, it follows that Cldy (X)) is an AR and Finy (X)
is homotopy dense in Cldy (X) for every infinite-dimensional separable Ba-
nach space X. Thus, we have an alternative proof of the result in [11]. To
prove Theorem III, we give a condition on a metrizable Lawson semilattice
X and its subsemilattice Y under which X is an ANR and Y is homotopy
dense in X (Theorem 5.1). See §5 for the definition of Lawson semilattice.

1t is said that X is strongly countable-dimensional if X is a countable union of finite-
dimensional closed subsets.
2This fact follows from [9, Chapter IV, Theorem 6.3].
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Furthermore, we prove the following:

Theorem IV. Let X be a separable metric space. If the complement of any
finite union of open balls in X has only finitely many path-components, all
of which are closed in X, then Finy (X) and Cldw (X) are ANR’s.

For a closed subspace Y C X, we have Cld(Y') C Cld(X) as sets. Due to
[2, Proposition 2.1], the Attouch-Wets topology on Cld(Y) coincides with
the subspace topologies of the Attouch-Wets topology on Cld(X) as well
as the Vietoris and the Fell topologies. However, the Wijsman topology on
Cld(Y) does not necessarily coincide with the subspace topology inherited
from the Wijsman topology on Cld(X) (see Example in Preliminaries). We
also discuss the space Cld(Y') with the subspace topology inherited from
Cldw (X)), which is called the relative Wijsman topology. Theorem IV above
is proved in this setting.

2. PRELIMINARIES

Let X = (X,d) be a metric space. The open ball and the closed ball
centered at z with radius e are denoted by B(z,e) and B(z,¢), respec-
tively. By C(X), we denote the set of all continuous real-valued functions
on X. In this paper, by a ‘map’, we mean a continuous function. By iden-
tifying each A € Cld(X) with the map X 3 z — d(z,A) € R, we can
regard Cld(X) C C(X), whence Cld(X) has various topologies inherited
from C(X). The Wijsman topology on Cld(X) is the topology of point-wise
convergence, which depends on the metric d for X. For each z € X and
r > 0, we define

U (z,r) ={A € Cld(X) | d(z, A) < r};
Ut(z,r)={A e Cld(X) | d(z,A) >r}.3

It is easy to see that these are open sets in Cldy (X) which form an open
subbasis for Cldy (X). Moreover, to generate the Wijsman topology, it
suffices to take points x in a dense subset of X.

For each k£ € N, we denote

Fin*(X) = {4 € Fin(X) | card A < k}.

It is easily observed that X is homeomorphic to the subspace Finjy (X) of
Cldy (X). Then, we can regard X = Finly,(X) C Cldy (X).

It is well-known that Cldy (X) is metrizable if and only if X is separable,
whence we can define an admissible metric dyy by using a countable dense
set {z; |€ i € N} in X as follows:

dw (A, B) = supmin{2~", |d(z;, A) — d(z;, B)|}.
€N

3Although d(x, A) < r < B(z,7)NA # 0 and d(z, A) > r = B(z,7)NA = 0, it should
be noticed that B(z,r)NA = 0 % d(z, A) > r. In fact, let A = {J,, .y[1/n, 00)en € Cld(£2),

where {e, | n € N} is the canonical orthonormal basis for £>. Then, B(0,1) N A = (} but
d(0,A) = 1.
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If d is complete then dyy is complete [4, Theorem 2.5.4].* Thus,

the space Cldy (X) is completely metrizable for every sepa-
rable complete metric space X.

For a closed subspace Y C X, the Wijsman topology on Cld(Y") is defined
by using the metric dy = d|Y? inherited from X, and the space Cldy (V)
admits this topology. On the other hand, as mentioned in Introduction,
Cld(Y) has the subspace topology inherited from Cldy (X), called the rela-
tive Wijsman topology. The following example shows that Fin%V(Y) is not
the subspace of Find, (X).

Example. Let X = {5 be the Hilbert space, Y = {z € {5 | ||z|| < 1} the
unit closed ball of X and {e, | n € N} the standard orthonormal base of X.
Fix 6 > 0 and define

(€n+1 +661), n € N.

1
ap = ———
V12
Then, we have 4, = {0,a,} € Fin?(Y). To see that 4,, /4 {0} in Cldy (X)),
consider v = te; € X (= {2), where

VIT®

t
Y

For each n € N, we have
2

5 1
t_i -
( \/1+52>e1 Vit

—27756—i-1<752—||vH2

V14482 R
hence d(v, An) = [[v — an|| 7 [[v]| = d(v,{0}).

Now, we should find § > 0 such that A,, — {0} in Cldw (Y). In order to
compute the upper estimate for 4, consider

x:(xl,...,xk,(),(),...)EYﬂf%CX:@.
For each n > k,

\w—awﬁzl

t2

k

5 \? ) 1
T - | + Y Pt
()
k
and ||z? = Zx?
i=1

“In [4], the following metric is used but it is uniformly equivalent to ours:

dw(A,B) =2 " min{1, |d(z:, A) — d(zi, B)|}.
€N

lz — an|® =
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Then, d(z, A,) — d(z, {0}) if and only if ||z — a,||* > ||z||? for n > k. Since
|z1| < ||z|| < 1, it follows that

5 \? 1
_ 2 2 _ _ 2
o= anl? = fal? = (21— 2= ) + g =
_ 2.%‘15 > 1 26

-1 .

V1462 V1402
Choose 0 < § < 1/v/3. Then, ||z — a,||? > ||=||%, hence d(z, A,,) — d(z, {0})
for every x € Y N fg. Since Y N Eg is dense in Y, it follows that A, — {0}
in Cldw (Y). O

To prove Theorems I and II, we need characterizations of ¢ and fo x Eg .
The following characterization of ¢5 is due to Torunczyk [19] (cf. [20]):

Theorem 2.1. In order that X = {s, it is necessary and sufficient that X is
a separable completely metrizable AR which has the discrete approzimation
property, that is, each map f : @, 1" — X is approvimated by maps
9: P, enI" — X such that {g(I") | n € N} is discrete in X. O

To state the characterization of ¢9 x Eg due to Bestvina and Mogilski [5],
we need some notions. A metrizable space X is o-completely metrizable if
X is a countable union of completely metrizable closed subsets. A closed
set A C X is a (strong) Z-set in X if there are maps f : X — X \ A
arbitrarily close to id (such that A Neclf(X) = ). A countable union of
(strong) Z-sets is called a (strong) Z,-set. When X itself is a (strong) Z,-set
in X, we call X a (strong) Z,-space. For a class C of spaces, X is strongly
universal for C if given a map f: A — X of A € C such that f|B is a Z-
embedding of a closed set B C A, there exist Z-embeddings g : A — X such
that g|B = f|B and which are arbitrarily close to f. In these definitions,
the phrase ‘arbitrarily close’ is understood with respect to the limitation
topology. In case X = (X, d) is a metric space, given a collection M of maps
from a space Y to X, amap f:Y — X is arbitrarily close to maps in M if
for each o : X — (0,1) there is g € M such that d(f(v), 9(y)) < a(f(y)) for
every y € Y. The following is Corollary 6.3 in [5].

