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Introduction – description of the problem

Example 1
Consider Navier-Stokes equations with Dirichlet boundary
condition:

div (~v ⊗ ~v)− div D(~v) +∇p = ~f in Ω,

div~v = 0 in Ω,

~v = ~0 on ∂Ω.

For reasonable domain Ω ⊂ Rd there exists a solution
(~v , p) ∈W 1,2(Ω)d × L2

0(Ω).

For any p0 ∈ R the pair (~v , p + p0) is again a solution.

The value p0 is irrelevant, one can choose p0 := 0.
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Introduction – description of the problem II.

Example 2
Consider the equations for fluids with the viscosity ν(p, |D|2):

div (~v ⊗ ~v)− div S(p, |D|2) +∇p = ~f in Ω,

div~v = 0 in Ω,

~v = ~0 on ∂Ω,∫
Ω

p = p0 ∈ R,

where S(p, |D(~v)|2) := ν(p, |D(~v)|2)D(~v).

Under some assumptions there exists a solution
(~v , p) ∈W 1,r (Ω)d × Lr ′(Ω).

The value p0 is a necessary input parameter – how to choose
it?
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Introduction - known existence results

Dirichlet b.c., steady-state case (Franta et al. [2005],
Lanzendörfer [2009])

Navier’s b.c., unsteady case (Buĺıček et al. [2007], Buĺıček and
Fǐserová [2009])

All results consider viscosity which satisfies

(A1) ∂ν(p,|D|2)
∂|D|2 ≈ (1 + |D|2)

r−4
2 , r ∈ (1, 2);

(A2)
∣∣∣∂ν(p,|D|2)

∂p

∣∣∣ ≤ C (1 + |D|2)
r−4

4 ;

e.g.

ν(p, |D|2) = (A + |D|2 + (1 + (αp)2)
1

r−2 )
r−2

2 .
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Inflow/outflow boundary conditions

Let ∂Ω be divided into ΓD (wall) and Γ (inflow/outflow).
Prescribing suitable boundary conditions of the type

~v = 0 on ΓD ,

p~n − S~n = ~b(~v) on Γ,

eventually
p − S~n · ~n = b(~v), ~v × ~n = 0 on Γ,

the pressure mean value will be uniquely determined. and the
constant p0 cannot be prescribed!
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Examples of inflow/outflow b.c.

Free outflow

1 Nonreflecting conditions of the type

p~n − S~n = ~h(~x) +
1

2
(~v · ~n)−~v

2 Conditions on the Bernoulli pressure(
p +

1

2
|~v |2
)
~n − S~n = ~h(~x)
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Examples of inflow/outflow b.c. II.

Porous wall/membrane

3 Filtration conditions of the type

p − S~n · ~n = pout + (c1 + c2|~v · ~n|+ c3|~v · ~n|2)~v · ~n,
~v × ~n = ~0

pout . . . . . . given pressure at the outlet
c1, c2, c3. . . coefficients from the generalized Darcy law
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Weak formulation

div (~v ⊗ ~v)− div S(p, |D|2) +∇p = ~f in Ω,

div~v = 0 in Ω,

~v = ~0 on ΓD ,

p~n − S~n = ~b(~v) on Γ.

Definition

A pair (~v , p) ∈W 1,r

ΓD ,div
(Ω)d × Lr (Ω) is called weak solution iff for

every ~ϕ ∈W 1,r
Γ (Ω)d

∫
Ω

[
div (~v ⊗ ~v) · ~ϕ+ S(p, |D(~v)|2) : D(~ϕ)− pdiv ~ϕ

]
+

∫
Γ

~b(~v) · ~ϕ

= 〈~f , ~ϕ〉.
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Main result

(A1) ∂S(p,|D|2)
∂D ≈ (1 + |D|2)

r−2
2 , r ∈ (1, 2);

(A2)
∣∣∣∂S(p,|D|2)

∂p

∣∣∣ ≤ C (1 + |D|2)
r−2

4 ;

(A3) for every ~ϕ ∈ Lγ(Γ):∫
Γ

~b(~ϕ) · ~ϕ ≥ −1

2

∫
Γ
(~ϕ · ~n)|~ϕ|2.

Theorem

(i) Let (A1)–(A3). Then there exists a weak solution (~v , p).
Moreover p is determined uniquely by ~v.

(ii) For small data there is exactly one weak solution.

For the mentioned examples of b.c. the assumption (A3) holds
true.
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Key arguments of the proof

1 A priori estimate of the convective term∫
Ω

div (~v ⊗ ~v) · ~v =

∫
Ω

div~v︸︷︷︸
=0

|~v |2 +

∫
Ω
~v · ∇

(
|~v |2

2

)
Green

=
1

2

∫
Γ
(~v · ~n)|~v |2

∫
Γ

~b(~v) · ~v ≥ −1

2

∫
Γ
(~v · ~n)|~v |2
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Key arguments of the proof II.

2 Uniform presure estimate
The Bogovskii operator (div−1)

~B : Lq
0(Ω)→W 1,q

0 (Ω)d

can be extended to

~BΓ : Lq(Ω)→W 1,q
ΓD

(Ω);
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Application

Journal bearing

Due to extreme pressure
differences the dependence of
the lubricant viscosity on the
pressure is observed.

By regulating the amount of the
lubricant through a small hole in
the surface one can reduce the
wear-out.
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