Theorem 2.2. In order that X ~ {5 X Eg, it is necessary and sufficient that
X is a separable o-completely metrizable AR which is a strong Z,-space and
it is strongly universal for separable completely metrizable spaces. ([

In case X is a homotopy dense set in £2, X has the discrete approximation
property (cf. [3, Theorem 1.3.2] or [1]), hence every Z-set in X is a strong
Z-set by Proposition 1.7 in [5]. Then, we have the following:

Theorem 2.3. For a homotopy dense set X in lo, if X is a o-completely
metrizable Z,-space and it is strongly universal for separable completely
metrizable spaces, then X = fo X Eg. O
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3. PROOF OF THEOREM I

It should be remarked that Cldyy (X)) is separable (completely) metrizable
if and only if X is separable (completely) metrizable. In [11], it has been
proved that Cldy (X) is an AR for an infinite-dimensional separable Banach
space X. Thus, it remains to verify the discrete approximation property.

Let X = (X, -||) be a normed linear space and d the metric induced by
the norm || - || (i.e., d(z,y) = ||z — y||). By Bx and Sx, we denote the unit
closed ball and the unit sphere of X, respectively. For Cldy (X ), the metric
dyw is defined by a countable dense set {x; | i € N} in X, where 21 = 0.

To prove Theorem I, we need the following lemma. Since it will be also
used in the proof of Theorem II, it is formulated in a general setting.

Lemma 3.1. Let ) be a subspace of Cldw (X) and W an open set in .
For each map o : $ — (0,1), there ezists a map v: W — (0,00) such that
() A€W, A, An~(A)Bx = A'N~(4)Bx
= A e W, dw(A, A < alA).
Proof. For each A € W, we define
i(A) =min{i e N| 27" < a(A) and 27" < dy (A, $H\ W)} and
r(A) = max{]|z;| | i <i(A)}.
Then, r : $ — [0, 00) is upper semi-continuous. Indeed, let A € $ and ¢t > 0
such that r(A) < ¢. Since « is continuous, we can choose 6 > 0 so that if
A’ € $ and dyy (A, A') < 6 then 2794 < a(A’), whence i(A’) < i(A) by the

definition of #(A’), which implies that r(A’) < r(A) < ¢ by the definition of
r(A’). Thus, there exists a map v : ) — (0,00) such that

v(A) > 3max{r(A), d(0,A)} for each A € 9.
To see that ~ satisfies condition (*), suppose
AeW, A e§ and Any(A)Bx = A’ Nn~(A)By.
Note that AN ~v(A)Bx # 0 because d(0,4) < $v(A). For each i < i(A),
since ||z;]| < r(A) < %’y(A), it follows that
d(xz;, A) = d(z;, ANvy(A)Bx)
=d(z;, AN~y(A)Bx) = d(z;, A).
Then, dy (A4, A") < 2744 < a(A). Since 2744 < dy (A, H \ W), we have
also A’ e W. O

Theorem 3.2. For every infinite-dimensional separable Banach space X,
Cldw (X) has the discrete approximation property. Hence, Cldy (X) ~ £5.

Proof. For each map « : Cldw (X) — (0,1), let v : Cldw (X) — (0,00) be
the map obtained by Lemma 3.1. On the other hand, Sx has a countable-
infinite 1-discrete set {e, | n € N} (cf. [2]). Taking v € Sx, we define
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f:Cldw (X) x N — Cldy (X) as follows:
f(A,n) = (AN~(A)Bx) Uv(A)Sx U{(7(A) + 2)v +en}.

Then, dw(f(A,n),A) < a(A) for every A € Cldy (X) and n € N, by (*) in
Lemma 3.1.
To verify the continuity of f, observe that

d(z, f(A,n))
_ {min{v(A)—ua:\, d(z, A)} if |l < y(A),
min{||z]| — ¥(A), [(V(A) +2)v+en — |} if [[z] = 7(A).

For each x € X, (A,n) — d(z, f(A,n)) is continuous, which implies that
f is continuous.
It remains to show that

{f(Cldw (X) x {n}) | n € N}
is discrete in Cldy/(X). On the contrary, assume that there exist A; €
Cldw(X), j € N, and n; < np < --- € N such that (f(A4;,n;))jen converges
to A € Cldw (X).

In case sup;ey 7(A;j) = 0o, we may assume that y(4;) — oo as j — oo.
Observe that dw (f(A;j,n;),A;) — 0. Then, A; — A, hence y(A4;) — v(A)
by the continuity of «. This is a contradiction.

When sup,cy7(4;) < oo, it can be assumed that lim; .o v(A;) = r. We
show that A C rBx. Suppose that |la|| > r for some a € A and choose
ip < jo € N so that d(z;,,a) < s/6 and

J = jo= [y(4;) —r < s/2, dw(f(A,n;), A) < min{s/6, 27},
where s = min{||a|]| — r, 1/4}. Then, for every j > jo,
d(a, f(Aj,nj)) < d(a, ziy) + d(zig, A) + |d(ziy, f(Aj, n5)) — d(i, A)|
<5/6+5/6+s/6=s/2.
On the other hand,
d(a,7(4)Bx) = |la]| = v(4;) > [la]| =7 = s/2 > s/2.
Therefore, d(a, (y(Aj) +2)v + en,;) < s/2. Then, we have
d(a,(r+2)v+ en]) <d(a, (v(45) +2)v + en;)
+d((7(Aj) + 2)v + en,, (r+2)v + ep;)
< s/24 |y(A)) —r| <s.
Then, for j # j' = jo,
1/2 < d(en;, en,) = d((r+2)v+en;, (r+2)v+ey,)
<d(a, (r+2)v+en) +da, (r+2)v+en,) <2s<1/2

which is a contradiction. Therefore, A C rBx.
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Now, choose i1 € N so that d(x;,, (r +2)v) < 1/4, whence
d(zi,, A) = d(z;y, rBx)
>d((r+2)v,rBx) — d(z;,, (r + 2)v)
>92-1/4=7/4
Moreover, choose j; € N so that if j > j; then |y(A;,) —r| < 1/2, whence
Ay, £(Ajs ) < (i, (A7) + 2)0)
< d(miy, (r+2)v) +d((r + 2)v, (v(4;) + 2)v)
<1/4+4|v(4;) —r| < 3/4.
Then, for every j > ji,
dw (f(Aj,ny)), A) = min{27", [d(zi,, f(Aj,ny)) — d(zi,, A)|}
min{2™", 7/4—3/4} =274,
which contradicts to f(A;,n;) — A. Consequently,
{£(Cldw (X) x {n}) | n € N}
is discrete in Cldy (X). O

Z
Z

4. PROOF OF THEOREM II FOR Bddy (X)

By Theorem I, we can apply Theorem 2.3 to prove that Bddy (X) =~
by X Eg. We first show the following;:

Lemma 4.1. For every separable normed linear space X, Bddy (X) is ho-
motopy dense in Cldy (X).
Proof. We define 6 : Cldy (X) x I — Cldw (X) by 6y = id and
0(A,t) = (ANt 'Bx) Ut 'Sx.5
To verify the continuity of , observe that
min{t ™" —||zf|, d(z, 4)} if o] <t
lz| —t! if [|of >t

d(z,0(A, 1)) = {

For each z € X, (A,t) — d(z,0(A,t)) is continuous, which implies that 6 is
continuous. g

Notice Bddy (X) = Upen Cld(kBx).

Lemma 4.2. For every separable normed linear space X, each Cld(kBx)
is closed in Cldw (X). Thus, if X is a separable Banach space, then each
Cld(kBx) is completely metrizable, hence Bddy (X) is o-completely metriz-
able.

5As compared with the contraction 0 in [2], the parameter is different. Here, it is not
necessary that 61 is the constant.
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Proof. For each A € Cldy(X) \ Cld(kBx), we have a € A\ kBx. Let
r =|lal| — k = d(a,kBx) > 0. Then,
AeU (a,r) C Cldw(X) \ Cld(kBx).

Therefore, Cldy (X) \ Cld(kBx) is open in Cldy (X), that is, Cld(kBx) is
closed in Cldy (X). O

Lemma 4.3. For every separable normed linear space X, each Cld(kBx)
is a Z-set in Bddw (X), hence Bddw (X) is a Z,-space.

Proof. Let 6 : Cldy(X) x I — Cldy (X) be the homotopy defined in the
proof of Lemma 4.1. Then, #(Bddy (X) x I) C Bddy (X). For each map
a : Bddw (X) — (0,1), define £ : Bddw (X) — (0,1) as follows:
£(A) =sup{t > 0 | diamg,, O({A} x [0,t]) < a(A)}.
Then, ¢ is lower semi-continuous. Indeed, if £(A) > s then we have s < s’ <
€(A) and
e = a(A) — diamg,, 0({A} x [0,5']) > 0.
By the continuity of § and «, we have § > 0 such that if A’ € Finy (X) and
dw (A, A') < § then |a(A) — a(A')| < 3¢ and dw (0(A,1),0(A,1)) < 3¢ for
all t € [0, 8], whence
diamg,, 0({A'} x [0, s]) < diamg,, ({A} x [0,5]) + 2¢
= a(A) — e < a(A)),

which means that £(A") > &' > s.

Thus, we have a map f : Bddy (X) — Bddw (X) defined by

F(A) = 0(A,B(A)) = AUB(A) 'Sy,
where 3 : Bddw (X) — (0, 1) is a map such that
B(A) < min{(k +1)7", &(A)}.
Observe that dy (f(A4),4) < a(A) and B(A)~! > k + 1 for each A €

Bddy (X). Then, it follows that Cld(kBx) N f(Bddw (X)) = 0. Thus,
Cld(kBx) is a Z-set in Bddy (X). O

It remains to prove the strong universality of Bddy (X). To this end, we
use the following fact:

Proposition 4.4. For every infinite-dimensional separable Banach space
X, the unit sphere Sx is homeomorphic to 5.

Proof. This is well-known but we give a proof for readers’ convenience.
First note that X ~ ¢5 (cf. [19, §6]). As an open set in X ~ ¢, (1,2)Sx is
an fo-manifold. It is easy to see that Sx U2Sy is a strong Z-set in [1,2]Sx.
Then, [1,2]Sx is an ¢3-manifold by [20, Theorem B1] (cf. [18, Theorem 5.2]).
By using [19, Theorem 4.1], we can see that Sy is also an f3-manifold. On
the other hand, Sx is contractible because Sx is a retract of X \ {0} and
X \ {0} = £3\ {0} is homotopically trivial. Therefore, Sx ~ (a. O
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Theorem 4.5. For every infinite-dimensional separable Banach space X,
Bddw (X) is strongly universal for separable completely metrizable spaces.
Consequently, Bddy (X) ~ £y x 65.

Proof. First of all, note that the class of separable completely metrizable
spaces is hereditary with respect to both closed subsets and open subsets.
Due to the remark before Theorem 2.3, it follows from Lemma 4.1 that
every Z-set in Bddyw (X) is a strong Z-set. Then, by Proposition 2.2 in
[5], it suffices to prove that each open set W C Bddy (X) is universal for
separable completely metrizable spaces, that is, for every separable com-
pletely metrizable space Y, each map f : Y — W can be approximated by
Z-embeddings.

For each map a : W — (0,1), we apply Lemma 3.1 to obtain a map
B: W — (0,1) such that
(*) AeW, A € Bdd(X), ANB(A)'Bx = A np(A) By

= A eW, dw(A,A) < alA).

Since the Hilbert space o is universal for separable completely metrizable
spaces, we have a closed embedding h : Y — Sx by Proposition 4.4. By

taking any v € Sx and using the homotopy 6 : Cldy (X) x I — Cldy (X)
defined in the proof of Lemma 4.1, we can define a map g : Y — W by

g9(y) = 0(f(v), B(f ) U{(B(f ()" +2)v + h(y)}.

Then, it follows from (*) that dw (f(y),9(v)) < a(f(y)) for every y € Y. As
is easily observed, ¢ is injective.

To see that g is a closed embedding, let y; € Y, ¢ € N, such that g(y;) —
A € W. Then, b = inf;eny 5(f(y:)) > 0. Otherwise, by taking a subsequence,
it can be assumed that B(f(y;)) — 0, that is, B(f(y:;))~' — oo, whence
dw (£ (i), 9()) — 0, 50 f(ys) — A. Hence, 3(f(31)) — B(A) # 0, which
is a contradiction. Furthermore, AN ((b=! + 2)v + 3Bx) # (. In fact, if
A e U (b7t +2)v,3) then g(y;) € UT((b™1 + 2)v, 2) for sufficiently large
i € N. On the other hand, for sufficiently large i € N, [B(f(y;)) ™' —b71| < 1,
whence

I(BCf(ya)) ™!+ 2)v + hlyi) — (67" +2)v] <[B(f(y:) ™" b7 +1< 3.
This is a contradiction.

Now, let ¢ € AN ((b~1 +2)v+ 2Bx). For each 0 < & < 1, we can choose
io € N so that if i > io then g(y;) € U (c,e) and |B(f(y:)) ' —b7! <e < 1,
whence

1B(F ()™ +2)v + hlys) —cll = llg(yi) —cll <e

because [[c]| = b~ +5 > B(f(y:) " +1. Thus, (B(f (%)) +2v+h(y;) — c.
Since B(f(y;))~ — b~1, it follows that h(y;) — ¢ — (b~ + 2)v. Therefore,
(yi)ien is convergent in Y. Hence, g is a closed embedding.
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By Lemma 4.3, g(Y) is a Z,-set in W. Since g(Y) =~ Y is completely
metrizable, g(Y') is a Z-set in W by [6, Lemma 2.4]. Thus, g: Y — W is a
Z-embedding. The proof is completed. U

5. HoMOTOPY DENSE SUBSEMILATTICES OF LAWSON SEMILATTICES

A topological semilattice is a topological space S equipped with a contin-
uous operator V : S xS — S which is reflexive, commutative and associative
(ie,zVez=z,zVy=yVz, (xVy)Vz=2V(yVz)). A topological semi-
lattice S is called a Lawson semilattice if S admits an open basis consisting
of subsemilattices [12].

In [2], it is shown that a metrizable Lawson semilattice X is an ANR
(resp. an AR) if and only if it is locally path-connected (resp. connected
and locally path-connected). Here, we introduce a relative version of local
path-connectedness. A subset Y C X is relatively LC° in X if for every
x € X, each neighborhood U of x in X contains a smaller neighborhood V
of x such that every two points of V NY can be joined by a path in U N X.
In this section, we shall prove the following theorem.

Theorem 5.1. Let X be a metrizable Lawson semilattice with Y C X a
dense subsemilattice. If Y is relatively LCY in X (andY is path-connected),
then X is an ANR (an AR) andY is homotopy dense in X, hence Y is also
an ANR (an AR).

To prove Theorem 5.1 above, we will use the following result in [15]:

Theorem 5.2. Let X be a metric space with Y C X a dense set. Assume
that there exist a zero-sequence U = {Uy, | n € N} of open covers of X and
amap f:|TNU)| =Y such that f(U) € U for U € U, eyUn = TNU)®
and

lim mesh{f(o)| o € N(U, Ulyt1)} =0.
Then, X is an ANR and Y is homotopy dense in X. O

Here, U is called a zero-sequence if lim,,_,oo meshif,, = 0, and TN (U) is a
simplicial complex defined as the union J,,cy N (U Ul 1) of the nerves of
the covers U, UUy+1, where we regard Uy, N Uy, = 0.

Lemma 5.3. Every Lawson semilattice X is k-aspherical for any k > 0,
that is, each map f: S¥ — X extends to f : BFt1 — X

Proof. Identify S¥ = Fin{,(S*) C Finy(S¥) and X = Fin},(X) C Finy (X).
Then, f has the extension fi : Finy (S*) — Finy (X). Since Finy (X) is a
free Lawson semilattice over X, there exists a retraction r : Finy (X) — X
(see [2]). By [7], we have ¢ : B! — Fin} (S¥) with ¢|S¥ = id. Then,

f=rfre: B!t 5 X is an extension of f. 0

Proof of Theorem 5.1. Fix an admissible metric d on X. For each n € N,
let V,, be an open cover of X such that meshV,, < 27" and each V € V,, is
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a subsemilattice of X. Since Y is relatively LC? in X, each V, has an open
refinement U,, such that each U € U,, is contained in some V € V), so that
every pair of points in U N'Y can be connected by a path in V.

Now, for each n € N, we can define f,, : |N(U, UUp41)] — Y such that
fn(U) € U for U € Uy, UUp4+q and for every simplex o € N (U, U Up+1)
the image fy, (o) is contained in a member of V,,. This is possible because
of Lemma 5.3. FEach f, can be inductively defined in such a way that
fn|N(un+l) = fn-i—l‘N(un-&-l)' Then’ we have the map f : ’TN(UH -
Y defined by f||N(U, UUy+1)| = fn, which satisfies the assumptions of
Theorem 5.2, hence X is an ANR and Y is homotopy dense in X.

Moreover, if X or Y is path-connected, then it is n-connected for every
n € N by Lemma 5.3. Then, X is an AR. O

The case X =Y in Theorem 5.1 is [2, Proposition 3.2], that is,

Corollary 5.4. Let X be a metrizable Lawson semilattice. Then, X 1is
an ANR (an AR) if and only if X is locally path-connected (and path-
connected).

For an arbitrary subset Y C X, we have Fin(Y) C Comp(Y) C Cld(X).
It should be noticed that Cld(Y') ¢ Cld(X) unless Y is closed in X. As saw
in Preliminaries, Finy (Y) (nor Cldy (Y)) is not a subspace of Cldy (X)
even if Y is closed in X.

When Y is dense in X, we can use a countable dense subset of Y to define
the metric dyy for Cldy (X). Then, Compy, (V') and Finy (Y') are subspaces
of Cldy (X). Moreover, we have the following:

Proposition 5.5. Let X be separable metric space and Y a dense subspace
of X with the metric inherited from X. Then, the space Cldw (Y) can be
naturally embedded in Cldy (X) by the closure operator clx : Cldy (Y) —
Cldw (X). Namely, the space Cldw (Y) can be identified with the subspace
{AeCld(X) |clx(ANY) = A} of Cldw(X). O

Proposition 5.6. For a dense subset Y of a separable metric space X,
Finw (Y) is a dense semilattice of Cldw (X).

Proof. Let A € Cldy (X). For each neighborhood W of A in Cldy (X), we
have p1,...,pn € X, 71,...,7, > 0 and m < n such that

Ae ﬂ U™ (pi,ri) N ﬂ U+(pj,7"j) C W.
i=1 j=m-1

For each 1 <i < m, B(pi,7:) \ Uj=n 41 B(pj; ;) # 0 because it contains a
point of A. Since Y is dense in X, we have

j=m+1
Then, A" = {a1,...,an} € Finw (Y) N W. Therefore, Finy (Y) is dense in
Cldyy (X). 0
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By applying Theorem 5.1 in the above setting, we have the following:

Corollary 5.7. Let X be a separable metric space with Y C X a dense
subset. If Finy (Y) is relatively LCY in Cldw (X) (and Finy (Y) is path-
connected), then Cldw (X) is an ANR (an AR) and Finw (Y) is homo-
topy dense in Cldw (X), hence $) is an ANR (an AR) if Finy (Y) C $ C
Cldw (Y). O

6. PROOF OF THEOREM III

In this section, we prove Theorem III. Here the metric for a metric space
is denoted by d. To apply Theorem 5.1, we first show the following:

Proposition 6.1. For an arbitrary metric space X, Cldy (X) is a Lawson
semilattice with respect to the union operator U.

Proof. For each z € X,
(A,B) — d(z, AU B) = min{d(z, A), d(x,B)}

is continuous, which implies that the union operator U is continuous.
Observe that U~ (z,r) and U™ (z,r) are subsemilattices of Cldy (X) for
each x € X and r > (0. Since the intersection of subsemilattices is also
a subsemilattice, Cldy (X) has an open basis consisting of subsemilattices,
hence Cldy (X) is a Lawson semilattice. O

Lemma 6.2. Let X be a separable metric space and Y a path-connected
subset of X. Then, each A, B € Finy (Y) can be connected by a path ~ :
I — Finw (Y) such that each y(t) contains A or B.

Proof. For each a € A and b € B, we have a path 7,3 : I — Y from a to b.
Now, we define a path 7 : I — Finy (Y') by

7(t) = AU J{rap(t) | a € 4, be B}

Then, v is a path in Finy (Y) from A to AU B. By the same argument, we
can find a path from B to AU B. O

To prove the next result, we shall use a well-known combinatorial fact,
called Konig’s Lemma: FEwvery finitely-branching infinite tree contains an
infinite branch (cf. [10, (4.12)]). A tree is a partially ordered set (T, <) such
that for every x € T, the set {y € T'| y < x} is well-ordered (in our case:
finite, linearly ordered). A branch through T is a maximal linearly ordered
subset of T". In the proof of the following theorem, we consider a tree of sets
with the reversed inclusion as the partial order. It is said that A, B C X
are strongly disjoint if

dist(A, B) = inf{d(z,y) | x € A,y € B} > 0.
Theorem 6.3. Let X be a separable metric space. If the complement of any

finite union of open balls in X has only finitely many path-components, all of
which are closed and unbounded or compact, then Cldy (X) is an ANR and
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Finy (X) is homotopy dense in Cldy (X). Hence $ is an ANR whenever
Finy (X) € H C Cldw (X).

Proof. By Corollary 5.7, it suffices to show that Finy (X) is relatively LC?
in Cldw (X). Note that X itself has only finitely many path-components
(the case the number of open balls is zero). We only consider the case X is

not compact, hence X is unbounded by the assumption.
Let A € Cldw (X) and U a neighborhood of A in Cldy (X). Then,

A€ ﬂ U™ (piyri) N ﬂ U*(gj,85) CU,
i<k j<l
for some p;, ¢; € X and r;,s; > 0. Choose ¢ > 0 so that A € U™ (g;, sj + ¢)
for every j < I.

Let Xo, ..., X;n—1 be all path-components of X\ J,_,; B(g;, sj +¢), where
XiNA#(fori <mpand X;NA =0 for j > mg. Moreover, we can assume
that X; is unbounded for mg < j < mp and Xj is compact for j > m;.
Note that each X; is not only closed but also open in X \ Uj<l B(gj,sj+¢)
and A is strongly disjoint from (J;, B(gj, s; + ). For each i < k, we can
choose a; € AN B(p;,ri) and &; > 0 so that B(a;,&;) C X; N B(p;,r;) for
some j < mg. For each i < mg, we can choose ax1; € X; N A and €4; > 0
so that B(agys,ex+i) € X;. Since Um1<j<m X, is compact, we can find
to,...,ty—1 € X and dg,...,d0,_1 > 0 such that

U X cUB@,6) c B 26) c X\ | J X
m1<j<m 1<v 1<v i<mo
Since A C U,y Xis it follows that A € (), U*(t;,6;). Thus, A has the
following neighborhood:

V= () U (a.e)n(\UT(g,s;+e)n[ U (t:,6) CU.
1<k+mg i<l 1<V
Let Ag ={a; | i <k+mp} C A. Then, Ay € VN Finy (X).

We show that each B € VNFiny (X) can be connected to Ag by a path in
UNFinw (X). Let B* = BN, <j<m, X;j- Applying Lemma 6.2 to AgN X;
and BN X; for i < mg, we can easily construct a path in & N Finy (X) from
B to Ag U B*. For each z € B*, choose mg < j < my so that z € X;, If
we can construct an infinite path f, : [1,00) — X; such that f.(1) = z and
lim; .o d(z, f-(t)) = oo (whence lim; o d(z, f>(t)) = oo for any = € X),
then we can define a path ¢ : I — V from Ay to Ay U B* as follows:
¥(0) = Ag and

d(t)=AgU | J fo(t7") fort>0.
z€B*
For any = € X, since lim;_,o d(z, f-(t)) = oo, d(z,v¢(t)) = d(x, Ag) for
sufficiently small ¢ > 0, which means that 1 is continuous at 0.

Let z € B*NX; (mp < j < my). Enumerate as By, Ba, ... all open balls of

the form B(x;, @), where 0 < o < d(x;, A) and o € Q. By the assumption,
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for each n € N, X; \ (B U---U By) has finitely many path-components
HY, .. .,Hg(n)il. Let T ={H |n €N, i <a(n)}. Since X; is unbounded,
it follows that 7' is infinite. Thus, (7, D) is a finitely-branching infinite tree
(i.e. each element of T" has only finitely many immediate successors). By

Konig’s lemma, T" contains an infinite branch X; D Hil(l) D H¢2(2) D ... For

each n € N, pick z, € ngn) and a path f, : [n —1,n] — H;E;il) such that
fa(n—=1) = z,_1 and f,(n) = z,, where Hz‘o(o) = X; and zp = z. By joining
all paths fi, fo,..., we can obtain a path f, : [1,+00) — Y; with f,(1) = 2
and limy_, o, d(z, f.(t)) = cc. O

Theorem 6.4. Let X be a separable metric space with xo € X. Suppose
that for arbitrarily large v > 0, X \ B(zo,r) has only finitely many path-
components, all of which are unbounded. Then, Finy (X) is path-connected.

Proof. First, note that X itself has only finitely many path-components, say
Xo,..., Xm—1. For each i < m, take a; € U;, and let Ay = {a; | i < m} €
Finy (X). We show that each B € Finy (X) can be connected to Ap by a
path in Finy (X).

Each z € B is contained in some X, whence we have a path f; :
I — X such that f;(0) = z and f.(1) = a;;). Then, B is connected
to A1 = {ajy) | © € B} C Ag by a path ¢ : I — Finy (X) defined by
o(t) ={fz(t) | x € A}. Let Ao\ A1 = {a; | i € S}, that is,

S={il|i#i(x) for any z € B}.

For i € S, we will construct a path g; : [0,00) — X; such that ¢;(0) = a; and
limy_, o0 d(a;, gi(t)) = oco. Then, Ag and A; can be connected by the path
¢ : I — Finy (X) defined as follows:

A if ¢t =0,
vit) = {{g,-(t‘l) |ie SJUA; ift> 1.

Thus, it follows that Finy (X) is path-connected.

The path g; above can be constructed as follows: By the assumption, there
are 0 < r; < rg < --- such that lim,, .7, = oo and each X \ B(zg,ry)
has only finitely many path-components. Then, X; \ B(zo,r,) has also
only finitely many path-components, say H,... ,H]?(n). Let T = {Hj” |
n €N, j < k(n)}. Since X; is unbounded, T is infinite. Thus, (7,D) is
a finitely-branching infinite tree (i.e., each element of 7" has only finitely
many immediate successors). By Konig’s lemma, 7' contains an infinite

branch X; D H;(l) D HJZ(Q) D ---. For each n € N, pick v, € H;.L(n) and a
path g, : [n — 1,n] — H]T.L(;il) such that f,(n — 1) = v,—1 and f,(n) = vy,
where H;')(o) = Xj and vp = a;. By joining all paths fi, f2,..., we can obtain

a path g; : [1,+00) — X; with ¢;(1) = a; and lim; .~ d(a;, gi(t)) = oc0. O
Due to Corollary 5.7, Theorem III follows from Theorems 6.3 and 6.4.



16 W. KUBIS, K. SAKAI, AND M. YAGUCHI

7. PROOF OF THEOREM II FOR Finy (X)

As in the case of Bddyy (X ), we apply Theorem 2.3 to prove that Finy (X)
is homeomorphic to £ x Eg . In the previous section, we have shown that
Finy (X) is homotopy dense in Cldy (X) for an infinite-dimensional sepa-

rable Banach space X.
Now, notice Finy (X) = ey Fin®(X).

Lemma 7.1. For an arbitrary metric space X, each Fin®(X) is closed in
Cldw (X). Thus, if X is complete, then each Fin*(X) is completely metriz-
able, hence Finy (X)) is o-completely metrizable.

Proof. For each A € Cldy (X) \Fink (X), choose distinct k£ + 1 many points
ai,...,aps1 € A and let r = 1 min{d(a;, a;) | i # j}. Then,
k+1
A€ (U (ai,r) C Cldw(X) \ Fin*(X).
i=1
Therefore, Cldy (X) \ Fin*(X) is open in Cldy (X), that is, Fin®(X) is
closed in Cldy (X). O

Lemma 7.2. For every separable normed linear space X, each Fink(X) is
a Z-set in Finy (X), hence Finy (X) is a Zy-space.
Proof. By using distinct k£ + 1 many points vy, ...,v511 € Sx, we define a
homotopy ¢ : Finy (X) x I — Finy (X) by (o = id and

C(At) =AUt vy, ..., o641} fort>0.
For each map « : Finy (X) — (0,1), define v : Finy (X) — (0,1) by

V(A) = sup{t > 0 | diamgy, (({A} x [0,7]) < a(4)}.

Then, 7 is lower semi-continuous. Indeed, if v(A) > s then we have s < ' <
~v(A) and

e = a(A) — diamg,, (({A} x [0,5]) > 0.
By the continuity of ¢ and «, we have § > 0 such that if A’ € Finy (X) and
dw (A, A') < § then |a(4) — a(A")| < %e and dw (((A, 1), (A, 1)) < 3¢ for
all t € [0, '], whence

diamg,, C{A"} x [0,5]) < diamg,, ¢(({A} x [0, ') + %5
= a(A4) — 2e < a(A"),
which means that y(A") > ¢’ > s.
Now, we define a map f : Finy (X) — Finy (X) as follows:

F(A) = (4, 8(4)) = AUBA) Hon, s v},
where 3 : Finy (X) — (0,1) is a map such that G(A) < v(A). Observe that
dw(f(A),A) < a(A) for each A € Finy(X). By the definition, Fin®(X) N
f(Finw (X)) = 0. Thus, we have the result. O



HYPERSPACES OF SEPARABLE BANACH SPACES 17

Remark. Due to the remark before Theorem 2.3, it follows from Theorem
ITI that every Z-set in Finy (X) is a strong Z-set. Therefore, each Fin*(X)
is a strong Z-set in Finy (X). However, this can be also obtained in the
above proof by showing that

Fin*(X) Nl f(Finw (X)) = 0.

To this end, assume that there exist A, € Finy (X), n € N, such that
A = lim, oo f(An) € Fin*(X). Then, we will find a contradiction in the
both cases inf,en B(Ay) = 0 and inf,en B(A,) > 0.

When inf,en 3(A,) = 0, we may assume that lim, . 5(A4,) = 0. For
each £ > 0, choose g € N so that 27 < ¢. Since 8(A,)"! — oo as n — oo,
we have ng € N such that

n > ng = dw(f(A,),A) < 27071
B(An)_1 > max{||z;|| + d(x;, A) + 90—l li=1,...,i0}.
Then, for each n > ng and 7 < 1o,
BA) T = Nzl > d(wi, A) + 27071 > d(xi, f(An)),

hence d(x;, f(An)) = d(x;, An), which implies dw (f(An), Ap) < 27071
Since dy (f(Ay), A) < 271 it follows that dy (A4,, A) < 27% < e. Thus,
(An)nen converges to A, hence lim, o 3(A,) = B(A) > 0, which is a
contradiction.

When inf,en 3(A,) > 0, we may assume that lim, o G(4,) = b > 0.
Then, we show that z; = bilvj € Aforeach j =1,....,k+1. If z; € A,
choose x;; so that d(z;;, ;) < 1d(zj, A), whence

d(l’ij,A) > d(Zj, A) — d(xij,zl-) > %d(Zj, A)
For sufficiently large n € N,
|d(wi;, A) — d(wq;, f(An))| < min{27%, 1d(z;, A)} and
b = B(An) Y < d(25, A),
whence it follows that
d(Zj, A) < d(zi, xij) + d(.ﬁC,‘j,A)
< id(Zj, A) + |d(ZL‘ZJ,A) — d(l’%,An” + d(a:ZJ,An)
< %d(zja A) + d(xlj ) Zi) + d(Zi7 An)
< 3d(z, A) + b7 = B(A) 1| < d(z5, A).
This is a contradiction. O

Theorem 7.3. For every infinite-dimensional separable Banach space X,
Finy (X) is strongly universal for separable completely metrizable spaces.
Consequently, Finy (X) ~ ly x Eg.
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Proof. By the same reason as in Theorem 4.5, it suffices to prove that each
open set W C Finy (X) is universal for separable completely metrizable
spaces. Let Y be a separable completely metrizable space, and f:Y — W
a map. For each map a : W — (0,1), similarly to Theorem 4.5, we apply
Lemma 3.1 to obtain a map 3 : Finy (X) — (0, 1) such that

(*) AeW, A €Fin(X), ANB(A)'Bx = A nB(A)'By
= A eW, dy(A A) < alA).
Let fp = . For n € N, let (3, : Finyy (X ) — I be the map defined by
Bu(A) = min {(n + 1)1, B(A), B(A)dw (A, Fin"(nBx))}.

Note that n + 1 < B,(A)7 if B,(A4) # 0 and B,(A)~ < Bue1(A)7Lif
Brn+1(A) # 0. For each A € Finy (X), define k(A) € N by

A € Fin" ™ (k(A)Bx) \ Fin*™W=1((k(A) — 1)Bx).
Then, 3,(A) # 0 for n < k(A) and 5,(A) =0 for n > k(A),.

By Proposition 4.4, there exists a closed embeddmg h:Y — Sx. Take
vn € Sx, n € NU{0}, so that [|[v, — v || > 1 for n # m. We define a map
g:Y — Finy (X) by

9(2) = f(2) U{(Ba(f(2) ™" + 2)un,

(Bu(f(2)) ™"+ Dva + gh(z) [ n < k(f(2))}.

By (*), g is a-close to f. To see that g is injective, let z # 2’ € Y. In case

k(f(2)) # k(f(2)), assume k‘(f( ) > k(f(2')). Then,
Brrn-1(f(2) ™+ 2)vngpzp-1 € 9(2) \ 9(2),
s0 g(2) # g(Z'). When k(f(2)) = k(f(Z)) = k: it follows that

{(Br-1(f(2)7" +2)Uk 1 (Beo1 (f(2) "+ Vo1 + 5h(2)}
#{(Be1 (F(Z) 7+ 2)v1, Bro1(f(2)) 7+ Dvger + £h(2) ],

which implies g(z) # g(2').
To see that g is a closed map, let y; € Y, i € N, and G € Fin(X) such
that g(y;) — G. For each n € NU {0}, let

by = liminf 6, (f(y:)) € 0, (n+1)7"].
Then, 1 > by > by > --- > 0. Moreover, by > 0. Otherwise, by taking
a subsequence, we can assume that 3(f(y;)) — 0. Then, it follows that

f(yi) — G, hence B(f(v:)) — B(G) # 0, which is a contradiction.
Let by, # 0 and by, 1 = 0. Then, (b, 4+ 2)v,, € G C k(G)By because

d((by! + 2)vm, G) = liminf d((b,;" + 2)vm, g(y:)) = 0.
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Hence, m + 3 < b} +2 < k(G), that is, m < k(G) — 3. By taking a subse-
quence, we can assume that 3,41(f(y;)) — 0. Since liminf;en B(f(y;)) > 0,
it follows that

dw (f(yi), Fin™ ! ((m +1)Bx)) — 0.

Moreover, observe
limiandW(f(yi), Fin"(mBx)) = by, > 0.
71—

Then, we can choose
F; € Fin™ " ((m 4 1)Bx) \ Fin™(mBx), i € N,
so that dw (F;, f(y;)) — 0. For each i € N, let

Gi = F;,U{(Ba(f(:) " + 2)vn,

(B (f (i)™ + Von + §h(yi) | n < k(f(y:)}-
Then, G; — G as i — oco. Observe that

by +2 2 [|(Bi(f (i))_1+2)vnH:/Bm<f(3/i))_l+2
> B (f (i)™
> (B (f (i)~ +1)vm sh(i)l
> B(f(yi)) ™+ §>m+ 3.

Since F; C (m + 1)By, it follows that (h(y;))ien is convergent. Hence,
(yi)ien is convergent because h is a closed embedding. O

8. THE RELATIVE WIJSMAN TOPOLOGY

Let X = (X,d) be a separable metric space. For $ C Cldy (X) and
Y C X, we denote H|Y = {A € H | A C Y}. Without any condition,
we have Fin(X)|Y = Fin(Y) and Comp(X)|Y = Comp(Y) as sets. But,
Cld(Y) = Cld(X)[|Y if and only if Y is closed in X. As saw in Example, even
if Y is closed in X, Finy (X)]Y # Finy (Y) nor Cldy (X)|Y # Cldw (Y) as
spaces.

In this section, we give some sufficient conditions in order that Cldy (X)[Y
is an ANR or Finy (X)|Y is homotopy dense in Cldy (X)|Y. Note that both
Cldw (X)]Y and Finy (X)|Y are Lawson semilattices of Cldy (X).

Lemma 8.1. Let X be a separable metric space. For any path-connected
closed subset Y C X, each A, B € Cldw (X)|Y can be connected by a path
v: I — Cldw (X)|Y such that each y(t) contains A or B.

Proof. Tt suffices to show that each A € Cld(Y') can be connected to Y by
a path v : I — Cldw (X) such that A C v(t) C Y for every t € I. Let
{yn | n € N} be dense in Y with y; € A. For each n € N, we have a
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path A\, : [n,n+ 1] — Y with \,(n) = y, and A(n 4+ 1) = yp+1. We define
v:I— Cldw(X) by v(0) =Y and

%i(t) =AU [ Al + 1) Ul (fm,t 1) for (m+1)"' <t <m™.

It is easy to verify the continuity of ~. ([l
In the following, the case Y = X is Theorem IV for Cldy (X).

Theorem 8.2. Let X be a separable metric space and Y a closed set of X
such that for any finitely many open balls By, ..., By in X, Y\ Ui, B; has
only finitely many path-components, all of which are closed in X. Then, the
space Cldw (X)|Y is an ANR.

Proof. By Corollary 5.4, it suffices to show that Cldy (X)|Y is locally path-
connected. Let A € Cldy (X) and U a neighborhood of A in Cldy (X).
Then,
A€ ﬂ U_(pi,’l“i) N ﬂ U+(Q]75]) - ua
i<k j<l
for some p;, ¢; € X and r;,s; > 0. Choose £ > 0 so that A € U™ (q;, sj + ¢)
for every j < [.

Let Yo, ..., Y1 be all path-components of Y\ U, B(g;, s; + ¢), where
YiNA#0fori <mpand Y;NA=0for j > mg. Observe that each Y; is
open in Y'\J;, B(g;, sj +¢) and A is strongly disjoint from (J;_, B(g;, s; +
¢). For each ¢ < mg, we can choose pii; € Y; N A and rgy; > 0 so that
B(pg+is ki) NY C Vi Since A C Uy, Vi, it follows that U;5,,, Vi is
covered by open balls which are strongly disjoint from A. It can be assumed
that mo < j < my if and only if Y; cannot be covered by finite open
balls which are strongly disjoint from A. We can find tg,...,t,—1 € X and
80, . ..,0y_1 > 0 such that

U Y; C U B(t;,8;) and A€ U™ (t;,8;) for each i < v.°
m1<j<m 1<v
Thus, we have the neighborhood V of A defined by
V= () U (N[ U (g, s +e) N[ U (t:,6) CU.
1<k+mgo g<l 1<v

It suffices to show that each B € V|Y can be connected to A by a path
in U|Y. Then, B C Uj<m1 Y; and BNY; D BN B(pgi; Thti) 7 O for every
i < mg. By Lemma 8.1, there are paths 7; : I — Cldw (Y;), ¢ < myg, such
that v;(0) = ANY;, v(1) = BNY; and each 7;(t) contains ANY; or BNY;.
Let S ={j > mo | BNY; # 0}. For each j € S, take z; € BNYj; and define
B* ={z; | j € S}. By Lemma 8.1, we have paths ¢; : I — Cldw (Y;), j € S,

65ee footnote 3.
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such that ¢;(0) = z; and ¢(1) = BNYj. Then, we have a path v : I — U|Y
from AU B* to B defined by

)= |J w@®u e
1<mo j€ES
For each j € S, we will construct an infinite path +; : [1,00) — Y with
(1) = z; and the following property:
(*) for each n € N, there is some to > 0 such that
d(zi,v;(t)) > d(zs, A) —1/n for i < n and t > to,

where {z; | i € N} is a countable dense set in X to define the metric dyy .
Then, we can define a path ¢ : I — V from A to AUB* as follows: ¥(0) = A
and
Y(t) =AU Ju;(t") fort>0.
jeS
The continuity of A at 0 can be verified as follows: For each n € N, we use
(*) to find to > 0 so that

d(zi,i(t)) > d(xs, A) —1/n fori<n,t >ty and j € S.

Then, ¢t < ty' implies |d(x;,1;(t)) — d(x;, A)] < 1/n for i < n, hence
dw ((t), A) < 1/n.

Now, for j € S, we construct an infinite path ¢; : [1,00) — Y. Enumerate
as By, By, ... all open balls of the form B(z;, ), where 0 < a < d(x;, A) and
a € Q. By the assumption, for each n € N, Y; \ (B U---U B,) has finitely
many path-components Hg, ..., Hg(n)_l. Let T={H! |n €N, i <a(n)}.
Since every B; is strongly disjoint from A, Y} cannot be covered by finitely
many B;’s, hence T is infinite. Thus, (7', D) is a finitely-branching infinite
tree (i.e., each element of 7" has only finitely many immediate successors).

By Konig’s lemma, 7' contains an infinite branch Y; D Hil(l) D HZZ@) Do

For each n € N, pick y, € ngn) and a path f, : [n —1,n] — H ! ) such

i(n—1
that f,(n —1) = y,—1 and f,(n) = yn, where HZ.O(O) =Y and yo = z;. By
joining all paths fi, f2,..., we can obtain a path ¢; : [1,4+00) — Y} with
fy(1) = 2.

For each i < n, choose o; € Q so that d(x;, A) — 1/n < «; < d(x;, A).
Then we have m € N such that all balls B(x1, 1), ..., B(x,, ay) appear in
Bo,...,Bm_1. Fort < 1/m, we have | > m such that [ < t7! <[+ 1,
whence

$i(t) = fra (7)) € Hify € ¥;\ (B(ar,a0) U+ UB(, ).

Therefore, d(z;,v;(t)) > a; > d(x;, A) — 1/n for every ¢ < n. Thus
satisfies (*). O

In the above, we use Lemma 6.2 instead of Lemma 8.1 to obtain the
following, in which the case Y = X is Theorem IV for Finy (X):
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Theorem 8.3. Let X be a separable metric space and Y a path-connected
subset of X such that for any finitely many open balls By,...,B, in X,
Y \ Ui, B has only finitely many path-components which are open in'Y \
Ui, Bi. Then, the space Finy (X)|Y is an ANR. O

In the same setting as Theorem 8.2, Theorem 6.3 (or Theorem III) can
be generalized as follows:

Theorem 8.4. Let X be a separable metric space and Y a path-connected
subset of X such that for any finitely many open balls By, ..., B, in X,
Y \ Ui, Bi has finitely many path-components which are compact or un-
bounded (resp. all are unbounded). Then, Finy (X)|Y is homotopy dense in
Cldw (X)]Y and Cldw (X)|Y is an ANR (resp. an AR).

The proof of this theorem is left to the readers.
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